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A Theory qf Meeirte and Magnetic Bir^firingence in Liqutde^ 
By Fr(tf. C. V. Raman. F R.S. and E. SL Kushnan. 

(Received July 26. 1927) 


1 ItUndueaon. 


The doable refraotion exhibited by bqnids when placed in an eleotioetatib 
field u oaoribed m the theoiy of Langevm* to an onentation of the moleoalaB 
pcoduoed by the field, the onentative couple aming from an aammed electncal 
anieotropy of the molecule. If on optical anuotropy of the molecule te poetu* 
lated in addition, the birefringence of the hquid foUows as a neoeesary con* 
sequencip Bomf modified the Langevm theory by includhng also the onentative 
effect of the field on the molecule due to the permannit deotno moment, if 


any, possessed by it. The optical anisotropy and electrical pdanly of the 
mcrieoule postulated in these theones can be independently determined from 
observations of light-aoattenng and didectnc ocnistant m the vapours of the 
substances In two recent papers^ we haw attempted to discuss how for the 


available data for the Kerr effect can be ''^th tiie theones of Langevin 

an.1 TInra Tlia main aamll'. AmaMnnir ’'VCI.Umi fAH fn mtra 


jams 0 

/ This 
Wmole 


and Bom The mam result emerging is'* 
magnitude of the Kerr constant in hqutda 
of the molecule as determined m the gaseo^ 
tn^ m Table I for a number of liquids hav 
tile optical anisotropy is known from obsei^ 
vapour. Nf 

It appears hardly likely that the ^ure of the Langevm theonundlcated by 
the figures in Table I can be^aacnbed to a reel change m the optical uusotropy 
of the molecule when it passes from the condition of vapour fb that of hqukU 
It oeema rather that the explanation must he in tiie inadequacy of the theory 


'Y(V||fes foQ to give the 
of the Constanta 
This failure is inua- 
moleoulea for which 
(ght-aoattenng m the 


ftseU. We accoardm^y jnopose in this paper to pot forward a theory q| electtie 
and magnetic double refraction, m which the fvmdaroental premises of Langevm, 
and Born aie revised. 


* *UBadfaai.>val.9rp^«0lUlf>l. 
t 'Ann. dsr vet. M^p. 177 (1018) 

$ <nilLlfac..*vof.8.ptL7Usaa7M(10S7). 





G. y. Baman and K B. Knehnan. 


Table I 



2 The Polan8at%on Ftdd tn Ltqutdt 

Both Langevin and Bom aBsume that, while the molecule mdividiiallj u 
anisotropic, the polansable matter present round it is so distributed that the 
local polarisation field acting on the molecule is independent of its orientation 
in the field There is reason to beheve that this assumption cannot be correct 
in a dense fiuid, and that, in addition to considering the anisotropy of the 
molecule itself, we have also to postulate an anisotropic distribution of polansable 
matter m its immediate neighbourhood For the purpose of a purely formal 
mathematical theory it is unnecessary to discute m detail how such anisotropic 
distnbution of matter 'Vo assume only that the onentation of the 

molecule detennineA of matter around it, and therefore also 

the local polarisation n u it That the polarisation fidd acting on a 

molecule may vary w| mtation in the liquid has been previouBly 

suggested by other wr^ \\f Ilavdock* and Lundblad f But while these 

writers have put for\ifV', , ihesis as an independent theory of electno 
double refraction, we, on the other hand, consider it only as modifying the 
premises of the Langevm-Bom theory, and find that its efiect, m general, is 
actually to diminish the xqM^tude of the Kerr effect to be expected Inde¬ 
pendent evidence in suppon m the hypothesu is fnmuhed by studies of X-ray 
diffraction, by the deviations from the Lorents refraction formula, and by 
observations of light-soattenng, m hquids In order, however, not unduly 
to lengthen this paper, we refram from presenting this evidence here, and will 
metdy assume the existence of the “ anisotropic ” polarisation field. 

• ‘ Eoy Soo Proo ,* A, vol 84, p (1911) 
t ‘ Optik dsr dlqwigieniiden MkUmi,’ p S7 (UpHOa, 1990) 
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The total polaaaatioxL field m a bqoid u aanally pat eqoal to where 
E la the acting external field, atatio or optic, as the case may be, and x u the 
oorreeponding sasoeptibility of the fluid per unit volume (In what follows 
the susceptibility m the eleotiostatic and optical oases will be denoted by x$ 
and Xo respectively) We modify the foregoing assumption and consider the 
local polarisation field acting on a molecule to be dependent on its orientation 
with respect to the external field Let ns assume that, when an external 
eleotroatatio fidd E is incident m succession along the three principal electro¬ 
static axes of the molecule, the polarisation field acting on it, due to the 
aarrounding molecules, is also m the same direction, being equal topiX*^>l*iX*^> 
and paX<E, respectively Similarly, when an optical field E is incident m 
suooeasion along the three optic axes of the molecule, let thd optical polonaation 
field acting on it he m the same direction and be equal to ^iXo^* 
q,xjB. respectively It is possible to discuss the general case when the electrical 
and the optic axes of the molecule have different directions. However, the 
expressions come out simpler when the two sets of axes arc taken to be 
ooinoident, and since we have reason to beheve from independent oonsiderationB 
that this assumption cannot be far from the truth, we confine ourselves to this 
simple case 

3 Molamhr OnerUatuminthe Ftdd 

We proceed to derive an expression for the potential energy of the molecules 
when placed in an electro- or inagneto-y^^'~^ Smce the discassion will 
be exactly similar for the two cases, we s^ ' ^jws, treat speoifioally 
only the electrical case 

Let Oi, a„ a, be the moments induced m a ^ umt electrostatic field 

actually acting on it, respectively along its tk Jid let b^, &|, b, be the 

corresponding momentsmduced by umt field |^e, (Xj, {x,, (x, orelbhe 

components along these axes of the pennan(3^.t« ^iiC/bient of the molecule 

Suppose now an electrostatic field E is incident ^ong the e-axis of a system of 
coordinates fixed m space Then the actual fields acting along the axes of any 
molecule ate Eoj (1 + pix^), E«, (1 + p^), and Eog (1 + p^), reflectively, 
where cti, a,, «• are the duection-oosmes of these axes witii respect to the direc¬ 
tion of E Denoting the onentation of the axes of the molecule with reflect to 
the co-ordinate axes fixed m space by the usual Eulenan ang^ 6, we have 




— sm 6oos <]; 
sm 6 sm <]( 
cos 6 



o,^ 


( 1 ) 
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The potecbal energy of the molecule m the field is given by 
« = +PiXJ«i+ 1*8(1 +J»8Z.)«J® 

- H®! (1 + PiX.)*«i* + <* 1 ( 1 + PtX.)*«a* +08(1+ J>8X.)*«8*3 K*. (2) 
which may, for brevity, be denoted by 

- (Mi«, + M,a, + M,.,) E -1 (AiV + A^,* + A,a,*) E«, (3) 

where 

Mi = |*j(l+j)iX.) 'I 

M,= fi,(l+y,X.) r- (^) 

M8=(*,(1+I»8X.) J 

and 

Ai=Oi(l+pjc,)* 'I 

A, = og (1 + PjX.)* j* (*) 

Since u 18 a function of the direction cosines of the axes of the molecule, there 
will be a tendency for the molecules m the medium to onentate, thermal 
agitation, of course, acting against it When equilibnum is established, &om 
Boltsmazm’s theorem, the number of molecules per unit volume, the directions 
of whose axes are determined by the range sin 0 dO d(f> is equal to 

Ce~^amQdQd<f>d^, ( 6 ) 

where C is a constant given by the relation 

V ♦' ft molecules per unit volume 

= t\ iddd^d^ (7) 

f •Mwn of Birtfrvngence 

We have now to this orientation on the refractive index of 

the medium for bght-^iwxatiu/.s parallel and perpendicular to the electrostatic 
field 

Cose I —Let the electric vector of the mcident light-wave (= Z, say) be 
assumed to be along the z-axis, t e , along the electrostatic field The actual 
optical moments mduced m a molecule along its axes are 6^ (1 + ;iXo>) 

6, (1 -f j'gXo*) “aZ. ^8 (1 + SiZo.) *sZ, Xm ^emg the optical susceptibibty along 
the «-axi8 of the medium per umt volume For brevity may denote these 
expressions by B^^Z, Bg^OgZ, and Bg^a^Z, respectively 
These moments, when resolved along the s-axis, are together equal to 

(Bjjoq* + Bg^g* + Bg^g*) Z (8) 

a m^Z, say 



Electric and Magnetic Birefringence in Ligutde 
The •Tenge value of m, taken over all the moleoulee is given by 

w. = -» 

je ^ sm ddOd^d^ 


5 


(9) 


which, after a long calculation, reduces to 

^ + + 2(0^ + 0^) (10) 

where 

ex,» [(Ax - A.) (B„ - B^) + (A, - A,) (B^ - B,.) 

+ (A,-Ai)(B„-BJ] (11) 

e,. = [(M,* - M,«) (B,. - B,.) + (M,« - M,*) (B^ - B„) 

+ (M,*-M,*){B^-.B„)] (12) 

Also _ 

Xo, = v«, (13) 

Case II—The light-vector is perpendicular to the electrostatic field, say, 

along the avazis 

We can show, ]ust as in Case I, that the average contribution from a molecule 
to the optical moment along the x-axis is given 

_ _ B^ + B^- j EJ 

* 3 ^ 2 ' ' 

where 

Bj, = 6j (1 -f- 

Ba. = 6,(H-4!d:. ... '' (16) 

Bj, = 6, (1 + JiXox) J 

Xea being the optical susceptibility of the medium along the a^axis 

Xo. = (16) 

©1. = j^KAi - A,) (B^ - B^) -I- (A, - AJ (B^ - B„) 

-l-(Ao-Ax)(B„-Bu)] (17) 

“ M.*)(Bi.-Bw) + (M.»-M,*) (B^-BJ " 
-h(M,«-M,*)(B*-BJ] 


(18) 
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From eqwtions (10) and (14) 

"C - ^ i (iiJi + 6rf« + firf.) (Xo. - xJ 


If and fij are the refractive mdicea of the medium for vibiationa along and 
perpendxmlar to the field, 

»n, = -, m, = -, 

47rv iirv 

m- - 5^ = qi-z: ”«? "0 L">.:r.»j»-), 

4Ttv 2nv 

fig being the mean refractive mdex of the medium 

Also _ _ 

Xoi-Xo-=>»(«.-»».) 

From (20), (21) and (19) we have 


( 20 ) 


( 21 ) 


"® 1 — g-(*l?l + ^iB% + >*?8) 

Smce the values of the optical susceptibihty of the medium along and 
perpendicular to the field ar» iM^vly equal, we may wnte m equation (22) 

and 

ij-e»=e.. 

where 

1 


0 ,= 


45ifeT 

1 

46i*T» 


[(A, - ^,) + (A, - A,) (B, - Bg) 


+ (A,-Ai)(B,_B,)], (23) 

[(Ml* - M,*) (Bi - B.) + (M,* - M,*) (B, - B.) 

+ (M,*-Mi*)(B,-Bi)], (24) 

Bj = &! (1 + yiXo) 

(25) 


B, = 5,(l +?,Xo) 

B,=*h,(l -f-g,Xo) 

Xo bemg the mean value of the optical susceptibility of the medium. 
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1 “ j (^i?i + ^*?a + Ms) 


Subetituting m (22), we finally obtain for the Kerr constant 

K = = V- 1 8 (9{ + 82 ) 

XE* 4noX Yo 

When the polarisation field acting on the molecules is isotropic, 






+ {{*s*-|*i*)(^ (29) 

where 8 u the dielectno constant of the mediX'' '‘liresBion (27) natuihUy 

reduces to that given by the Langevin-BonKW' *y ^ ' 

In the above discussion we have entirely neglected the effect of eleotrostno- 
tion, since it will not affect the value of the difference m refractive indices for 
vibrations along and perpendicular to the incident field 


6 C<mpart$on of Theory and Obeervatwn 
In order to apply the foregoing modified formula to any i^uah liquid, we 
have to make some assumptions rq;arding the ongm of the anisotropy of the 
polarisation field. The anisotropy might arise m tiie following Way We 
replace for sunphoity the molecules m the medium by the equivalent doublets 
* See Debye, Man’s ‘ HandlHioh der R adtdogie,* rol 6, p. 768 
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placed at their respective centres The finite sise of the mdleciiles imposes 
naturally a limit to the closeness of approach of the donblete towards each, 
other Round any particular molecule as centre we can deeonbe a dosed 
nuface, entry into which by other molecules is excluded by reason of their 
finite sue The form of the surface will naturally be determined by tiie shape 
of the molecule and will therefore, in general, be non-sphencal, • e, the distri¬ 
bution of polansable matter around the molecule under consideration will have 
no Bphencal symmetry with respect to it, and hence arises an anisotropy in the 
polarisation field 

Wo may provisionally represent this surface by an elhpsoid having the mole- 
eule at its centre, and consider, as an approximation, the distribution as well as 
the onentation of the molecules outside to be entirely fortmtous Then the 
Xmlansation field at the centre of the elhpsoid will be equivalent to that due to 
a surface charge — xE cos 6 per unit area at any pomt of the surface of the 
elhpsoid the normal to which makes an angle 6 with the direction of E 

Let us consider two simple cases 

Case I —^The elhpsoid is a prolate spheroid of revolution , 

6 as c 3= Vl ~e* o, 


aay, where a, b, c are the semi-axes of the ellipsoid 
along the axes are* 



The polarisation constants 
-l) (30) 


1 +*\ /o,v 

As an example we ^ which is a fairly elongated molecule. 

From X-ray measurct^llill, lil^^^seotional diameter of the molecule u equal 
to 4- 90 A U and its length is about 8 7 A U Hence, as an approximation, 
wo noay take for the senu-axes of the ellipsoid 


6 = c = 4 9AU 
On calculation from these dimensions 


= = 3 15 . 

l»a = Ps = ?! = fs = 4 71. 


Soe Maxwell, ‘ Treatise on Electricity and Magnetism,* Srd edit, voL 2, p 60 
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We may aleo teaaonably take the optical elltpeoid of the molecule to be a 
prolate spheroid of revolution about the geometnoal axis of the mdecule 
Using for the depolarisation factor of the light scattered by the vapour the value 
r = 0*0128 and for the refraotivity at 0“C, n — 1 = 5 1 711 X 10“* per atm , 
*1 = 12 16 X 10-«, 

6, bg = 9 01 X 10-®* 

Hence 

Ai = 17 88 X 10-**, 

A, = A, = 16 68 X 10-** 

Also 

Bi = 14 74 X 10-**, 

B, = B, = 11 88 X 10 ** 

Therefore 

K = 6 6 X 10-» 

as against 17 9 X IQ-® calculated according to the Langevm theory 
The observed value = 6 0 X lO”* 

Ctue II —The ellipsoid surrounding the molecule is an oblate spheroid of 


revolution 



Then 


(32) 


,.=*,(1-1^ f, 

(33) 


As an example for this case we may take 1^^ X-ray diffraction 

pattern of the liquid has been cntically sti{£^ ^ Sogam* and shows 

two nngs corresponding to mean molecular 'distauces of 4 90 AU and 
about 3 42 AU respectively Sohd beiusene also gives very mtense lines, 
corresponding to a spacing approximately equal to the above distances f 
We may reasonably take these distances for the senu-axes of the ellipsoid 
a = 6*=4 90AU, 
c = 3 42 Au 

We then obtam 

J>i=l>s==ffi==?i = 3*M, 


7>8 = ?a = 5 44 


* ‘ ladiso Joomal of Phasic*,’ T(d 1. p 807 (1937) 
t Broom«, ‘ Phys Zvol 24, p,, 124 (1028) 
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From r «= 0*0440 for the vapour and from the re&aobvity, aannmng the 
optaoal ellipeoid of the molecule to be an oblate spheroid of revolution about the 
geometric axis, we get 

ftj = 6, = 12 33 X 10-**, 

6, = 6 28 X 10-**. 

Ai = A, = 22*36 X 10-“ 

A, = 14 63X 10-“ 

Also 

B, = B, = 16 61 X 10-“. 

Ba = 9 67 X 10"“ 

Hence 

K = 6 2 X 10-*, 

as against the value 12 2 X 10“® calculated according to Langevm’s theory. 

The observed value = 8 93 X 10“* 

It is necessary to remark that, considering the nature of tiie assumptionB 
made, the numenoal agreement m those oases should not be unduly emphasised 
It should be considered oiJy as mdicatmg that the eflfect of the anisotropy of 
the polarisation field is of the order of magmtude necessary to oxplam the 
deviation of Langevm’s theory from observation 

An examination of Table I shows that m all cases the influence of the aniso¬ 
tropy of the polanw*’ n dimmish the magmtude of the Kerr effect 

to be expected On^ umption of an ellipsoidal cavity this result 

finds a ready explana^ loct that the longer geometncal dimension of 

the molecule—and th*’ If the ellipsoid—almost always goes hand-m- 

hand with the direct/ ^r electrical or optical polansabihty of the 

molecule 'i 

6 Summary 

In this paper a new theory of eleotnc and magnetic double refraction m 
kquids IS put forward, which can in essence be r^farded as a modification of the 
Langevin-Bom theory It is assumed in the latter theory that, while the 
molecules themselves are anisotropic, their distnbntion round any particular 
molecule m the medium can be considered as being sphenoally symmelnoal 
with respect to it. This assumption can hardly be correct m any actual liquid, 
BO that the local polarisation field acting on any molecule must depend on its 
onentation The Langevm-Bom theory is aoootdin^y modified so as to take 
this “ anisotropy ” of the pdansation field also mto account 
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The modified expnenon for bireftmgence u m bettor accord with facte than 
the Langeym-Boni expireenon. As a mle the effect of the “ anisotropy ” of 
the polansataon field is to diminish the magmtude of the birefringence to be 
expected This is explicable as due to the fact that, m general, the longer 
linear dimension of a molecule tends to be also the direction of maximi i m 
deotncal and optical susceptibility The distnbution of the molecules m a 
dense fluid therefore tends to be sucfii that their mutual influence is equivalent 
to an apparent dimmution in the anisotropy of the moleculee 


Density of the Vapour vn the Mercury Arc and the BeUUwe Inten- 
SUMS of the Radiated Spectral LvneSt with Special Reference to 
ihe Forbidden Line 2270. 

By Prof. B VaifKATSSAOHAB, M A, Department of Physics, Umversity of 
Mysore 

(Communicated by Lord Rayleigh, PBS —Received July 7, 1927 ) 
[Platss 1-S ] 

ItaroducUvit 

VQf. 

The mercury arc bne (1^ — 2 •P,)* » mlec le sdeotion pnnciple 

as the transition 2 *P, -*■ I mvolves a ohangr^ ^ .ue lAder quantum numbec 
by 2 Takamine and Pukoda,t however, have u ^ 'ilp^ this bne in the end-on 
radiation from a mercury vapour lamp of “ the bradeued arc ” type devised 
by Dr Metcalfe and the author^ for the study of sdective absorption m lummous 
mercury vapour Foote, Takanune and (ThenaultS have obtained the same result 
usibg an arc discharge m mercury vapour with a hot cathode Takamine|| has 
recently studied the mtensity variations of this bne with change of current 

* Notaiuil .—Hie number to the upper left of eaob term symbol rejKesenU the muhi- 
pUoity. and the mbaoript to tiie ri^t the inner quantum number The lowest tem 
number tor eaoh olaas of terms is that adopted by Fasoben and Qotse 
t ' miya BmrV vcA 28, p. 28 (1926) 
t * Roy Soo. Ptoo.,' A vol 100, p. 162 (1022) 
f ‘Fh^ Revv<A 26. p. 166 (1026) 
t| * Z f Phyaik.’ voL 87. p. 72 (1026) 
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denuty, umng a modified fonn of “ the branched arc ” The intereating fact 
brought out by the above mveetigations u that the mtensity of the line inoieases 
ra{HdIy with current density up to about 0*25 ampe cm and then falls oS 
rapidly In addition, Takamine apparentiiy finds that the intennty vanatmns 
of the hne in question run parallel to those of the band at 2345 attribnted 
to HgH 

An increase in the current density in a mercury arc is usually accompanied 
by an increase in the density of the vapour throu^ which ^ discharge passes, 
and one is led to expect a modification m the character of the spectrum by an 
mcrease in the concentration of normal atoms resullang from an increase of 
the dennty of the vapour, analogous to the effect of a foreign gas like helium or 
argon on fluorescence in mercury vapour The present investigation was 
undertaken with the object of studying (1) the mtensity variation of the line 
1 ^So — 2 ’Pa as compared with the intensities of neijpibounng lines when, keepmg 
the length of the arc, the current density m it and the voltage drop between 
the electrodes unaltered, the density of the vapour is varied, (2) the change 
in its absolute mtensity when the current density is altered, the density of the 
vapour remaining unchanged, and (3) the influence of lowering the density of 
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the vapour on the relative and absolute mtonsities of 
the Imes belonging to a senes m the arc spectrum, 
other conditions of excitation remaining unaltered 


\ discharge (fig 1) which formed the source 

J ;i^uced between an iron tube 36 cm long, 

^ *^1 thickly electro-mokelled on the 

‘ ^ .W. and a surface of pure distilled mercury, 

™^wMch formed the top of a barometer column m a 
transparent fused quartz tube of 1 centimetre inside 
diameter The mckelled iron anode A and the quartz 
tube were jomed together by two suitable iron caps 
and a pece of mtermediary glass tube G, the cement 
used being shellao The anode was cooled by a 
current of water as shown m the figure After 
evacuatmg the apparatus by a mercury difEusum 
pump backed by a Hyvao pump, the arc was started 


by raiBingthe mercury reservoir till the mercury snrbce K and the apode came 


in contact, and then lowering it till the arc was of the desired length. There 
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was no condensation of metooiy inside the tube above 2 to 3 cm from A. The 
photc^phs of the spectra were taken moatty with a Hilger Quartz Spectro¬ 
graph (type E 2), to get the lines between 2100 and 1900 a small quartz 
spectrograph was improvued The plates were sensitized for the ulixa-vudet 
with Nu]ol The temperature of the outside surface of the quartz tube 
oorreeponding to the middle portion of the arc, which was focussed on the slit 
of the spectrograph, was registered by a cahbrated mckel-iron thermo-couple 
m contact with the surface (not shown m the figure) and a miUiVoltmeter A 
large mductance was moluded m the ciroutt to steady the arc The discharge, 
when ezaauned m a revolvmg mirror, did not exhibit the fliokenng often 
observed m mercury arcs 

In describing some of the more noteworthy results the Imes in the region 
2268 87 (2»Po-7»Di) and 2302 09 (2»P„-6»D,) will be referred to for 
purposes of comparison of intensity Under suitable conditions 15 lines could 
be recognised in this region whose relative mtensities greatly change when the 
density of the vapour is diminished The following wave-lengths of the hues 
have been measured on one of the plates with reference to the lines 2 *Pg — 7 
2 — 6 *Di and 2 *Pq — 5 *Si, whose wave-lengths are taken from Fowler’s 

tables The current m the arc was 1 6 amps cm "* and the cathode was not 
cooled The relative mtensities recorded m the list are from visual estimates 


on the plate 



It will be seen that almost exactly m the position of the Ime 1 ^ — 2 
(2269*79) there is also the line 2 *Pj — 12 *Si (2269 60) Allowance must be 
made fw this coincidenoe m mtensity measurements of the line 1 % — 2 *Pq. 
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ExpmmaUal Part 

In the first experiment a i^tograph of the spectrum was taken with an are 
6 cm long, the anode alone being oooled. The thermo-oonple indicated a 
steady temperature of 147° C when the current density was 2 6 amps per 
om On the same plate another photograph was taken m juxtaposition 
with the first, with the same current density, but with the cathode oo<^ by a 
jet of air, the thermo-couple mdicating a steady temperature of 80° C In 
every case m which a jet of air was directed on the cathode for reducing the 
temperature of the arc particular care was taken to completely shield the port 
of the arc tube near the thermo-couple from the direct action of the air jet. 
The arc was oontmuous and uniform for a length of 4 cms. If the cathode is 
oooled beyond a ocrtam limit the potential drop between the electrodes begins 
to nse rapidly and the arc eventually goM out, but it is possible so to regulate 
the air jet as to prevent this limit being passed The time of exposure was the 
same m the two cases The two photographs are shown m juxtaposition at 
I, II and ni (Plates 1, 2) (a) represents the spectrum of the radiation at the 

lower vapour density and (d) that at the higher It wiU be seen that m I (6) 
between the Imes 2 — 13 ‘D, and 2 ‘Pj — 12 ‘D, is a Ime exactly m the 

position of 1 — 2 *P, and 2 — 12 2 — IS *Si is not seen m 

the reproduction, but is distmctly visible in the negative Therefore we have 
to conclude that the Ime between 2 — 12 *0, and 2 •Pj — 13 ‘Di is really 

2 *Pi — 12 ‘Sj, and the forbidden Ime, if present at all, does not appreciably 
add to the b^ghtnes^^'^^^ *?i -12 »Si In I (a) the Imes 2 »Pi - 12 »D, 
and 2 *Pi — 13 ’D, X ^ absence of the Ime 2 »Pi — 11 *81 makes 

it certam that the linA . I^nng m the position of 2 — 12 must be 

1 ^Sg — 2 ‘Pg, the forbidden^lJ^ This Ime is now brighter than 2 *Pi — 11 *D, 
Equally marked is the i^reelMAhe brightness of the spark Ime 2262, relative 
to the Ime 2269 (2'Ig^T 4)i) This experiment shows conclusively that a 
lowenng of the vapour density, the current density and the potential drop 
between the electrodes remaining unaltered, has the efieot of oonsiderabfy 
enhancing the brightness of the Ime 1 ^g — 2 *Pg relative to the neighbounng 
senes lines In this respect the spark hue 2262 resembles the forbidden line 
1 ^ — 2 There is, however, this difierenoe m the behaviour of the two 
lines In the spectrum of the radiation from the region near the cathode the 
qpoik Ime 2262 was found to be enhanced, whereas the forbidden line remained 
unofiected In the second set of experiments two jhotographs were taken on 
the same plate, the current density m one case being 2'6 amps cm.~' and m 
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the other 4 empe om.~*. !l(n both the tempetatore inchoated by the thermo- 
oouple was adjusted to 80** C by regnlatuig the air jet The hue 2270 (1 %-> 
2 *Pt) did not vary in brightness by an increase in the onrrent density from 
2 6 to 4 amps per sq cm The qiark line 2262 increased m intensity when 
the current was raised It was more mtense than the Ime 2*Po —7*Di 
It must be remarked, however, that a lowering of the sur&oe temperature of 
the tube as mdioated by the themo-couple must be taken only to mean that 
the density of the vapour inside has fallen, no exact estimate of the change of 
density inside being possible m this airangement The saturation pressure of 
mercury vapour at 80° C is 0 09 mm and that at 147° C about 2 mm 

Senes Ltnes. 

The effect of lowering the density of the vapour is equally marked on other 
senes Imes As is well known, the spectrum of the arc m air shows only the 
first few lines of a senes For instance not more than five Imes have been 
recorded by Kayser and Bunge m the senes 2 ‘Pj — m *81 The same remark 
apffiiee, if anything, with greater force, to the lines of the ftnd ^Px^Sg senes 

The oontmuoua background which is conspicuous m the radiation from an arc 
m air IS no doubt responsible to some extent for hiding the hi^er members m 
the speotcum When the arc is formed in vacuum the higher members gam 
m relative mtensity Nevertheless, it does not appear to have been noticed* 
that, for a given current density, there is an optimum density of the vapour 
throuf^ which the arc discharge passes for which the largest number of Imes of 
any particular senes are observed Witi^ '' ^ described m this 

paper (fig 1) hues up to 2 »Px -12 % (3^ ^ , iPi - li^D, (3883-5) 

are distmctly observable m the spectrogram of Oiufeion from the arc when 
taking a current of 2 amperes, the expoaiM yg 7 mmntes The cathode 
was not cooled and the arc was 6 cm long x record eig^t 

lines m the ^Px^I^i and four Imes m the ^x^o Banes Under the same con¬ 
ditions of excitation hnes up to the eighteenth member are clearly seen on the 
negative m the senes 2 BPx — m ‘D, and 2 *Po —»» ’Dj. Now, if by directing 
a jet of air on the cathode the density of the vapour inside the arc tube is 
oonnderably diminwhed, the earlier members of all the senes nc/t only gam m 
intensity relative to the higher members, but under the condduons of the 
expeoment may gam tn absolute The current density was 2 *8 amps. 

* Lonl Baykigh, in a leeent latenstang paper, atfteibitteo the taihire of the higher mem- 
ben of the diSnM eecies to appear in the arc to Btwk-effsot arising from inter-atomio fields, 
' Roy 800 . Priw.,’ A, vol. 118, p 16 (1986) 
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cm , the thermo>oouple indicated a surface temperature ot IW' i; betore 
the cathode was cooled and C afterwards; other conditions of excitation 
were kept unaltered. In the former case no defimte conclusion can be drawn 
r^farding the vapour density inside (temp ISO**), m the latter case, however,, 
the upward stream of vapour was considerably diminished, as could be inferred 
bom the marked fall in the amount of merouiy condensed on the anode and 
in its vicimty a few minutes after the air jet was directed on the cathode, and 
the saturation vapour pressure of mercury at 80° C, about 0 1 mm of 
might be taken as an approxunate measure of the pressure of the vapour uuade. 
Very striking is the effect of cooling the cathode on the lines of all the senes 
In the and senes, Imea beyond «i = 6 rapidly fall in mtensity 

It will be seen that in II (a) and III (a). Pistes 1,2 (low density spectrum, tem¬ 
perature 80° G ) the hnes m = 8 and m = 9 are only ]UBt visible, but that the 
hnes m = 3,4,6 are brighter than in (6) (high density speotn^pram temperature 
160°), the enhancement of intensity being most marked m the case of the line 
4916 (2 'Pj — 3 *So) What has been said regarding Imes of the^Pj^D, and *Pi% 
senes apphes equally to thoee of the *P*D, *P *S, and interoombmation senes, 
as IS apparent from an inspection of I and III (Plates 1,2) To mention only one 
striking instance, the Ime 2 — 10*D, is stronger than 2 *Po — 6 in I (6), 

whereas in I (a), low density spectrogram, their relative intensities are reversed, 
showmg that, beyond m » 6, the higher members of a senes fall more rapidly m 
intensity than the lower ones when the density of the vapour through which the 
arc disohaige passes IS lofwered below a oertam limit An exposure of 10 nunutes, 
which was necessary ^ higher members of a senes, was found to 

be far too long for bi -*^l5uch as 2636 To render an estimate of the 
intensity changes of taese passmg &om stage (6) to stage (a) possible 

the exposure was reduced t' -li^ndB The three photographs (o), (6), (o) 
(IV, Plate 2) were tak^ '*'on ,|.ae\nme plate m juxtaposition, the two (a) photo¬ 
graphs represent the low density spectrum and (b) represents the high density 
spectrum The exposure m each case was 5 seconds The statement already 
made that Imes below m —5 become brighter and that hnes beyond m = 6 
become weaker when the density of the vapour is diminished, other oonddaona 
remaining the same, is borne out by these photographs. In (6) the line 
2 *P, — 7 *D, IS of about the same brightness as the combination Ime 2 *Pi — 
3*So, whereas in (a) (low density) the same combination line (m — 3) has m- 
creased m brightness, and the Ime 2 7, — 7*D, is reduced m mtensity 
Incidentally, it may be mentioned that the unclassified line 6123*7 remains 
unchanged m mtensity as the arc passes to the low dmisity stage. 
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Photomdne MeantremeiUa 

Witli the object of getting a quantitative idea of the mtenaity variation 
oaueed by a lowering of the density of the vapour, jdiotometno measurementa 
were made on the most prominent Imes m the visible part of the specinim An 
arrangement consisting of a " Lummer-Brodhun ” element and two 60° flmt 
glass pnsms mounted on the table of a spectrometer provided with two ooUi- 
mators was used for producing in the field of view of the telescope two broad 
images of the slit aide by side, one image being produced by the source under 
examination and the other by a comparison mercury vapour lamp working 
under steady conditions The light from the comparison lamp was polanaed 
by a Niool pnsm before falling on the corresponding ooUimator slit, cmd the 
adjustment to equality of bnj^tness between the two images was effected by 
the rotation of another Nicol attached to the ^epiece of the tdescope, whose 
orientation could be read off correct to a mmute on a graduated circle The 
current m the arc was 3 amps cm "• The thermo-couple indicated a tem¬ 
perature of 160° before and 100° after the blower was durected on the cathode 
Ii/Ii represents the ratio of the intensity of a Ime at 100° to its mtenaity at 160° 
The three hues 4916, 6790 and 6769 exhibited the largest variation — 


X 

I./I1 

4916 (21P1-31S0) 

1 40 

6790 (21P1-31D,) 

1 30 

6769 (2»P, - 3»D,) 

130 


Under the same conditions the lines 9^ /^{"ind 4047 (2 2 

behaved similarly, I,/Ii bemg about 1 16 'Vi 


Theoretical 

The spectral variation in regard to intensity m pas^g from stage (6) to stage- 
(a), which has been descnbed above, can be accounted for by taking mto 
oonsideiation melastic impacts of excited and normal atoms Each second-class 
impact of the radiators of the lower members of a senes with normal atoms 
gives nse to two atoms posaeseing abnormal kmetic energy, the excited atom, 
m the process, returning to the normal state ox a state of lower ex eit atip u 
energy An atom possessing this kinetio energy—about half the excitation 
energy lost by the excited atom taking part m the impact—oanno^ by an 
impact with a normal atom reproduce an excited atom, yet the translational 
energy may be sufficient to raise an atom already excited to a higher degree of 
excitatmm For instance, as a result of impact witii an unexcited atom n 
VOL. oxvu.— A. o 
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mercury atom m the 2 *Pi state, m paasuog to the normal state, gives nse to 
two atoms, each possessing about the some translational energy, equal to that 
of a 2 4-volt electron Energetic atoms produced m this manner part with 
their abnormal energy to other atoms by the process of collision and thus 
mcrease the thermal energy of the vapour It may, however, sometunes happen 
that such an atom collides with another atom m the 2 state and produces 
one in the 2 *P, state, or it may colhde with an atom m the 2 state and 
raise it to the 2 state, the enei^ requured to produce the latter trandtion 
being a httle over that of a 1 2-volt electron What has been said for excited 
2*Pi atoms apphes equally to the radiators of 5461,4358, and of other hnes 
The existence of such radiationless transitions is mdicated by the dimmution 
of fluorescence m mercury vapour excited by the resonance radiation, X 2536, 
when mtri^n or oxygen is mixed with the vapour * That this diminution is 
not due to any chemical action follows from the fact that the admixture of inert 
monatomic gases such as hehum or argon produces the same effect f It is now 
suggested that, in the case of the mercury arc, unexcited mercury atoms may 
play a similar rile to that of the molecules of the foreign gas m the quenching 
of fluorescence The rate of loss of excited atoms of any dass by impacts with 
normal atoms naturally increases with the density of the vapour The length 
of the arc, the current density m it, and the potential drop between the electrodes 
remaining unaltered, the mcrease m the intensity of the earlier members of a 
senes when the concentration of normal atoms is diminished indicates that the 
increase in the rate o^ ' the corresponding radiators by radiationless 
melastic impacts resulu^ increase of density (stage 6) more than 

emnpensates for any meteaso i of production due to the hig^ densify 
It IS remarkable that m all^ !«ies examined (mcluding mter-combmation 
Imes) the change m the inten^ r|io takes place, under the conditions of the 
experiment, between Ihh uiles m = 6 and m = 6 On reducing the tempera¬ 
tures of the arc by cooling the cathode, the intensities of all Imes below m — 6 
increase and those of lines above m = 5 fall If the imtial excited states 
corresponding to the transitions resulting m Ihe emission of tiie higher members 
of a senes are produced m the same manner as the mitial excited states m the 
case of the lower members, it is difficult to account for the great redoctaon m 
the mtensity of a line like 2*Pi —8*Si relative to the line 2*Pj —6*Si 
(5 *Si — 8 = 2323) on diminishing the density of the vapour On the other 

hand, one should expect the reverae effect for a lowering of the oonoentzatum 
* Wood, ‘ Phyi. Z.,’ rd 18, p 858 (1012), 
t Oano, ‘Z f Phyrik,’ voL 10, p 186 (1928) 
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of normal atoms would have more marked effect m redooug the loss of exoited 
atoms by seoond-daas impaots with normal atoms m the case of higher exoited 
states m which the valence election describes larger orbits The ohief sonioe 
of exoited atoms m the arc (beyond m = 6) with large valence eleotron orbits 
would appear, therefore, to be different from that of exoited atoms with term 
numbers below five In the case of atoms m the higher states of excitation 
(above m = 6, say) the energy required to raise one to a stdl higher level or 
even to ionise it completely may be of tiie same order of magmtnde as the kmetic 
energy of the available normal atoms which constitute by far the major part of 
the molecules m the luminous region, and impaots with such atoms can 
produce higher excited states The wave-number conesponding to a quantum 
equal to the mean kmetic energy of the gas at temperature 6 may be shown to 
take the form 


( 1 ) 


where B is the gas constant 6, the absolute temperature N, the Avogadro number 
h, Planck’s constant, and c the vdooify of light Bepresenting the wave- 
number difference corresponding to the transition from a state of excitation « 
to a state of higher excitation p by wo have 

Energy required to produce the transition _ ^ / v 

Mean kmetic energy v ~ 

Agam representmg by the number of moleou^eq m umt volume whose 
kmetic energies lie beyond r tunes the mea»»-’’^e '' 'gy and by n the total 

number of molecules per imit volume, we 

_ '"V 

- 't' ‘e-* dx ’( 2 ) 

Let us take a particular case, the transition from<ehK 6 * 8 ^ to the 7 *81 state 
here = 2766 0 — 2087== 707 6 Taking the temperature to be 400® 
absolute we get from (1) 416 for v and (2) gives for n,ln, 0 166 Thus m a 
hundred neutral moleoules 16 pMsess energiee greater than Aev, and a sunilar 
calculation shows that 17 moleoules m a th o usan d possess energies greater than 
2 Aov The corresponding numbers for the transition 2 to 3 *Si are negligibly 
small. The increase m the temperature of the arc produced by removmg the 
air jet from playing on the cathode has the effect not only of increasing the total 
molecular ooncentration, but also of enhancing the relative abumlanoe of 
molecules, each of which possesses an amount of kinetio energy greater than toe 
energy required to produce the transition, both effects tending to augment toe 

o2 
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mteoatbea of the hif^er memben of a series. The addition by this pitooees to 
the atoms, say, m the 10*Sj state resnlts from impacts of normal atoms with 
excited atoms m lower energy levels, the concentration of normal atoms possess- 
mg the xelatiye energy necessary to ptodnoe the transition diminishing with the 
term number of the struck excited atom For instance, about 8U per cent of 
normal atoms possess a translational energy above the value Acv corresponding 
to the transition 8 *Si 9 *fi] and about 6 per cent an energy above 21lov 
Except m the case of very dose levels sudi as and 3*D^, where mter- 
transriaons to higher levels are possible by the collision of thermally energetic 
normal atoms, the supply to the radiators of the lower members of a senes 
(say, of 6461) from this source may be taken to be negligible, as the concen¬ 
tration of molecules possessing the required energy is vanishm^y small It 
IS, however, quite otherwise with the radiators of the hi^er members, as has 
just been shown These oonsiderationB indicate that, m order to draw con- 
dnstons of a useful character, measurements of the intensity variations of 
spectral Imes with current density must be made under conditions m whuih the 
density of the excited vapour and its temperatures are taken mto account 

The Forbidden Line 2270 (1 - 2 »P,) 

This Ime bdiaves, in passing from stage (b) to stage (a) (low density) like the 
earher members of the senes lines discussed above, for as m the case of 4916 
{2‘Pj — 3^o) (2 — 3'D,) its mtensity is moreased by lowering 

the concentration of i^ atoipA. The fact that the forbidden line grows m 
bnj^tnees on lowering vapour (other conditions remaining 

unaltered) suggests that the\ of the radiation at high current denmties 
and, therefore, generally at lu|i, %poor denmly, is to be ascnbed to impacts of 
the second kmd between e^t«|t atoms m the metastable state 2*P, and 
normal atoms, the stmd&'^iormal atom thereby passing on to the 2 *Fj or 2 *P^ 
state or merely acquumg an energy of translation As the Ime is not enhanced 
near the cathode an electno fidd does not appear to be the cause of its emission, 
neither is it probable that impacts of atoms m the 2 state with normal atoms 
IS the cause of the emission, for an increase m the concentration of normal atoms 
redui^ the intensity of the Ime The existence of a strong magnetio field 
which might favour the emission is obviously ruled out under the conditions of 
the experiment These oonsiderationB would appear to indicate that the 
metastable state 2 *F| is not one in which, left to itself, the exmted atom xemama 
^for ever m that state, but one whose average free life is large compared with the 
avenge life of other excited atoms The chance of an atom m tiia metastable 
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state lonng its energy of excitation wholly or partly by radiationless impacts 
with normal atoms increases with increase of vapour density An approximate 
idea of the effect of the oonoentration of normal atoms on the radiation of the 
forbidden hne may be gained by treating the problem in the manner Cano 
(loe at) treats the case of fluorescence of mercury vapour m the presenoe of a 
foreign gas hke helium or argon. If t is the average life of the excited atom 
and T the average mterval between two collisions of an elccited atom with a 
normal atom the ratio of the number of excited atoms that radiate to the 
number Sj + produced m tune T is given by 




s, IS the number lost by collisions m the same time The ratio reduces to aero 
m the extreme case when t is infinite,« e, m the case of a truly metastable atom 
If m any actual case v is taken to be finite the above ratio mcreases with increase 
of T, « 6, with dimmution of density Taking 10~® sec as the average free 
bfe of a mercury atom m the 2 ’Pi state and the radius of the excited atom to be 
four tunes the radius of a normal atom, we get from (3), 0 016 for S}/(sx + <i) 
at 150’ 0 and a pressure of 1 mm of Hg, whereas at 80’ C and a pressure 
0 1 mm of Hg the ratio is 0 14 It must be noted that here other processes 
such as electromc impacts and absorption of radiation (say, of X 6461) resulting 
m the loss of excited atoms in the 2*P, state are not considered, and it is 
assumed that every impact of an excited atom witll normal atom results m a 
radiationless transition. 

Takanune {loc at) thinks it probabl^ ^ when the current density is 
mcreased, collisions of atoms in the metast, b^/state and electrons resultug m 
radiationless transitiona morease, and the ji&teP^ity of the forbidden hne con¬ 
sequently falls Though the possibility of such oolllkloiis may be admitted the 
enhancement of the forbidden line on lowering the density of the vapour even 
with current densities of the order of 3 amps per cm makes it necessary 
to attribute the absence of the hne at hi^ current denmtieB m ordinary arcs 
(in which the concentration of normal atoms is not artifioially diminished by 
cooling) to impacts of the second class with normal atoms As has been pointed 
out the life of an excited atom m the metastable state is so long that m an arc 
under a pressure of the order of a couple of millimetres of Hg the probability 
of such an atom suffering during its life an in^lastio impact resultmg m a radia¬ 
tionless transitum aj^proaches certainty. 

In additum to the density of the vapour, the dimensKKis of tibe orbit'of the 
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vaZenoe electron m the excited state and the average life of the excited state 
afi^ the rate of loss of the radiatora by radiationless inelastic collision with 
normal atoms If we assume that the average life of atoms m the excited 
states 2*Si, 3*D, and 3^o ^ f^ke same photometric measoxements 

of the intensity change of the lines 2*Poii — 2*Si, 2^Pi — 3^D„ 2'Pi —3^, 
and 2*Pi — 3^o on lowering the density of the vapour m the arc already 
recorded lead consistently with present ideas of spectral radiation, to the result 
that the dimensions of the orbits of the valence electron morease as we pass 
from the state 2 to the state 3^^ Separate measurements made on the 
two bnes 6790 (2^Pi — 3^Dj) and 6770 (2*Pi — 3*D,) give the same result 
B= 1 SO) As the excitation energies m the higher energy levels corre- 
qionding to these two radiations do not appreciably differ, it may be taken 
that the rate of production of the radiators of the two Imes is the same under 
given conditions of excitation That these two Imes behave similsrly when 
the density of the vapour is reduced therefore leads to the result that the dimen¬ 
sions of the orbits of the valence electron m the two imtial excited states are 
practically the same In the case of the Ime 4916 (2^Px — 3^,) (S^Sg s 
9776 9) the change in the mtensity under the same conditions (Ig/Ii « 1 40) 
IS more marked than in the case of the two yellow Imes, this may be taken to 
indicate that the sue of the orbit is larger m this case For the lines 6461, 
4368 and 4047 with the same initial excited state 2*9x (2*Si = 21830 8) 
Ig/Ix 3= 1 16 From this we may infer that the 2 orbit is smaller than the 
3*D| or 3 *D| orbit howeVn, be remarked that this reasoning appbes 

only to Imes whose cun^'||p||li^u4iber is not more than 4, t e, to oases m 
which the excited atoms arc A'*^Sdttced by collisions of thermally energetic 
normal atoms with excited at^Ka]^ lower energy levels Also the problem of 
the quantitative treatn^nt oi^the effect of radiationless impacts of excited 
and normal mercury atoms m a mercury arc on the relative and absolute 
mtensities of the radiated Imes is much more compbeated than the corresponding 
problem of the quenching of fluorescence by a foreign gas m mercury vapour 
In the latter case, so long as the concentration of the mercury atoms and the 
intensity of the external stimulus (whether a beam of resonance radiation or a 
stream of 4 9-volt electrons) are kept constant, a change m the molecular 
concentration of the foreign gas may be taken not to affect the rate of production 
of atoms m the 2 *Pi state, but the change alters the rate at which these excited 
atoms are put out of action so far as the radiation of the resonance line is eon- 
oemed. This is not so m the case of the arc, where a change m the conoeiftMtion 
of normal mercury atoms affects both the rate at which the excited sfkims of 
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any class are piodaoed and the rate at which they are lost by radiationless 
impacts with normal atoms 

Lord Rayleigh* has examined the qieotrum of the luminous vapour issuing 
from a merouty vapour lamp in two stages, (I) at a short distance, about 2 oms 
from the anode (“ out of the region of the electric current ”), (II) at a much 
greater distance from it He finds that the intensitiee of the lower members 
of a senes relative to the higher ones are very much greater m (II) than in (I) 
According to the oonsideratioiis put forward above, this change is to be attn- 
buted to the lower temperature and far lower density of tbe vapour m the 
r^on far removed from the hot anode, and the consequent paucity of normal 
atoms which by impacts with excited atoms could mcrease the excitation energy 
of the struck excited atoms at the expense of their own kinetic energy and thus 
add to the radiators of the higher members It has been shown above that the 
two stages can be reproduced in the arc itself by artificially lowenng the tern* 
perature and density in it 

A variation m the apparatus was made to test, firstly, whether m an arc with a 
large dead space the mtensity vanations that have been already described can 
be observed, and, secondly, whether a foreign gas such as mtrogen introduced 
into the arc can take the place of an excess of mercury vapour m bringing out 
the higher senes members The uc discharge tube employed is shown m 
fig 2 A bent copper tube thickly electro-mckelled on the outside and kept 



♦ ‘ Roy Soo. ProoA, Td KfSfyp 287-270 (1928) 
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^XK>1 by a cuirent of water foxmed the anode and the top of a barometer oohmm 
•of mercury formed the cathode m a pyrex glam tube of internal diameter 
2 6 cm (fig. 2). The light to the epeotrograph paaaed from the arc throof^ a 
side tube closed by a crystallme quartz platr The evacuation was effeoted, 
as m the previous case, by a mercury diffusion pump backed by a Hyvao pump 
The arc was started by first heating the top of the mercury column and then 
passing through the vapour the discharge from a small induction coil 

The study of a large number of spectrt^rams taken with thu apparatus under 
different known conditions lead to the following results — 

1 When the pressure is kept very low by the contmuous action of the 

evacuating B 3 rstem and maintaining a free flow of water through the hollow 
anode, the higher members of the senes lines beyond the current term number 
11 are absent in the spectrogram, and linos m = 7, 8 and 9 are very famt and 
m = 10 IB hardly visible The potential drop between the electrodes was 116 
volts In one case a number of photographs was taken on the same plate with 
exposures varying from 6 minutes to 2 hours with a current of 4 amps flowing 
m the arc, to see if the absence of the higher members was due to the lack of 
right exposure But not a trace of any line beyond m = 11 could be seen in 
any case V (o) and VI (o) (Plate 3), not even in cases in which the exposure 
was so prolonged that the strong senes lines showed photographic reversal 
The forbidden hne 2270 under these circumstances comes out quite distmctly 
and stands companson m mtensity with the hne 2 *P„ — 6 *Sj Here, agam, 
the spark Ime 2262 beha^ like thq forbidden hne and shows up prommently in 
the spectrogram (VI J 

2 After shutting off with the pump and admitting air mto 

the apparatus through a leak^ 4 ^e pressure rose so high that the potmtial 
drop between the electrodes iwcrtWsod from 11 5 to 17 volts, the spectrogram, 
taken with an exposure 15 ^hnutes, revealed hues up to m = 20 m the senes 
2 •?, —»» ’Da (V (6), Plate 3), «id till m = 18 in the senes 2 — »»*D, 

(VI (6), Plate 3) and 2 *Po — m ’Dj On mcreasing the pressure still further 
till the voltage drop was 20 volts, it was found that the same number of hnes 
could be agam noticed, but they were famter and sharper From this it seems 
probable that the molecules of a foreign gas can take the place of normal 
mercury atoms and generate radiators of higher members of senee Imea by 
impacts of the first land with excited atoms m lower energy levels It must be 
mentioiied that the admissioa of ur brought out the band spectrum of mtrogen 
so prominently that between X 6000 and X 2800 it overshadowed the metoury 
lines to the extent of hiding all but the most promment of them The existence 



25 


Dennty pf Fopour m Mercury Arc 

■oi exmted mtcogen molecules after admittuig atr renders it somewhat doubtful 
whether the addition to the radiators of higher members is due to impacts of 
-excited mtrogen molecules and excited mercury atoms m lower levels or whether 
It IS due to impacts of thermalll^energetio normal molecules of mtrogen and 
excited mercury atoms. It is, however, not easy on the former hypothesis to 
account for the enhancement of the mtensity of the higher members of a senes 
relaitve to the lower ones Expenments using helium in place of air are m 
progress 

Spark Ltnes 

If the density of the vapour is reduced by cooling the arc, other condilaons 
of excitation remaining unaltered, many of the spark tmes which usually occur 
in the spectrum of the radiation from a mercury arc are greatly reduced m 
intensity, while others either remam unchanged or gam in mtensity A classified 
list of the Imes under the two heads is given below — 


1 
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n. 



Intondty in atage (b) 

lnteiultyiaataga(a), 
low doniity 

R«aark> 

2847 8 

4 

4 

K 

2814 9* 

2 

2 


3288 4t 

3 

5 

K 

3280 4 

0 

2 

K 

2053 7(v«o) 
2038 3(vao) 

1 

0 

2 

1 


1943 S(tm) 

10 

>10 

n>to line, aooording to Car- 


roll, bdongi to the fimtneto 
of the ptinol^ MttN oftbe 
•peoirtun of Hg^ 


* The line S814 9 hw not been neoi^ded bv otben m ter m I oen ueke out froan the »yeU»bl» 
Utentuie My plate ibowi two other Unee.SSlS OendSSlO 5 The letter Unebnlooe Peaoben 
end GdU ango^ that S810 S mey be fi ■?. — 5 ■?. (2813 4 oelo ) It eppeen more probeUe 
tbet 2813 0 epp^ngin the ^te la 8'P« — S*P, 

t Tekemine flnda ihet the intenaity Tuietkma of thia line eie aomewhet different from thoee 
of the nrigbbotinng era linea when the enrrent deneity to vertod {toe eU ) 

If we consider the behaviour of the spark lines to be similar to the behaviour 
of the arc lines we have to conclude that, m the case of those lines which, like 
the lower members of the senes lines in the arc spectrum, either remain unaltered 
(«inorease m intensity on lowering the density of the vapour, the inilaal energy 
levels of atoms of Kg'**, which are responsible for the radiation, are low, whereas 
the corresponding levels m the oase of the Imes, which, like the higher members 
of the arc senes, have their mtenmties greatly reduced under the same oiroum- 
stanoes, are high (hM|b|^erefore led to expect to find m group II of the- 
clamfied list given abo^g^'*” members of the principal and subordinate 
senes of the spectrum oi ™||?/According to J A Carroll the lines 1942 S- 
and 1649 8 form the first puPT the pnncipal senes This view is supported 
by the absorption ezpenm^^ of Compton and Turner* on the line 1942 5 
It follows as a consequSdee tmit the radiators of 1942 5 are m the energy level 
next higher to the ground level, and accordingly we find that the line distmotly 
increases in intensity when the arc passes to the low density stage (VII, Plate 3) 
Thelinel649 8 is outside the range of the spectrographs used Of the remaining 
lines in group II the difierenoe between the wave-numbers of the lines 2847 8 
and 2260*4 is 9122, and differs from the wave-number difference of 1942 5 
and 1649*8, vu , 9133, by a q^uantity which is withm the limits of the errors 
mvolved m the wave-length determinations of the latter pair of lines The 
“ Bydberg doublet,” 2847*8 and 2224 8, does not appear to form the first panr 

* ‘ Phya BevvoL 20, p 61S (1826) la thu paper the aathon nfw to Clamill’s 
otssstlkisWoii of Hg* ■peotmm. 
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of a rabordinate seriee, as the oorresponding wayo-ntimber difEerenoe, , 
9829, u far removed from 9131 Moreover, the line 2224 8 ia abeent m both 
speotrograms, thouj^ it can be produced as an enhanced line if the radiation 
from the oathode is fooossed on the slit This Ime falls dose to the arc line 
2 *Pg — 8 *Si But it IS dear from an examination of the speotrograms that 
the line, if present at all m stage ( 6 ), is absent m stage (a) (low density) The 
hne 2260 2 , on the other hand, moreases m intensity when the density is 
lowered This line (2260 4) agam falls almost exactly on the Ime 2 Ti — 14 * 8 ,^, 
but the absence of the bnes 2 •?! — 12 ^ and 2 “Pj — 13 *81 makes it oertam 
that the line oooapying the position of 2 *Pj — 14*St m I (a) (Plate 1 ), is 
not 2 *Pi — 14 * 81 , but the spark line 2260 4 

It IS of mterest to consider the manner m which the radiators of the spark 
lines are generated m the arc Starting from the singly ionised atom of mercury 
we find that the excitation energy required to produce a radiator of 1942*6 is 
that of a 6*4<volt electron, and the chance of an Hg*^ atom encountering an 
electron possessing an energy not less than this amount m the positive oolumn 
IS smaU We therefore have to look for other sonrces of production A likely 
method is by the encounter of Hg*^ atoms with neutral excited atoms m the 
2’^Pi state, the excitation energy of the 2^?^ state being that of a 6 * 67-volt 
deotron Further higher energy levels may be produced by encounters of 
excited Hg*^ atoms produced m this manner with dectzons or neutral atoms 
in the 2 *Pi states. This view receives support from the observation of Lord 
Rayleigh* that the Ime 1 ^ 8 , — 2 *Pi is much redusn^rV mtensity rdatave to 
the prominent lines of the triplet senes, al^ Ve same time the spark 

Imes are very faint m the spectrum of thf vapour issuing from a 

mercury arc 

Takamme states that m his experiments the bafid at 2346 ascnbed to HgH 
always appeared with the forbidden Ime 2270, anik thsif its mtensity variations 
ran parallel to those of the latter In the experunents deecnbed m the present 
paper this parallelism has not been observed In the speotrograms taken with 
the first type of arc (fig 1 ) no traces of this band could be detected whether the 
forbidden line is present when the density of the vapour inside is artificially 
diminished or whether it is absent when the density of the vapour is not so 
dnniniehed (I, Plate 1 ) With the second type of arc (fig 2 ) this band, 
together with three others on the shorter wave-length ude, which l)^ve been 
observed by Lord Raylei^ (I 90 . oU.) m the vapour issuing from a mercury aro 
are promineot m the spectrogram taken with air as impurity inside the tube 
• *It(7 Soo. Froo.,’ A, vcA 108, p. 266 (1085), aad vd. 118, p. 18 (1086). 



<TI (b), Plate S), the forbidden liAe beng abeeat or very feoct In tibe 
epeetrogram of ibe low density aio, vdieie tiw fwbiddea line u prominent, tihe 
band IB absent (YI (a) Hate 3) 


Btmmmry 

1 The effect of altering the density of tibie vapour m a mercury are (otber 

eondxbona of excitation being kept unaltered) on the relative and absohite 
intensitiee of the radiated lines has been studied witiun the approxiinate 
pre ssure range of 2 mm to 0 1 mm of Hg The current density employed 
ranged between 1 5 amps om and 4 amps cm * The effect of lowering 
the density of the vapour on the senes lines m the arc spectrum (indudmg 
mter combination linee) le to m c re aio tiie absolute intenaities of all lines below 
m >8 6 and dimuuah those of all lines above m = 6 It is pomted out that this 
result can be explained on tlm bypo^iens tiut melastio collisions between 
exmted atoms m lower energy levels and thermally energetic normal atoms 
form tile chief source of the radiators of the higher members of senea Imsa To 
the radiators of the lower members tiie oontnbution from this source is negligible 
This accounts for the intensity dimmulaon of the higher members when tile 
vapour density is diminished On increasing the vapour density ooUisiODs 
between the radiators of the lower xnemben and normal atoms resultuig m 
radiationleBB transitions increase and the mtensities of these lines foil The 
forbidden line 2270 (1 ^ *P|)> ^ ^ lower members of other senes bnes, 

uicreases m mtensitvjS|Mn the arc passee to the low density stage Thu 
happezu even when <lensity u as hig^ as 3 amps om 

2 In one set of phot^'i^^/measurements the line 4916 (2»Pi —5*8#) 
showed the largest peroentu^l^iirease of mtensity on lowering tiie density of 
the vapour (1,/Ii »= 1 40)\ Kext came the lines 0769 (2 tyj -- 3 *Da) and 
3790 (2iPi - a^D,) (IJ[ I, - 1 80) The Imes 5461, 4308 and 4047 (2»P,w- 
2 *8|) showed the smallest morease (Ig/Ij 1 10) These figures suggest that 
the dnnensions of the orbits of the vaknoe eleotron m the excited states 2 
a^D, (8*D^ and 3^ are m incwiswng order of magmtude 

3 The spark lines that ore ezmted m a mercury arc may be tiassified 

two heade (i) those whoee mtensites axe greatly diminitiied and (i^ tiMss 
whoso mtensities remam unaltered or inotease on lowenng the density of (he 
vapovr To the second class bshog lines whose radiators ate excited 
stnsns m biwer energy levels, these bnes axe 2847 8 , 2262 4, 2260 4, 2008 % 
2028;8 and 1942 0 m the wavelength range accessible to the tywitmgrapiiw 
used. It u soggested that the linos 2847 8 and 2260 4 ftmn the ffrst pair of a 
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^ Vafowr M Jfilarour^ 

(wbc rfhw * * MriM In Hkb ipeofanim of KM9‘6 and 104l<<0k aiMxdliig to 
Otedl^ loMtiog the fiiab of the pondpd 
4. In a metoaij vapou lamp mth a laige dead space It eras fotuod that 
highar members of senes lines weze developed on raising the ptessoze inside 
by the mteodnotion of air. On pnmpmg oat the air hi^er members beyond 
m V11 disappeared omnpletdy, while the forbidden Ime 2270 and the sparic 
line 2262 became oonspionons 


DJCSORIPTION OF PLATBS 


la every oae (a) i w p eese o ts the low dnsity ^wotmin sad (b) the h%h density qwotnim 
(peeMOie sboat 2 mia. of Hg) 

I, n end in ere cnleigeBtnts ol diflacent ports ct two speotis, (a) sad (b), taken on the 
ssaw pUte ia foztspositian sad with eqnsl exposnm, tiie sonioe bring the an ispnee n ted 
iallg. 1} the osthodewM cooled ia the oseeoi (a) IV lepneents oonei^oedlng portkns 
o< three photogrs^is, (e), (b) and (a), taken in jaxtsporition on another plate with an 
e s posare ct 8 seoondbi in each case. It wfll be seen that in all the toor, eacies Unea below 
M <pi 0 an brifditer In (a) than in (b). and that lines beyoad m •» 8 an stranger in (b) than 
info). Olie forbidden line 2270 (1^-8*P0 and the spaikliaaa 2282 and 2260 an 
enhwnoed in passing from (b) to fo) in I In m note that lines 2*Pi — 2*8i (4288) and 
2 *P« -- 2 (4047) an srieriaed in tilie oenin by over-exposim 

V and VI an parts cf jdiotognplia taken with the an npnsen t ed in fig 2, as sooroe 
(a) and (b) wen taken cm different {detee, in the can of (b) the preaaon in the tube was 
raised hy leaking air into it Higher memben at leiiee linee absent in (a) an broi^t out 
m(b). IlMfarbiddea line 2270 and the spade line 2262 an prominent in (a) 

Vn (a) end Vn (b) an reprodnotiQiis from photogr^dm taken on the same plate with the 
sesee espceure, bat not in juxtepoeitkm Of the five spark Unee, two, vis., 1074 and 2006, 
r- "*"*«*"* in (b), have ahnoet disappeand in (a) 2026, faint in botti, is bii^iter 
in(s). fk 


For details see pspcr e 

CWtaorion.—In Plato 1, read 1‘S. - 2»P, for ‘W2'P, and 2'P, - 8*D^ for 
2*P,-.2»D,. * 



On the Input Limit of cm X-Ray Tube mth Circular Focus, 

By Aj<bx MOllkb 

(Communioated by Su W illiam Bragg, F B S —Received July 15, 1937 ) 
ItUroducium 

The input limit of an X-ray tube depends upon various factors, one of which 
IS the heat produced on the anticathode by the impinging cathode rays 
The present paper attempts a calculation of the mput limit for an X-ray tube 
with circular focus 


Statement of the PrMem {First Section) 

The anticathode is assumed to be a straight cylinder of circular cross section 
The following system of co-ordmates u chosen The X axis is the axis of the 
oyhnder whose length is I and whose 
diameter a The origm 0 oomoides with 
the centre of one of the boundary planes, 
the centre of the focus hea in the middle 
of the other face Both limiting planes 
are perpendicular to the X axis and have 
therefore both circular boundaries 
Firstly, the case will be considered 
where (a) The inflow of heat (cathode 
ray stream) is concentrav^ upon a small area round the focus centre, and 
(6) the curved surface of tl^ylmder and the flat end containing the ongm are 
both kept at a constant temj^ature T This surface condition can be obtamed 
by cooling with a rapid stream of water 

Sohtlion of the Problem 

If T be the temperature and k the thermal conductivity of the material, we 
then have for the stationary flow of heat the well-known equation 

div K grad T = 0 

which holds for the inside of the oyhnder 
K IS, generally speaking, a function of the temperature The variation of 
K with T being relatively small, k will be treated as a constant m the present 
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oaloulatioiu 
therefore to 
( 1 ) 


The above equations written m ojlindnoal co-ordinates reduces 


a»T , 131 , a«T 
5?- + ;^ + 5x* 


= 0 


A solution of (1) has now to be found which fulfils the boundary conditions 
The problem can be solved m the usual way A short analysis will be useful 
in the final discussion We put 

(2) T-To=fa. 

where X. is the n*** root of Cq (p) = 0 is the Bessel function of zero-order 

(2) IS a solution of (1) and vanishes for x = 0 and r = a in agreement with the 
boundary conditions given so far 

The next step will bo to define the function describing the heat inflow m the 
focus This requires the knowledge of the energy distnbution m the cathode 
ray stream in the immediate neighbourhood of the anticathode It is not 
mtended here to discuss this distribution m detail Two important facts are 
known about the function / (r) reprinting the energy inflow m the focus 
f (r) reaches its maximum for r = 0 and drops very rapidly when r mcreases 

(3) /W^A 

IS hkely to represent the actual conditions fairly well, and will be used m the 
present calculations A and B are two constants which can be expressed m 
terms of measurable quantities One of these quantities is the total amount 
of energy W which flows m umt time mto the anl^thode, and which can be 
calculated from the voltage and the currenfi^*V^ the X-ray tube (The 
small fraction of energy which is actually coi^fted mto X-rays can be 
neglected here ) The other quantity is the rad^S of the focus spot 9 will 
be defined as follows — 

It IS the length which, when mtroduced mto (3), will make /(r) drop to half 
of Its maximinn value We therefore have 


W = 27tA = 7c I (1-e-®*") 

and 

In all practical applications s~^' is very small oompared with I and can be 
neglected Taking this mto account, it follows that 



(4) 



32 


A MtlUer. 


The ooeffiaente a» are now calculated m the usual way by maVing use of the 
well-known properties of the Bessel functionB 

(-^r) f (if = 0 if m ^ s, m and « being integers. 

and 

Remembenng that 

Co(Jw) = 0. n«=1.2,3 

Difierentiatmg (2) gives 

and for X = 1 

(6) f{r) = K 

Multiplying both sides of (6) by r integrating between the limit 

r = 0 and a, we finally have 


( 6 ) 0 . 


W ^ 

OK 7t8* 



1 

X«Co'‘(>.) 


8;.(ir) ir 


(6) combined with (2) is the complete solution of the problem stated at the 
beginning 

The expression for o.,1Q|P be written m a much more compact form We 
first remember that 8 compared with a Without introducing an 

appreciable error into nunra ^1 calculations, we can write 

(7) e = 

r e >* being extremely small when r reaches a The definite mtegral in 

(7) can be evaluated (see, for instance, Gray and Mathews ‘ Treatise on Bessel 
Functions ’) as follows 

(8) r c-(V)i^. 

Further usmg the approximate values for the Bessel functions and the roots 

«•'<»>= 

X« = (w — 1/4) 7t n mteger. 


and 
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we wnte 


1 


Therefore 

_ W ^ 

and for f = 0 and x = I (centre of the focus) 

(9) Ty - To = ~ £ 1 tanh(^ l) TCI, 

WC 1 \o / 

where T/ is the temperature in the centre of the focus 
The senes which is mvolvcd in (9) converges very rapidly (except ip the case 
when i/a is very small) and is well suited for numencal calculations When 
8/o IB very small the sum m (9) can be written m form of an mtegral as follows 

^ o t-y/lni 

Using the approximate values for X, 

X,^«(n-l/4), 

we wnte 

» — s _ 8 TC — Aj 

* a 2 y/In 2 


2Vur2 

8 


kS n I 


t W 

t 

0 »J As 


For S/o vanishing this becomes 

^W VbT] 


c-** tanh (ps) *, p = '^Vlnl ^ 


It will be interesting to consider two lumting coses, % e, when p is very large 
and p very small 

p = 00 tanh (ps) reaches very soon the value 1 and it follows 

(II) . 

0 . a kS 7C Jo «ro n 2 

* Maxunnm deviation {com true value (oooumng when h — 1) u approximately 2 per 
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Pvery 

(12) 




W \/fa2 S 
ieS ~7t— 2 


The dunennona of W and k have to be oonaidered k u uaually given m 
gm oal cm sec centigr It is convenient to express W in watts, m 
which case the W in the preceding formule has to be multiplied by 0 2389 
3, a and I are measured m oms 

Before entering into a discussion another case with altered boundary con¬ 
ditions will be considered 


Statement of the Problem (Second Sechon ) 

The only difierenoe between the new problem and the previous one lies m 
the assumption that there is no flow of heat through the curved face of the 
oylmder, t e, this new boundary condition is mtroduced instead of the T = Tg 
when f = a The condition T *= Tg when * = 0 remains the same Wo 
therefore have 

(IS) ~ ® 'nhen r =* o 


Sdutton of the Problem (Second Section ) 

The following expression will satisfy the new conditions 

(14) T - T^fa £ «.Co (•^^) smh + a 

X, u now the n“ root of Co (p) = 0 

Here agam it will be assa ed that the inflow of heat takes place only m the 
immediate neighbourhood ^ the focus centre, te, for z a { and r = a this 
inflow IS zero ^ 

•= 0 = 2 «*^®o(X.)oosh(^j)-l-a 
or 

(16) - ia,.^5:g()Jco8h(^l) 

(In the corresponding calculations of the j^evious section a is sero) Substi¬ 
tuting this expression for a mto (18) leads to 

m T - T, - i «.[c,(^r) «iJi (i.) - ()]. 
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The coefiBoienta a, can now be calcnlated m exactly the same way aa m the 
previous section 

^ ^ r*- /X. /K\ ^ V fK 


and for z = 2 
3T 


i - ®.(U (i f)] 

x = l 


Multiplying both sides of this equation with t integrating 

between r = 0 and r == o gives 

/(r)Co(^r) dr 


= K «> cosh l) [^®o* (K) - Co (XJ f%Co r)dr] 

It IS eauly shown that 

and it follows that 

„ _W 22n2_l_ !r 

0* ’***oo8h(^2) ^.Co*(X,)]o “no / 

Introducing the same restrictions with regard to the size of i/a and extending 
the limit of mtegration from zero to infinity 

0.=:^ 1 _ 

^ " cosh 


iot x = l and r = 0 (focus centre), , f 

1 *1 *’ 

• Introduoing a new variable y — r, we wnte 

and ooing the well known relation 

|fC'i(lf) = »C.(y)-ei(y). 

+£'e:i(ir)'2y-yri(y) £*®i<y) + j^Ci(jf)«*y. 

and ^oe - (A,) - C'. (A,) - 0, 
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The approximate valuea for the Bessel function and the roots are 




\,=:7c(»+1/4), « = 1,2.3, 




(18) T,-T, = ^£|unl.(il)rife-+Wi£S_£^ 

The series which are mvolved in (17) or (18) converge very rapidly except 
when a is very small In this case the sums can agam be converted mto 
integrals The transformation of the first term has already been given m the 
first section An approximate value of the second sum can be obtained^by 
using the as 3 rmptotic expressions (16a) and (16b) 

-J- ± a/EEB 

The -f sign holds when*’^ == 1, 2, 6, 

The — sign holds when 4, 6, 

We put 

, 1 TcCo \K) 

The positive terms of S can therefore be written 
positive _ 

the negative _ 

^ 2 

where m is now 0,1,2,3, .. therefore 

s=2»(v;r+w .-iK'“"'^-v;r+T8 
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Intxoduoing new variables 

(19) y„=a(m4-8/8) 

y* = (i(m 4-9/8) 


Ay, = cTAm'l 

>• where Am = 1 
Ay, = oAm J 

and mnltapljnng both sides with \/<x 

VoS =; S(V'y««~*^ *"■ Ay, Ay,) 

or for very small a 

V^S=:f Vy e~®J**^dy—r Vye~^'^dy 

J&/S* Jb/s« 

The limits of these Integrals are obtamed from (19) by putting m = 0 and 
m = 00 The last equation can be written os follows 

Vo 8 = f Vye~^** rfy 

J&/«» 

Neglecting higher terms of o we can write 
e 1 

(o varying between 6/8 a and 9/8 a and o very sma^ ^ 

v;s = {* Vyi, = I »V. 


3 = 0 466 X 0. W 


We write* the first sum m (18) in form of an integral, substitute (20) in(18) 
and express W in watt 

T, -1. = ry. 

^ #f8 7t J, o 


„ 2vi;;;2 ,, ,,, 

p = —I— I (o very small) 

* Hie variable x in thu and following mtegrale u need with the same meaning a^ « in 
the first section. 
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Oeneral Dtaouanon. 

It IB mteresting to compare the resnlta of the first and the second sootion. 
Dimensions, conductivity, size of the focus and mput being the same, we expect 
to find a higher temperature in the focus centre in the case where there is no 
flow of heat through the curved boundary of the cylmder Comparing (9) 
with (17) or (10) with (21), it is seen that there is indeed an additional term 
m (17) or (21) which expresses this fact It is further obvious that for a very 
thin anticathodc and small a the two temperatures should be very nearly equal 
It IB easily seen that the second term in (21) becomes small compared with the 
first when I approaches zero The first term in (21) is equal to the one in 
(10), te, the temperatures are nearly the same The second term in (17) or 
(21) can, m general, assume any value between zero and infimty Its size 
depends upon the factor 1/a* 


Tka Integral 8 = | e~^ (anA (^) dt 


A. few words may be said about the method by which the integral 6 can be 
computed This mtegral is a function of ^ There are two oases to be con¬ 
sidered 


P small — 

tanh (^) IS developed m a senes of mcreasing powers of (^) and " e~*'senes ” 
mtegrated term* by term^ This gives — 

0 = is ' —, 

2' 6*^ ^lO*^ 106*^ ’ 

piarge — V 

A very oonvement asymptotio senes for 6 can be found t Tanh (B«) is first 
developed mto a senes of inoreasmg powers of e"*^. This gives —• 


0 + 2S(-1)-J"e-^-*' dx 

* The series to tuih(Av)i* convergent for The “ term by twm’* integra¬ 

tion between the limita aero to infinity is therefore not legitiniate The upper limit of 
integration u | x | <|^| Owing to the fact that e*(^) is veryimall when x reaches 

the limit, the integration can be stopped there without introducing an appreciable error 
into numerical calculaUons (always provided that JS u suffiokotly email) 
t See, e g , Bromwich, *' An Introduction to the Theory of Infimte Series,'* chapter on 
BummaUon of asymptotic aeries. 
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and pattong (x + n^)* => y 




c 


An integration by parte of this integral gives tbe following expression — 


and 


r _i_.+_Ls__j_»_»+ ] 

WVk 2‘(»W^ / 

A_1 |„ A I 1 V 1 1 3 y 1 1 1 3 6 A 1 


K= 1, 2, 3, 4, 


2 - i X 0-6931 + ^ X 0 «12 - 


5 + ^XH 


LtmUB of Input. 

The luniting input can now be calculated very easily Tbe highlit tem¬ 
perature m the focus which can practically bo allowed is the melting 
temperature of the antioathode material Take first the case where the anti- 
oathode radius is very large compared with the tsdius of the focus spot, and 
where the temperature at the two boundanes is kept constant From (10) 
we obtain for the maximum mput Wm.T ) 

(22) = 16-8 X ileLZl^LL-'', 0 = [•«-«» tanh (px)dx 

0 Jo 

P=i2Vbi2 |- 

T|, == melting pomt (centigr) 

Wmu in watt 

K m gm cal sec cm centigr 
3 in cm (radius of focus spot) 

The following table shows how 0 vanes with p — 
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Table I 



« = tsnh (flx) dt 

0 

0 

0 10 

0 0498 

0 00 

0 335 

2 BO 

0 032 

0 00 

0 701. 

10 00 

0 817, 

oe 

0 880, 


Let S, a, K, Tm be fixed and I be the vanable Table I then shows that the 
maxunum input reaches its smallest value for an infimtely long anticathode 
and increases very slowly when I becomes smaller An appreciable nse in 
Wnux takes place only when I becomes very small, t e , when I is a small fraction 
of S In other words, a considerable increase of the maximum mput cannot 
be obtained unless the thickness of the anticathode is small compared with 
the focus radius In all practical work this is barred by the fact that the 
cooling cannot be kept up when the anticathode is very thin 
A few numencal examples will finally be given, the data being taken from 
practical work 

F%r»t Example —Kaye and Laby’s tables gives the following data for the 
thermal conductivity of copper, — 918, k,oo = 908 (The relatively 
small change of k with the temperature justifies the assumption which has 
been made at the be ginning , namely, that k is constant) Extrapolated to 
the melting pomt, k ~ 79 , Introducing this value m (26), we calculate a 
Wmu which IB too small atvd leave therefore a certam safety margm We 
assume that 1,080° centigr is the m p of copper, and that the temperature 
of the cooling water is m the neighbourhood of 20° The following table gives 
Wauur for various thicknesses of the anticathode — 

Table II 


Copper anticathode, 8—06 oms , 8/o very small #c ~ 79 gm cal cm 
sec centigr 


ioau 

Wmu (watt.) 

0 

00 

0 003 

IS 2 X 10* 

0 016 

3 83 X 10* 

0 070 

1 04 X 10* 

0 100 

0 880 X 10* 

0 300 

0 800 X 10* 

00 

0 747 X 10* 
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The table ehows clearly that a substantial rise of Wmu over its smallest 
value occurs only when the antioathode is very thin A stnct experimental 
test of (22) has not been earned out yet A rough test has shown that the 
present deduotaons give at least the nght order of magmtude for Wmax 
Second Emmple —In this example it will he assumed that the radius 8 is 
no longer very small compared with a We put 

S = 0*05cm8 , 0 = 0 26 {e = 0 20), it =; 0 79, T* —To = 1060 

w„,„ --** - 

0-2389 tanh ^ I 

2 1 o 

(Xa roots of the Bessel function of zero order ) 

The mtegral m the formula now being replaced by the sum The following 
table gives the result of the calculations — 


Table III 


Zenw 

1 Woiax WStt 

0 003 

13 2 X 10* 

0 ois 

2 88 X 10* 

0 030 

1 65 X 10* 

0 075 

I Oi X 10* 

0 ISO 

0 880 X 10* 

0 300 

0 841 X 10* 

* 

0 838 X 10* 


A compansion of the two examples shows that the Wmui are the same so 
long as 2 18 small For large I they begm to differ from each other, the final 
ratio being about 1 12 

Third Example —^It is well known that the cathode m a gas-filled X-ray 
tube becomes pitted m the centre when a discharge has been nmning for some 
tune There is no doubt that this is not due to heating alone Under certain 
curcnmstances, however, a heating produced by reverse currents does take place 
It 18 mteresting to find out how high the temperature is likely to nse under 
such conditions 

A cylmdncal cathode rod (aluminium) showed a circular pit of about 1 5 
nuns diameter, the diameter of the rod was approximately 1 6 ems The 
cathode was, when under working conditions, inserted mto a water jacket at 
one end 20 ems of its length were surrounded by a gas of low pressure, 
the flow of heat through the curved surface of the rod being therefore practically 
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lero The tempetature in the fociu of the reverse cathode staream can be 
estimated with the use of formula (18) The calculation gives 

T, - To = P - ^X . W |o i98o 4- 1 X 0 0500*}, 

8 = 0 076 cms , a = 0 75 cms , f = 20 cms 
T/-To=; — X4 88 

K 

The thermal conductivity of A1 is 500° centigr is approximately 0 44 gm cal 
cm sec centigr (extrapolated from data m Kaye and Laby’s tables) 
The X-ray tube was run at about 40 kilo-volts, the reverse current being not 
more than one-fifth of the current recorded by the nulliammeter, % e, about five 
milliamps Therefore W =: 40 watt The temperature of the cooled end of 
the cathode was not more than 50°-80° The resulting temperature of the 
focus is therefore 

T, = 4 88 ^ + 80 = 626 centigr , 

which IS considerably below the mp of alumimum (660°) This seems to 
support the view that the ptting was not due to melting 

In conclusion, the author wishes to express smcerest thanks to Su: William 
Bragg lor the very encouraging mterest which he has taken in this work 
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The Iheiectric CorMatUs of Ammoma, Fhosphtne and Arsine 

By H E Watson, D Sc 

(Commauoatcd by P Q Donium, P R 8 —Received July 21, 1927 ) 

The dielectno cemstaot of anungnia at vanous temperatures between 19° 
and 176° has been measured by Jona,* B&dekerf has also determmed its 
value from 18° to 108°, and K Wolf^ has recently measured the rate of change 
of dielectno constant with pressure 

Jona showed that the change m dieleotnc constant with temperature could 
be represented by Debye’s equation c — 1 = N (A + B/T), and Zahn§ has 
shown that this relation also holds for the senes of gases HCl, HBr, HI It 
was considered of mterest, therefore, to make similar measurements for the 
gases PH, and AsH„ and to repeat the determinations for NH,, m order to 
provide data for another senes of gasra m the penodic table It has not been 
possible so far to ezamme SbH,, as the rapid decomposition of this gas with the 
formation of a minor would readily break down the insulation of a condenser 
of the ordinary type 

A bnef perusal of the hterature of dielectnc constants is sufficient to show 
that, m spite of the extreme sensitiveness of methods depending upon the use 
of the thermiomc valve, the results do not agree as closely as might be expected. 
In the present research special attention has been devoted to exploring sources 
of constant error and to obtaining absolute values for the dielectnc constants. 

Exfebihxntal 

Determinations of the dielectno constants were made at high frequency, the 
change in capcuuty with pressure of a condenser contaimng gas being com¬ 
pensated by a variable condenser m senes so as to maintam the frequency of 
the system amstant An exact setting was obtamed by the method of beats 
with a second oscillating system 

The general arrangement of the apparatus is shown m fig 1, the actual 
position of the oennponent parts bemg a matter of some importance The mam 
osciUataig circmt consisted of a ’valve V, a low loss mductance C, reaction coil 

• ‘ Hiynkal Z..’ vol 20, p 14 (1010) 
t ‘ Z phydkal Chemvol 36, p 306 (1001) 
t ‘ Phyiial Z voL 27, p 688 (1028) 
i ‘ Phyricsl B«v ,’ vd 24, p 400 (1024) 
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insulated where neoeasory, the battenes being supported on blocks of parafiBn 
wax. The valve V was a cosmos SF 18 red spot, very much under-run 
(1 18 V. on the filament, as compared with the normal 1 8), and with only 
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40 ydts on the plate A mioroammeter (for rough settings) and a galvanometer 
were fJaced m senes between the n^ative side of the filament and earth and 
measuxed the smi^ gnd current which was allowed to flow In this way it was 
possible to adjust the voltage across the condensers and also to make calibration 
measurements, which did not require the extreme accuracy of setting given by 
the beat method, in the manner descnbed by P A Ckioper * This author 
ntiliaes the very sharp dip in gnd current when the circmt is brought into 
resonance with an absorption wave meter The frequency may be measured 
by this means, tmd small energy losses, such as those due to poor insulation, 
are readily detected Owing to the special charactenstic of the valve used, no 
gnd bias battery was necessary, one possible source of error being thus ohminated 
The method had, by numerous previous tnals, been found very convement and 
accurate provided the condensers were screened from the inductances 

All measurements were made when the gnd current was lOp A, corresponding 
with 2 86 volts r m a as measured by means of a Moulhn voltmeter In the 
case of the senes connection, the voltage across the gas condenser was about 
8 per cent lower than this The valve charactenstic under operating conditions 
was very straight, except just at the ends, and the harmonics could not be 
detected m the receiver used for the beat measurements In any case, the 
presence of harmonics of small amplitude can have little effect upon the results, 
as the dielectric constants measured were found not to change through the 
range of frequency studied 

Three coils, which were readily interchangeable, were used m position C , 
thqr were wound over frames of pyrex tube and had inductances of 65, 160 
and 1876 microhenries The switch S consisted of six copper mercury cups 
mounted on quartz rods 16 cm high The condenser system was sunoimded 
by a screen 20 cm high, not closer than 16 cm to any of the wiring except where 
a rigid lead to the gnd passed through a hole in it It was open at the top 
and underneath the gas condenser G, which was suspended from a wooden 
arm 

The condenser K, upon which all the measurements were made, was of the 
usual semicircular rotary vane type, with five fixed plates of radius 46 mm 
and four moving plates, the gap being just under 1 mm , and the total capacity 
260 ppF The fixed plates were soldered to brass strips and supported by three 
quartz rods platinised at the ends and soldered mto sockets Before assembly, 
these rods were heated to redness for some time and then dropped mto paraffin 
wax. The i^pindle carrying the moving plates had carefully ground long comoal 
* ‘ J Sci. Instram vol 2, p 342 (1026) 
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beanngi and earned two light wooden arms and two nurron at n|^ angles at 
ite upper end The vanes could be rotated through about 100° by two threads, 
one passing over a free pulley and supporting a weight, the other sumlariy 
arranged, but passing round a fnotion pulley eontrolled by the operator By 
changing the threads to the other arm the condenser could be rotated through 
180° The position of the plates could be read by means of the telescope T 
and a senucuoular scale A two metres in length The whole condenser was 
silvered and covered with a brass cover, through a mica window m which the 
lead to the fixed plates pa s sed 

The gas condenser G was somewhat similar to the one desenbed by Zahn,* 
and IS shown in fig 2. a The inner oyhnder had tightiy fittang ends 
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and oontamed a durosil bulb to reduce the volume of gas The outer 
cyUnder had a cap over the end as a shield Two quarts discs held the inner 
cylinder m position These were platinised at three pomte at the edges and 
secured to the outer cylmder with small fragments of solder The inner 
cybnder was soldered to the top plate, but was kept in position at the bottom 
with a nut and spring washer to avoid strains The metal used was braes, 
well gilt before assembly The clearance between the eyfinders was 0 5 mm 
and the capacity 133 (i(xF Gilt platmum leads were used, and the whole was 
sealed into a durosil tube 

* Loe eU. 
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The omnut for the prodootioii of beats u also shown in fig 1 Thu portion 
of the apparatus was situated about 2*5 metres from the numlUfang cwnut, 
and an aerial 1 metre long was used for the two lower frequenoies The portion 
A oonButs of ui oscillating detector and note amplifier, B u an audio-oecillator 
which modulates the output at a frequency of about 600, the mtensity being 
controlled by the variable shunt r C u another note magnifier connected with 
a loud speaker S P 18 red and green spot valves were used m thu receiver, 
and the total plate current was only 2 miUiamperes The double system of 
low-tension batteries employed by several other observers was used, and, by 
regulating the dischaige from the battery D, the effects of changing filament and 
anode voltage m the whole system could be largely compensated A screen 
was ongmally placed between the observer and the receiver, but it was found 
to be unnecessary, as the taking of readings through a telesc<^ mvolved the 
observer’s remaining m the same position. Small movements had no effect 

When making measurements, the beat note between the two high-frequency 
cmnuts was adjusted to the exact frequency of the audio note by observation 
of the beats between the two. 

Caltbratton 

As has been pomted out by Zahn,* the accurate determination of dielectric 
constants is largely a problem m calibration Great attention has been paid 
by other ol»ervers, notably E C Fntts,t who used a photographic method for 
recording bests, to the constancy of the oscillation generators and the exact 
comcidence of the beats, but it is evident from their results that the mam 
errors are constant ones ansing probably from mcorrect oahbration. 

In the present experiments the simple oscillation generators already deacnbed 
were found to be quite satisfactory, although possibly not altogether smtable 
for gases with a very low dielectric constant or for observations extending over 
considerable periods, but any errors ansing from this source were certainly 
small when compared with those due to other causes 

The accuracy auned at for the final results was 1 per cent, and to attam this 
it was considered desirable to attempt to make all calibrations wttii an accuracy 
of 1 part m 1000 and to measure pressures and temperatures to 0 5 mm. and 
0 2“ respectively 

All the condensers used were specially omstoucted or selected so as to have 
a very low power factor. Any defect could at once be detected by "the gnd 
* Loe. at 

t ‘PhjrKoalRey,’vol 23, p 346(1924) 
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current readings The insulation throughout the oeciUatuig system was very 
high, and, consequently, energy losses in the condensers were assumed to be 
zero 

In setting up apparatus m which conneottons have to be made to condensers, 
li the leads are short and the condensers close together, stray oapacitaes of 
uncertam magnitude may be mtroduced, while if the leads are long, it is neces¬ 
sary to correct for their inductance In the present experiments the latter 
alternative has been adopted, as it was possible to determine the corrections 
with sufficient accurate, while the location of the gas condenser a bttle distance 
(40 cm) from the vanable condenser was convenient for its immersion in the 
constant temperature baths 

If I, the inductance of the leads to a condenser of capacity C, is small enough to 
make l<tfC a small quantity compared to unity, as it was in the present expen- 
mente, the apparent capacity may be written 0(1-1- lw*C) When two con¬ 
densers are in parallel, the mductance of the leads to Cj being and between 

Cj and C,, 2|, the oorrectioa becomes approximately liO* (Cj -1- C,)* -f- 

These formuIsB were verified experimentally durmg the calibrations, and, on 
applying the corrections, the values found for the capacity of every condenser 
under different conditions were the same to less than 1 part in 1000, except in 
certain cases which are mentioned later 

The condenser, which was used as a standard of capacity, consisted of a 
quartz tube platinised and heavily silvered inside and out and fitted with 
terminals This, together with its leads, was standardised at the National 
Physical Laboratory and found to be of constant capacity at frequencies from 
300 to 1600 k c , although increasing m apparent capacity at somewhat higher 
frequencies The actual capacity was 166 Opp P The absolute value does not, 
however, affect the results 

By means of this condenser Q, the setting of the vanable condenser K at 
which It had the same capacity as Q was determmed, and also several pairs of 
settings between which the difference m capacity was equal to that of Q A 
step-by-step cahbration, using the small fixed condenser C shown m fig 2,6 and 
c, was then made, and a table of values drawn up giving the capacity at all 
settings In making this calibration the frequency vaned, hut the coil mduc¬ 
tance L was constant The mductance of the leads to C was negligible, and 
thus, if 1 18 the inductance of the leads to K, the lead correction is lu*K* = KI/L 
with sufficient accuracy The actual value of IfL with the three coils used was 
0 0066, 0 0022 and 0 0002, and was thus not negligible in the first two oases 
The mductance I was detenmned by measunng the apparent value of the 
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fitandaxd Q at difieient frequencies It is evident from these figures that 
considerable errors may arise when the coil mduotanoee are very small unless 
allowance is made for lead mduotance 

The behaviour of the variable condenser K was remarkably satisfactory 
The absolute value over certam ranges was chocked against Q at frequent 
intervals, and no change greater than 1 scale division m 2600 was ever observed 
The portion which was used for the majority of the readings was uniform within 
the limit of experimental error, and two careful step-by-step calibrations at 
the bcgmniug and end of the experiments, using different mductances, gav(>, 
when corrected for lead inductance, identical cahbration values to 0 1 upF 

The next stage was to dotennme the capacity of a condenser of approximately 
1600 (x[jJB' capacity for use in parallel with K It was desirable that this should 
be as small m dimensions as possible to avoid stray ea|>acitics One or two 
commercial mica condensers were tried and found to stop oscillations m the 
circuit owing to their bad power factor A senes of condensers was then 
constructed by platinising and silvering thm sheds of mica These had a 
satisfactory power factor, but were rather fragile Subsequently Dubilier-type 
610 mica condensers were found to bo almost as good, and these were employed 
throughout the experiments A senes with nominal capacities 200, 300, 600, 
1000, 1600 and 2000 (AjxF were used for the cahbration m conjunction with 
K, the useful capacity of which was about 200 {ifjiP Permanent leads were 
attached, which fitted mto the mercury cups and suspended the condensers 
clear of surrounding objects Each condenser was calibrated m three different 
positions, and this afforded a means of calculating the inductance of the leads 
and allowing for stray capacities, which, however, were very small When 
the smallest mductance was used, corrections for these factors did not yield 
qmte concordant results, owing, no doubt, to the somewhat complex nature of 
the circuits For example, m order to determine the value of as the 
lOOOpn, F condenser was designated, it was placed m parallel with K and then 
replaced by Dqqo and Dggg in different pairs of mercury cups, and the change 
m K necessary to bnng the frequency to its previous value determined. The 
bircmt contained several loops, and the simple lead coirectiou appears to be 
insufficient for the smaller values of L If no cotrections at all are apphed, the 
difference is quite marked, for exainple, D^^g was found to have the values 
1628*6 and 1533 6 when using the medium and small mductances respectively 
On the other hand, two distmct cahbrations, with on mterval of two months 
between them, using the large and medium mductances, after appljnng oorreo- 
tions, both gave the figure 1626 0 at 17 6° It was found that this condenser 
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had an appreciable temperature coeflRcxent (—0 00033 per 1°), which was 
allowed for Owing to the slight uncertainty of the calibration with the Btnall 
mductance, it was assumed that the true value of the capacity of this con¬ 
denser at the higher frequencies was the same as the one determined with the 
other inductances 

As already mentioncil, when measurements of dielectric constant were made, 
the gas condenser was placed in series with the largo mica condenser, and this 
introduced comphtations in the form of stray capacities Two systems of 
connecUons were used, which are shown diagrammatically in fig 3, a and 6, 



the numbers 1-0 denoting the mercury cui>8 m tin switch Each lead may be 
regarded as having two capacities, one to earth and one to adjacent leads If 
C is the self-capacity of the inductance coil and K and Q are the capacities of 
the vonablc and gas condensers respectively, the stray capacities c, k and g 
may be represented as bemg in parallel with them, as mdicated in the dia g r ams 
D IB the largo mica condenser and M a very small condenser, which will be 
referred to later 

If, now, G increases by an amount dG and K is dw-reased by dK m such a way 
as to keep the capacity of the whole system constant, it is easy to show that 

_ (G + g-f M)« _ 

{D + K + ky/dK-(D + K + k + G-{-g + M) 

O'* 

(D + K')*/dK - (K' + G' + D)' 

where 6'K' indicate the sum of all the apparent capacities m parallel at the 
points 1, 2 and 5, G respectively The quantities C, o do not enter into the 
equation, although in case (6), where e has a considerable value, tlie resonant 
frequency of the whole system is appreciably lower than in case (o) The 
inductance of the leads connecting the pomts 1-6 or 2-6 does not affect the 
calculation It will be observed that the quantities G' and D occur m the 
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equation aa squares, so that any calibration errors are doubled in the 
result 

In order to detemune g and i two small platuii 8 e<l mica condensers M .137 
were constructed as similar m ph 3 raiLal dimensions as possible, except, that m 
M] two pieces of mica were platinised and separated by spacejs, so that tin* 
capacity was only 1 46 (ijiF, that of Muy bt ing 137 46 (ijiF , approximately 
equal to that of Q was placedinthejiosition 1 - 2 aiularpadiugof Ktakcn 
Mist was substituted for M, and the frequency restored to its original value by 
adjusting K It might reasonably be assumed that this substitution did not 
alter the stray capacities, and tliat the change m capacity was equal to thi 
difference in the capacities, of the two condensers Consequently, two readings 
for different settings of K were sufficient to deti rmim 7 and A Actually several 
were taken, one with the < ondenser Djs,),, in juirallel with K This was rejieab'd 
with G immersed in the various baths used when measuring dielei tne constants 
the value of G bemg determined immediately afterwanis by plaung it in parallel 
with K With connections (a), g was small and varied very slightly, while A. 
(hanged appreciably (6 6 to 13 4 ppF ) according to tlie both used, but this 
had no great effect, as it was always in parallel with a lapat ity of about IWM) ppF 
With connections (6), h was almost negligible, but g, though constant, was 
of considerable magnitude, the values for G' under tiu' same conditions being 
13b 6 for (o) and 140 6 for ( 6 ) Other obsi'rvere do not ajipoar to have allowed 
for these stray capacities In the present lose tht effect is perhaps exaggerated 
owing to the length of the leads, but with shorter loads more closely screened 
the error might well amount to seviral parts per 100 

Measurements similar to the aliove were made for each inductance, but as 
they were somewhat tedious and the frequency corrections not altogether 
certam when using the small coil, an ultematuc method was adopted Two 
small brass condensers (fig 2 , i), very similar to eacli other but with different 
spacing between the plates, were constructed T3ent quartz rods, to which the 
leads were soldered, served Iwth as spmera and insulators The difference m 
(.apacity was approximately 0 8 ii|iF ,of the same order as the change m capacity 
of G when filled with gas One of these condensers was placed in position 1-2 
and the connections arranged as if for a determination of dielectric coustant by 
admitting gas to G Instead of this, the other condenser was^substituted and 
the change in K necessary for restoration of the original frequency observed 
It was found that, with care, the condonsers could be removed and replaceit 
without producing any measurable alteration lu frequency The mean of a 
number of observations with each coil was takiui, with the following 
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results, the figures beuig scale divisions change measured from a fixed 
pomt “ 

Coil Small. Medium Large 

Connections (a) 2036 2027 2023 

„ (b) 1884 1883 1884 

The observed changes obtamod when measuring the gas can consequently be 
corrected for frequency, for, making the reasonable assumption that the diflfer- 
ence in capacity of the small condensers does not ehange with frequency, smce 
they have air as dielectric and very high msnlation, it is evident that a change 
m capacity exirrespondmg with 2030 scale divisions when the small cod is used 
will give rise to a change of 2027 with the medium one 
This method is of no value for chocking the values of G' obtained in the way 
previously described, because with these vrry small condensers the cajmcity 
of the leads is of the same order as that of the condenser itself Merc reversal 
of the apparently symmetneal condenser requnred a ehange m K of 60 scale 
divisions for conqiensation It was evident, tliercfore, that to make a measure¬ 
ment of this nature it was essential not to move any metallic conductors To 
fulfil this condition, the capacity of the larger condenser was changed by the 
insertion of a small piece of mica Removal and replacement of the nuca in 
such a way as to obtam quite consistent readmgs vias a matter of considerable 
difliciilty, but it was eventually accomplislud with the help of small parafiEm 
wax guides on the mica The capacity change on inserting the mica was then 
calculated, usmg two corresponding values for G' for connections (a) and (6) 
previously determmed, viz , 136 6 and 140 6 The results were identical, 

0 9b0 [zpF 

There is one further correction The aliovc figures suffice to show that a 
small change in the capacity of a oondenm r directly between the mercury cups 
1- 2 can be mt asuied with some accuracy, but the gas condenser is not m this 
position, being exHmectod by leads some 15 cm lu length The inductance ol 
these leads was measured by constructing two similar dummy leads and deter- 
mimng the apparent change m capacify of a 1000 ppF condenser on moving it 
from the end of these loads to the position 1-2 The value was 0 28 [iH 
If Go IS the apparent cax>acity of G at the points 1-2, by a slight modification 
of formula (1), dK = K* <iG/G,* very approximately, and, therefore, if the 
value of Go were reduced to 6, the change dK would become dK Go‘/Q* for 
a given value of dG That is to say, if the gas condenser could be* made co¬ 
incident with the small testing condensers, the changes in K would be increased 
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to the ezpreaaion just given, which may be wntteii dK (M- 2i(o*G) Tt may 
thus be calculated that, if the two condensers were coincident and the change 
in K corresponding with a given change in Q wore 2027 scale divisions with the 
medium inductance, it would not be 2036 for the small one, as found expen- 
mentally, but 2036 (1 + 2ZG — Wj")) or 2049 for the frequencies actually 
employed By using this correction, the necessity of a separate calibration foi 
each inductance was avoided 

Effective Value of the Gas Condenser 

The gross value of 6 was frequently determined by inserting the condenser 
m parallel with K It changed slowly during the experiments from 2252 scale 
divisions, measured from a fixed point on K, to 2264 The theoretical tempera¬ 
ture coefficient was zero, and this was found in practice, although heating the 
condenser rapidly occasionally produced a small permanent change due to a 
shift in the position of the cylmders 

The capacity due to the leads was found by constructing two dummy Icails 
mounted on a quartz ring The total capacity uitrodiiced by these leads was 
measured, and then the capacity between them by removing the earthed one 
This was repeated with the leads shortened to the length which was not in the 
gas In this way it was found that the stray capacity due to the loads (ex¬ 
cluding the capacity between the portions of the leads m the gas) was 1 46 upP 
To this had to be added the capacity of thebnk 2-4, which was 1 25 (x(iF The 
capacity due to the quartz discs was determined by ronstructing a dummy 
condenser with a wire of correct size instead of an inner cylinder, and obscrvmg 
the change in capacity when a glass disc of measured dieleotnc constant and 
the same size as the quartz discs was slipped over the wire inside the cyhnder 
The value found for two discs together was 0 20|X(jiF Thus, when the measured 
value of G was 136 2, the effective value or cajiacity which was altered by 
admission of gas was only 133 3 [jipF * 

Preparation of Oases 

Ammonia was prepared from specially purified ammonium chlonde solution 
and potassium hydroxide Most of the moisture was removed with solid 
potassium hydroxide and the gas was then liquefied and the nuddle fraction 
used for the experunents 

Phosphine and arsine were kmdly lent by Sir Robert Robertson The former 
was prepared from phosphomum iodide and the latter from one arseiade 
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Both woro liquefied and (arofully fractionated from a coneuderablo quantity 
of the gaa, and were thus in a high state of purity 
The uhole apparatii'< nsc*1 for mampulating the gases was made of durosil 
glass, and a drying tidie containing calcium oxide was attached to the pump to 
absorb initial traces of moisture 


Temperature 

Por simplicity, measurements were made at three temperatures only, these 
being approximately — 47°, 16° and 99° The presence of stray conductors 
anywhere near the gas exmdenser was early reriognised as undesirable, and this 
was the main reason why Zahn’s method of measuring temperature by means of 
a platmum wire wrapped round the condenser was not adopted, another reason 
being the fear that the platinum might accelerate the decomposition of arsme 
Steadiness of temperature was of more importance than its absolute value 
since a slight difference in temperature between the walls of the condenser 
produced a relatively large error Thus, in the case of arsine, a difference m 
temperature between the walls of 0 1° had the same effect on the dielectric 
constant as an error of 7° m the absolute temperature 

For the lower temperature a bath of oblorobenzeno partially frozen in a 
vacuum vessel by the addition of solid carbon dioxide was used and proved 
satisfactory, although as the matenal was not quite pure the temperature was 
somewhat below the normal freezing point, — 45 6° The temperature was 
measured by two copper-eureka theimojunctions standardised at the freezing 
point of mercury and the boiling pomt of carbon dioxide A check was afforded 
by measuring tbe vapour pressure of ammonia in the condenser The thermo¬ 
couples were removed during an experiment The temperatures found arc 
probably correct to 0 6° 

For the higher temperature a similar vacuum vessel containing oil was used 
A glass spiral through which steam could be passed at a constant rate enclosed 
the condenser at the sides and Imttom Temperatures were measured with a 
standardised thermometer and were probably accurate to at least 0 2° Both 
baths were stirred occasionally, but not dunng or for some time preceding an 
Botoal measurement At room temperature either bath was used 

Mdhod of Meoaurment 

The osciUators were started and the condenser btou^t to the required tem¬ 
perature at least an hour before making any measurements When conditions 
were steady, os detenmned by the constancy of the beat note, the setting of K 
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for zero boats was observed, and a small side tubo eoimectcd with th( apparatus 
was then immersed in liquid air This reduced the pressure to a negbgible 
amount and the new reading of K for zero lieats w.is taken 'I’he Kid< tube was 
then warmed and another reading taken with the (ondenser full 'I'hi condenser 
could bo hllcd or evacuated and a reading taken m 1 5 minutes, thus reducing 
any effect of creep A number of such double readings were taken in each 
experiment 

The rate of reduction of pressilre on cooling was a very effective method of 
checking the parity of the gas for any impuritu a not condensible in liquid air 
accumulated in the side tube and diffusion through them w as very slow For 
example, when mcasunng arsine at 99°, tin pressure sank only to 19 mm m 
1 5 minutes, and then remained fairly steady indicating decomposition, but 
when the residual gas was pumped off and again admitted, most of it was 
condensed, and, on repeating the process several tim< s, very little hydrogen was 
obtained In this way it was found that the pi rfontage decomposition in the 
tune mentioned was of the order of 0 08 instead of the far larger figure suggested 
by the pressure measurements 

Certain small irregularities were observed in the individual readings, parti¬ 
cularly at the highest temperature The first reading of a senes after a long 
wait was frequently somewhat high, and the apparent rate of change of capacity 
of the condenser (duo to creep) was different, according os the condenser was 
full or empty, pomtuig to some temiK*raturo effect The phenomenon was 
most marked in the case of phosphine, but as the variations were of the same 
order as the expenmental error it was difficult to assign a cause to them 
Niuncrous olwervations vnth ammonia were made, and the effect appeared 
to be caused to some extent by admitting cold gas into the condenser, as it 
became less marked on passing the gas through a U-tube ooutauung quartz 
granules immersed in the bath No evidence of a change duo to adsorption, 
as recorded by BSdeker,* was obtained, the slow changes after admitting or 
removing gas being in the opposite sense to those which would occur owmg to 
the formation or removal of an adsorbed layer BSdeker’s gas was only dried 
over soda-lune and was probably not as dry as the samples used m the present 
experiments In the present case also most of the adsorbed water was removed 
from the condenser by heating to 160° in a high vacuum before admittmg 
gas 

In addition to readings for the full range of pressure, several senes were made 
by the reduction of the pressure in stages by letting the gas into the pump 

* Tjtic nl 
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Keadings were taken immediately before and immediately after reducing tlie 
pressure, the tune reqmred being 0 5 minute 

At the end of each senes of experiments the readmgs of K were tested by 
oompanson with Q and the value of 6 was measured On several occasions 
G' was also determined by inscrtiiig the condenser Mis7 in the manner already 
desenhed was retamed in position throughout the expenmonts 

JleauJts 

The results obtamed are shown in Table I Each value recorded is the 
mean of at least four concordant determinations The actual temperature 
and pressure at which the measurements were made is given in each case, but 
the final results are calculated for 760 mm and — 47®, 16® or 100® The pressure 
calculations at constant temperature have been made by means of formula (3) 
on p 58, and the temperature corrections have been deduced from the final 
results In lioth coses the corrections are small, os most of the measurements 
were made at a pressure near to 1 atm, while the temperatures varied very 
slightly from those given The only exception is ammonia, which had to be 
measured at reduced pressure at the lowest temperature to avoid condensation 
The letters a, b in the first column mdicate the connections used 


Table I —Dielectric Constants of Ammonia, Fhosphme and Arsine 


Expenment No Frrawuiv, mm Temperaturo, T l<i«(iu*no 7 , kf (« — 1) X 10* 


Ammonia 
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Table I—(contmued) 


Temperatme, "C I Frequency* Ir (e — 1) x !(>■ 


Phosphine 


la 

16 

2a 

26 

Sa 

36 


790 6 
700 6 
790 5 


6a 

76 

7a 


16 0 
16 0 
16 3 
16 3 
16 1 


99 6 
99 4 
-46 7 
-47 0 


1070 

1015 

303 

290 

1820 

1735 

1070 

1015 

1070 

1015 

1070 


239 1 


237 0 

237 8 

238 0 
238 2 
109 0 

108 3 

109 ) 
337 4 


Arsine 


la 

16 

26 

2a 

36 

3a 

4a 

4'a 


8a 


10 0 
16 0 
16 0 
16 0 
16 2 
16 3 
16 3 
16 3 
-40 8 
—47 6 


1070 

1015 
1736 
1810 

1016 
1070 

303 

1810 

1070 

1016 

1070 


lOO 2 
188 7 
192 1 
192 0 
103 0 


101 8 
192 0 
261 0 
261 0 
143 6 


The first three experiments with ammonia wore of a prebmmary nature under 
conditions somewhat differmg from those already describerl They have not 
been mcluded m calculatmg the mean The experiments up to No 17 were 
made before the measurements with phosphine and arsme, and the rest after¬ 
wards The last value for arsine is the mean of five rcadmgs, agreeing witbm 
2 per cent, but it is not very reliable, as the gas was decomposing slightly 
Further experiments wore not pcrformeil at this temperature owmg to the risk 
of spoilmg the condenser insulation 

For the sake of companson with the results of other observers, a few deter- 
minatioiis were made of the dielectric constants of dry CO,-free aur and carbon 
dioxide, but the results are not mtended to be at all comprehensive The value 
for a sample of benzene was also measured with the idea of checkiiig the corrected 
capacity of the gas condenser, but the result differed so widely from the most 
recent determinations that it was useless for this purpose This matter is under 
mvestigation and will form the subject of a separate commumoation 
In the case of air, the condenser was filled with the gas and then evacuated 
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rapicUy 16 mm The result, in the mean of five readings with an extreme 
variation of loss than 1 iier cent The carbon dioxide was condensed m liquid 
air Ill the same way os the oth< r gases The two results are each the mean of 
nine agreomg among themselves to 0 6 ^icr cent Table 11 show's the values for 
16® and 760 mm , the actual measurements being mwlc withm 1® of this tem¬ 
perature at a pressure of 770 mm for air and 789 nun for carbon dioxide A 
few of the results obtamerl by other observers caleulated to the same temperature 
and pressure are also given 


Table 11 —Dielectric Constants of Air, Caibon Dioxide ami Benxene 16° 



Froquoncy, If 


Other oboervem 

Air 

1070 

1 000668 

1 000567* 

1 000664t 

Carbon diovwlc, 1 

1820 

1 000060 

616t 

64011 

1 000894* 

Slot 

661^ 

1 000930t 

.. 2 

Hoiixono 

1070 

1 000944 

1046J 

937** 

8961 

660 

2 290 

2 2897tt 

2 2683tt 

•• 

U60 

2 283 

2 2664jj| 



* L IJoltzmniin, ■ Site Akad Wkw Wien, vol 69, p 796(1874) 
t J Klcni«n6iei,'Site Akod Win Wion,’vol 91, p 712(1885) 
t M Jtma, loe rU 

jj F 0 InttH • Phymoal Rev vol 23, p 346(1924) 

II C T Zahn, loc eti 

H A 1» Carman and K H Hubbard, ‘ Phyaical Re^ vol 29, p 299 (1927) 

** H Rohmann ' Dias Stranbourg ’ (1910) 

tt M arQtemachor, ‘ Z Phyeik,' vol 28, p 342 (1924) 

JJ L A HayeeandH V A Bnecoe.'J Chein Hocvol 127, p 316(1927) 
li« H Harna, »A»d , vol 127, p 1049(1927) 

In order to determine the densities of the gases at the temperatures employed 
and the magnitude of the pressure corrections, use has been made of the 
formula 

p„-kt(i-2), (2) 

which 18 simplified from the general expression given by G Holst • From 
this, assuming that e — 1 is proportional to the density or mversely proportional 
to V the expression 

may be deduced, connecting the dideotxic constants at pressures p,, p,, but at 
the same temperature, where B is a small quantity In this formula R = 1/273 
and p 18 measureil in atmosphere 

* Leiden Oomm. No 144 (1913) 
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The values aaatuned for B were an follown — 



-47° 

16“ 

100° 

NH 3 

» 02‘) 

0 0085 

0 0048 

PH 3 

0 OK) 

0 0065 

0 002 

AsHa 

0 021 

0 008 

0 004 


The figiires for ammonia are tak( n from the dotenumations of Holst • Those 
for phosphine were calculated from the cntieal constants and the values for 
ammoma by means of the theory of corresjionding states, but the results were 
reduced by 20 per cent m ortler to make the value at 16° agree with the one 
deduced from Ter Gazanan’s density determination f In the case of arsme 
there are no data, and so the value at the lowest ti mperature was calculated 
from the rate of change of dielectric constant with pressiurc over two different 
pressure ranges A similar calculation at room temperature led to the value 
0 012 , but the experimental error was very large, and it seemed more satis¬ 
factory to adopt the figure given, which is obtained merely by analogy with 
the other two gases, as is also the value for 100 ° 

Table III gives the results of three experiments upon the variation of di- 
electnc constant with pressure at — 47°, e — 1 was actually measured by 
determimng the change in capacity as the pressure was reduced from one 
pressure given to the next The value in the table is the sum of all these changes 
from 0 to the given pressure The umts ate arbitrary, being scale divisions with 
a small correction to make the figures proportional to the change m capacity 
The calculated values are obtained by means of formula (3), taking the figures 
in brackets as the basis 

Table III —Variation of Dielectric Constant with Pressure 


Ammonm 

Pbosphini 

Amno 

1 

r 

(• — 

1 

V 

(« — l)<>i.Ic j 

(« - l)ol« 

V 


(« - l)oM 

343 0 

(1J78) 

1378 

745 

(1050) 

1060 

669 6 

(701) 

701 

200 2 

801 

804 

601 5 

814 

844 

606 

633 

(>33 

108 6 

432 

434 

402 0 

562 

562 

405 

420 

420 

90 0 

358 

302 

201 

270 

278 

206 5 

212 

212 

ei 6 

246 

240 

102 

141 

141 

103 5 

106 

100 

43 0 

167 

168 

53 6 

74 

73 

81 

84 

82 

22 1 

88 

89 




62 

64 

01 







42 

43 

40 







23 

24 

Z\ 


* Loe ett 

t ‘ rompt Rend vol 148, p 1397 (1909) 
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In the case of ammonia the correction for departure from the perfect gaa law 
appears to be too large, as there is an appreciable difference between the observed 
and calculated values The former arc actually closer to the figures obtained 
on the assumption that s — 1 is proportional to the pressure With arsine at 
low pressures there is some discrepancy between the two sets of values This 
may be analogous to the effect observed by K Wolf* m the case of ammonia 
On the whole, the differences ore very small and only just beyond the limit of 
expenmental error, so that the assumption that e — 1 is proportional to the 
density may be said to be justified at least to a first approximation 

Reverting to Table I, an examination of the results indicates that, although 
there is perhaps a slight tendency for the values at the higher frequencies to 
be greater than the others, the variation is probably withm the limit of experi¬ 
mental error, so that all the figures for one temperature may be taken together 
in calculating tbo mean The agreement between individual values is con¬ 
siderably (loser than was anticipated when the experiments were started, but 
this does not reduce the possibihty of constant error, one of the mam sources 
of which was m the determination of G', the apparent capacity of the gas 
condenser The exjierimental values vaned by as much as 0 1 ppV , corre 
spending with an error of 0 2 per cent from the mean The internal tem¬ 
perature of the condenser when m the cold bath could not be relied upon to 
less than 0 6, while the small fluctuations at the higher temperature mentioned 
above form another source of error 

The final mean values are given in Table IV The fourth column is denved 
by multiplying these values by (1 — B/BT), and shows what the figures would bo 
if the gases were perfect The next column gives the values for a density equal 
to that of the perfect gas at 0° and 1 atm., that is to say, for equal numbers of 
molecules From these, the value of BN in Debye’s equation,e—1 = N (A-f-B/T), 
may be calculated for any two temporaturcs, the figures m the table being 
derived from the two lower and the two higher temperatures Smoe B (not 
the B of the gas equation) is equal to 4!K[L*f0k, k being Boltzmann’s constant, 
1 36 X and N the number of molecules = 2 706 x 10^* in the present 
case, p the electric moment may be calculated 

From these figures it appears that ammonia and phosphme conform approxi¬ 
mately with the Debye formula, while m the case of arsme the value of B is 
substantially zero, so that this gas is similar to the permanent gases as fat as 
its dielectxio constant is concerned The two values of B for ammonia are by 
no means coincident, although the difference corresponds with an error of 
* Loc eU, 
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only 1 6 per cent on the lower value This is, however, probably beyond the 
Imut of experimental error as far as relative values are concerned 


Table IV —^Mean Values of Dielectric Constants at 1 Atm Pressure 



The absolute values for ammoma at lb’ and 1(K)° differ considerably from the 
figuies 737 and 451 for the same temperatures calculated from Jona's results 
This author, however, states that he does not consider his absolute values 
accurate The ratio between correspondmg results is the same within 1 per 
cent, so that m this respect the agreement is satisfaetory It follows that 
Jona’s value for |x X 1(P", vu:, 1 53, is aiiproximately the same us those found 
m the present experiments 

Owmg to the unccrtaml 7 as to the compressibihtics of phosphine and arsine, 
the values of B for these gases are subject to revision 

In conclusion, I wish to tender mj best thanks to Prof F G Donnan for all 
the facihties he has placed at my disposal for undertaking this research, and to 
Sur Robert Robertson for the loan of the phosphmc and arsme 

Summary 

1 The dielectnc constants of ammoma, phosphine and arsme have each 
been measured at three temperatures and three frequencies, particular attention 
having been paid to determining the absolute values The variation of 
dielcctno constant with pressure has also been examined 
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2 The absolute values found for ammonia are uonsiderably higher than 
those determined by Jons, but the value of the electric moment calculated by 
Debye’s equation is approximately the same in both cases 
'i Ammonia and phosphine approximately satisfy Debye's equation for the 
change m diehn tnc constant with temperature, but there apiioars to be a sbght 
deviation in the case of the former gas at the lowest temperature examined 
4 The value of the electric moment is much smaller for phosphme than for 
ammonia, while for arsine it is still smaller 


An X-ltuy Study of the Heat Motwns of the Atoms in a Jtoch-SaU 
Crystal 

lly K W Jauas, A1 A , Semor Jjecturcr in Physics, and Ki-sik M Fiuth, 13 He , 
Hamuel Bright Scholar, in the Uiiivi rsity of Manchester 

(Oommunicftted by W L Bragg, F R S — Received July 26, 1927 ) 

1 The present jiaper may be divided into two parts In the first, some 
experiments on the mtensity of reflexion of X-ruys by rock-salt crystals at low 
t<>niperuturo8 are described The results of these experiments, when combinuil 
with data obtamed previously at high temperatures, arc compared with the 
theoretical formulie of Debye and Waller for the temperature factor of X-ray 
reflexion. 

In the second part of the paper we have attempted to get some idea of the 
actual amplitude of the heat-motions of the atoms in the rock-salt lattice, by 
analysing the F curves, or curves showing the variation of the atomic scatter¬ 
ing poAvcT with angle of stuttering, using the method of Fourier analysis intro- 
iluccd by Duane and Havighurst, so as to obtaui the distnbution of electrons 
in the crystal umt at different temperatures In connection with this work 
a new set of absolute detcnnmations of intensity of reflexion has been made, 
and, from these, the F factors at different temperatures have been calculated, 
using the results of the experiments described in the flrst part of the paper 

Part 1 

2 The thermal agitation of the atoms m a crystal lattice causes small and 
irregular displacements of the atoms from the lattice planes The contnbu- 
tions of the atoms to the sjiectra formed by reflexion at any face will therefore 
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difier in phase from those for atoms lying exactly m an ideal set of equally 
spaced planes, and the mtensitiea of the spectra will be less than they would 
have been had all the atoms been at rest with their centres exactly m such a 
set of planes It is evident that the higher the temperature the smaller will 
be the mtensity of the given spectrum, and also that the diminution will l>o 
much more important for the higher orders of reflexion, smeo the phase diflcrence 
introduced by any displacement from the piano is proportional to the order 
The theory of the effect was hrst mvestigatcd by Debye* m a series of pa|)ers 
In the earher papers the atoms were supposed to oscillate about fixed positions 
of rest, to which they were bound by a quasi-elastic force, and the Maxwell- 
Boltzmann distribution law was used to obtam the probabihty of a given 
configuration of all the atoms of the lattice The mtensity of the spectrum of a 
given order for a known configuration can be calciilateil If this calculated 
intensity is now multiplied by the probabdity of tlio configuration, and the 
resulting product summed over all possible configurations, the average mtensity 
of the spectrum, which is what is observed, is obtained 
It is, of course, evident that the atoms are not Ixiund to fixed positions of 
cqnihbnum, but to one another, and that the procedure outlmed above is not 
justifiable, but in a later pajM>r Debyef amended his calculation, basmg his 
work on the ideas of Born and K&rmdn, in which the hcat-motions are con¬ 
sidered as a senes of elastic waves in the crystal Hi found that the intensities 
of the mterference maxima should be multiplied by a factor^ where 


M = 


6A« 0(r) 8in« 0 

(ii© X* 


(2 1 ) 


In this formula, which refers only to a simple cubic lattice composed of atoms 
of one land, |x is the mass of an atom, h is Planck’s constant, k is the gas con¬ 
stant per molecule, 0 is the “ charactenstio temperature ” of the crystal, which 
occurs in the theory of specific-heats, £ = 0/T, where T is the absolute tempera- 


* ‘ Vcvb deutsoli Phys Oes ,’ vol IS, pp <>78, 738 and 887 (1913) 
t ‘ Ann d Phy8ik,’\ol 43, p 49(1914) 

t In Debye’s paper, the simple Lane theory ol diilroction at a erystal gniting was used, 
the intensity of the masiniu miording to this theory being proportional to the square of 
tho structure amplitude The same is true for the ideal “ mosaic ” crj-stal The crystals 
used In this work were very nearly of tho “ mosaic ’* tvpe, and so tho temperature factors 
ore applicable m the form in which thoj ire disonssed in this paragraph 
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turo, and ^ (x) u a certain function of x whiuh Debye evaluates 0 and X are 
the glancing angles of reflexion and the wave-length of the radiation respec¬ 
tively The expression for M given here supposes that there is no zero-point 
energy Tf such energy be assumed, ^(x) /» must be replaced by ^(x)/x -f- J 
Later aork by Waller,* whose treatment differs from that of Debye m the 
method of obtaining the “ normal co-ordinates ’ m terms of which the energy 
of the lattice is expressed, indicates that for a simple lattice the factor should 
lie instead ol< ^ It is evident, therefore, that accurate measurements 
of the temperature factor are needed in order to test the theoretical formula) 
3 The crystal of rock-salt is on the whole a very suitable one for this purpose 
It has not, of comw, a simple cubic lattice, and from this point of view sylvine, 
KC1, ill 'ahull llu two kmds of atom have nearly the same mass, would be much 
better But many measurements of mtensitics of rtllexion have been made 
using rock-salt, and it is known that the pnniaiy and secondary extmctions 
arc small, so that the crystal may be tieated very nearly as an ideal mosaic, f* 
to which the formul© for the intensity of reflexion of X-rays may bo apphed 
with some confidence To a first approximation, we may treat the crystal as 
simple cubic, composed of atoms whoso mass is the moan of those of sodium 
and chlorine 

The first measurements of the tcro|>cratare factor for rock-salt were made 
by W H Bragg^ who obtained results not inconsistent with Debye’s formula 
Work by Bac khurst§ and by Colhnsil on other crystals seemed to show, however, 
that Debye’s formula was at variance with facts 

A senes of measurements by one of uB,1j on rock-salt, where the temperature 
range extended from 290° abs to 900° abs, showed quite clearly that the rate 
of decrease of intensity with temperature was much more rapid than that indi¬ 
cated by Debye’s formula Up to about 600° abs the results were of the order 
to be expected from Waller’s formula, but at higher temperatures the fall was 
more rapid than even this would predict 

On both formulffl, the exponent M should be nearly proportional to the absolute 
temperature T Within the errors of experiment, over the range of tempera¬ 
tures investigated, the exponent was found to be proportional to T* This 
* ‘ Theoretischo Studica zur Intecferenz • u Dispenuons theone dor Bdntgen strahlen,’ 
Upsala dissertation, 1925 

t W L Bragg, Darwin and James, ‘ Phil Magvol 1, p 897 (1926) 

X ‘ Phil MagvoL 27, p 881 (1914) 
s ‘ Boy Soo Proo A. vol 102, p 340 (1922) 

(I ‘ Phys Revvol 24, p 162 (1924) 
if James, ‘ Phil MagvoL 49, p 685 (1926) 
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appeared to be a very improbable law phyaically, but smoe the exponent was 
found to be accurately proportional to sin* 6/X* for the 30 reflexions mvesti- 
gated, as it must be if the effects are due to diffraction at the lattice at all, it 
appeared probable that the measurements were fairly reliable, and that m all 
probability the theory was no longer valid at high temperatures The elastic 
properties of the crystal probably change greatly at higher tempera¬ 
tures, and, m fact, the existence of a coefiUcient of expansion shows that 
it IS not sufficient merely to take terms mvolving the squares of the displace¬ 
ments m the expression for the energy of the lattice, and the terms of higher 
order may well become important at high temperatures when the displace¬ 
ments are large It therefore appeared desirable to extend the measurements 
to very low temperatures, so as to mclude more of the rai^ over which the 
theoretical formuhe were hkely to be vahd 
A senes of observations has therefore been made with the crystal at the 
temperature of hquid air* Some preliminary results at low temperatures 
have been desenbed in a paper commumoated to the Manchester Literary and 
Philosophical Society,f but many more measurements have now been made 
4 The crystal was held m a stout brass holder which was suspended, by means 
of an ebonite rod, just above the surface of hquid air contamed m a Dewar 
flask The flask was mounted on a stand provided with the necessary adjust¬ 
ments for centring, and for altenug the height of the crystal, the stand could 
be placed on the table of an X-ray ionisation-spectrometer and readily removed 
and replaced by a standard crystal 

The Dewar flask was made of boro silicate glass and was blown with specially 
thm walls This was essential, as the X-rajrs had to pass through four thicknesses 
of glass, two for the mcident beam and two for the reflected The flasks were 
made by Mr O Baumbach, who finally succeeded in producing one which was 
strong enough not to collapse on evacuation, and which was yet thm enough 
to transmit nearly 70 per cent of the molybdenum K, radiation (X = 0 710) 

* Some meaBuiementa of the temperature factor for caloite at liquid air temperatures 
have been pablished by Nies Annalon dor Phyaik,’ vol 70, p 673 (1026)) He finds a 
greater temperature effect than either Debye’s or Waller’s formula would indicate He has, 
however, only used a ringle speotmm (200) for which the temperature factor is in any ease 
small Moreover, the crystal is not even approximately simple ouUo, and Uie oxygen atoms 
are not fixed by symmetry, so that the parameters expressing the stmotuie may well be a 
function of the temperature. The infiuenoe a change of parameter with temperature 
upon the mtensity may be oonsiderable, as has been shown by Qibbs (‘ Boy Boo Proo ,’ 
voL 107, A, p 661 (1926)) m the ease of quarts, and it would not appear possible to draw anj 
definite tbeoretioal oonolnsiona from these results, 
f * Manohestor Memoirs,’ vol 71, Ho 2 (1926) 


VOL oxvn-—A 



66 


B W. James and E. M. Firth. 


The brass crystal-holder was prolonged to a distance of about half a centi- 
metro below the crystal, and was allowed to dip mto the liquid air In this way 
the crystal was surrounded by a mass of metal which remamed very nearly at 
the temperature of the liquid au so long as any of it was immersed The 
temperature was measured by a copper-constantan couple, which passed down a 
hole bored m the ebonite rod supporting the ciystal The couple could bo 
raised and lowered to determine the temperature gradient, and it was found 
that the temperature remained sensibly constant over the crystal face so long 
as the brass holder dipped well mto the bquid oir By means of a paper funnel, 
liquid air could be added from time to time to keep the level constant. It was 
desirable to pass the hqiud air through filter paper to remove traces of ice 
which it often contained, as these were apt to form a deposit on the inside of 
the flask as the air evaporated To prevent moisture from the air of the room 
condensmg on the outside of the flask, which was unsilvered, a loose spiral of 
mangonm wire, through which a current of about 1 amp^ was passed, nas 
wound round the outside This produced an up-current of warm air which kept 
the flask free from any trace of moisture or frost Without this precaution, 
a deposit formed at once With this arrangement it is no more difficult to 
measure mtensities at liquid-air temperature than at room temperature With 
spectra of high order it is, as a matter of fact, much easier owing to the greatly 
increased mtcnsity 

In making the measurements, each spectrum was compared with the standard 
(400) reflexion from rock-salt, the method being exactly that described m 
jarevious papers • The comparison was first made at room temperature with 
the flask m position Liquid air was then poured mto the flask and the com- 
panson was repeated The efioot of the absorption m the glass was the same in 
both cases, apart from a possible difference due to lack of uniformity of the 
flask, since the angle of reflexion is not quite the same at the two temperatures 
owing to the thermal expansion of the crystal Experiments made turnmg 
the flask through a small angle showed, however, that this effect was negligible 
The ratio of the intensity at hquid-air temperature to that at room temperature 
could therefore be obtained 

The thermo-couple was connected to a shunted unipivot galvanometer, and 
was calibrated, using carbon-dioxide-anow m alcohol, and bqmd oxygen 

6 The results of the expenments are summarised m Table I (a) and (6) 
In I (a) the spectra all have structure-amphtudes of the type Cl + Na, while 
those m I (5) are of the type Cl — Na The mdices refer to the true face-centred 
• Cy • Phil Magvol 49, p 690 (1925) 
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unit of the rock-salt structure, o = 6 628 A, so that (200) is the first order which 
actually occurs when the cube face is used We have not included measure¬ 
ments for (200), owmg to the uncertainty of the extmction correction for this 
spectrum 

Table I —Molybdenum K, Radiation (X = 0 710) 


(a) Spectra of type (Cl -f Na) 


Spectram 

01 

T.i„ 

pxhttt 


(400) 

14 27 

84 7 1 

. 

1 23 1 

0 706 

(600) 

22 18 

86 0 

1 61 

0 723 

(444) 

2S SA 

84 6 

1 80 

0 730 

(800) 

30 18 

83 8 

2 36 

0 736 

(10,00) 

29 7 

88 1 

3 36 

0 671 

(666) 

40 66 

88 0 

4 13 

0 723 

(10.22) 

40 60 

88 1 

4 01 

0 708 

HeanO 714 


(6) Spectra of type (Cl — Na) 


Spectram | 

01 

ThI* 

SrlPm 


(331) 

16 58 

88 0 

1 20 

0 628 

(333) 

19 6 

87 I 

1 31 

0 643 

(611) 

19 9 

87 6 

1 37 

0 741 

(556) 

33 8 

86 8 

1 92 

0 480 





MeanO 648 


Column (2) gives the glancing angle of reflexion 0^ at 290° abs Column (4) 
gives Pt/pmo the ratio of the intensity, here measured as the integrated reflexion, 
at absolute temperature T to that at the standard room temperature 290° abs 
It will be noticed that, at the temperature of liquid air, the intensity of the 
(666) spectrum is more than four tunes as great as it is at room temperature 
Spectra such as (12,00), which are too weak to measure accurately at room 
temperature, become quite easy to measure at the low tcmneraturo 
6 The temperature factor is of the form 

exp 

where/(T) u some function of the absolute temperature The constant h will m 
general differ for atoms of different kinds For the moment suppose that the 
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bttice IS a simple one, composed of atoms of one kmd only The mtenaity of 
a spectrum at temperature T can then be obtamed from that at absolute zero 
simply by multiplying by the temperature factor 6x is the glancmg angle 
of reflexion at temperature T, and will vary with the temperature owing to the 
expansion of the crystal If px and are the mt^p^ted reflexions at 
temperature T and at a standard temperature respectively, we shall have 

(-\)' log -ei. + const (6 1) 

'Bin 0,/ p 2 flo 'sin 6i/ 

Neglecting the small change m glancing angle with temperature, we should 
therefore have (X/sm OJ* log (px/p«o) constant, for a given pair of tempera¬ 
tures, for all spectra and for all wave-lengths The figures in the last oolunm 
of Table I (o) show that for the change in temperature between 290® and 86° 
absolute this is the case within the errors of experiment for the spectra of type 
O -f Na For the difference spectra in Table I (6) the corresponding figures 
are again roughly constant, although the agreement is not so good, and it will 
be noticed that they are all considerably lower We shall return to this 
pomt later, but for the moment wo shall deal only with the summation 
spectra 

liet us now consider the way m which (X/sin OJ* log (pr/Ptto) vanes as the 
temperature changes If this quantity is plotted against / (T) (sm O^/sin 0^)*, 
a straight hne should be obtained In the work at high temperatures, if /(T) 
was put equal to T*. the luxe was straight withm the errors of expenmont An 
empirical value of the exponent equal to — 1 162 X 10~* T* sm® 6/X® was 
obtained Extrapolation from this formula to liqoid-air temperature gives 
values of the ratio pr/pzso much smaller than those measured experimentally 
For example, the calculated ratio at 85® aba for (800) is 1 57, whereas the 
observed ratio is 2 S6 As was expected, the empincal law breaks down at 
low temperatures 

7 The graph m fig 1, in which all the data for the summation spectra obtained 
both at high and low temperatures are included, was {dotted puttiiig/(T) equal 
to T It will be seen that the points be on a straight line withm the errors of 
expenment from about 86® abs up to about 600® abs Above this temperature, 
although again the points from the different spectra all ho on the same curve, 
the dope of the curve increases, showing that a more rapid rate of decrease of 
intensity with temperature has set in 

The two dotted curves marked D and W were calculated from the tiieones 
of Debye and Waller respectivdy, using die values of given m Debye’s 
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paper For the part of the curve between 86® abs and 600® abe , which can be 
treated as straight, our figures give for the summation spectra 

2M = 2 449^^21^, (7 1) 

a! X* ' ' 

or if o IS the spacing of the unit cube of the crystal, and {h, k, 1) are the indices 
of a spectrum, 

2M = 2 449^ (7 2) 

a: 4o* ' 


In these formulse, the wave-lengths and spacings are m Angstrom umts Taking 
the characteristic temperature of rock-salt as 281°, we get from Debye's formula 


M = 138^5^, 

X X* 

(7 3) 

so that according to Waller the exponent should bo 


2M = 2 

X X* 

(74) 


On the whole, the experiments support the theory of Waller The agreement 
is by no means perfect, but it must be remembered that the theory is calcu¬ 
lated for a simple cubic lattice, whereas the rock-salt lattice contains atoms of 
two kinds In comparing theory and experiment we have treated the lattice 
as simple cubic having atoms whose mass i»the mean of those of sodium and 
ohlorme situated at its pomts This can only give an approximation to the 
truth At high temperatures, m particular, the experunental curve deviates 
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widely from the theoretioal. At such temperatures the excursions of the atom 
are a considerable fraction of on Angstrdm umt, and the assumptions on which 
the theory is based must need modification * 

The curves intersect at T = 290®, because the mtensity at that temperature 
was taken as the standard in all cases There is a little doubt as to whether 
the method used to allow for the general and scattered radiation m measuring 
the intensities is quite satisfactory Theory indicates that there should be 
diffuse maxima to the scattered radiation in the region of the interference 
maxima, Which will Ik* almost impossible to allow for in determining the mtensity 
of the latter, with which we are concerned The effect of this error, if it exists, 
will in all cases bo to decrease the observed ratio pr/piso temperatures, 

and it 18 possible, tlicri fore, that allowance for it would improve the agreement 
with the results of Waller , but from the fact that the measured mtensity of a 
spectrum appears to be independent of the width of the lonisation-chamber 
sht, so long as this is wide enough to receive the whole reflexion, it does not 
seem pnibablc that the error due to this cause can be large 

8 The difference between the temperature factors for spectra of the type 
Cl + Na and those of the type Cl — Na calls for comment The latter spectra 
are all small, and the ratio of general radiation to peak is much greater than for 
the summation 8|)cctra Consequently, any systematic error due to incorrect 
allowance for general radiation will be much more important in this case 
Taking into account the probabihty of such errors, we feel, however, that 
there 18 110 doubt that the difference between the results for the two sets of 
spectra is a real one The vanations m the individual values of (X/sin Oj)’^ 
1*^8 (Pr/piBo) diffcrenco spectra are much greater than for the summation 

spectra This, no doubt, is due partly to experimental error There remains, 
however, some possibility that the differences are real, and that the temperature 
factor may be a function of the direction of the rays relative to the crystal 
axes 

It 18 not really correct to speak of a single temperature factor for a given 
spectrum Each kind of atom should have its own factor, and the structure- 
amphtude should be taken as proportional to Fje"**! -f where Fj and F, 

are the atomic scattering factors for the two kmds of atom and and M, 
are the appropnate values of M 

* During the progress of this work a paper by Dr Waller has appeared (' Ann d Physik,’ 
vol 83, p IM (1927)) in which he has modihed the theray, taking into account terms of 
higher order in the expression for the energy The results indicate that a better agreement 
with espenment at high temperatnres can be obtained in this way 
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In comparmg the experimental results with theory we have made the 
simplifying assumption that Mj =M„ or, rather, that Fie~“i + F^*“,oan be 
wntten (Fj + F,)e"“, where e““ is an average temperature factor 

Similarly for the difiorcnce spectra we should write for the structure amplitude 
FiS"**!—F^"“„ and could agam represent this approxunately by (F^—F,) c“** 
But iinlftwi M]^ and M, are equal, we shall not expect M and M' to be equal 
To take an extreme case, if F^ and F, were not very difierent, while Mt were 
nuich greater than Mj, it might bo possible for the structure-amplitude for the 
difference spectra actually to increase with increasing temperature, which of 
course could never be the case for the summation spectra In fluorspar the 
soattenng power of the single calcium atom is very nearly equal to that of the 
two fluorme atoms, while wc might perhaps expect the amplitudes of vibration 
of the two kinds of atom, and hence the values of M for them, to differ con¬ 
siderably It was to be expected, therefore, that the difference between the 
temperature factors for spectra of tjrpe Ca -1- 2F and those of type Ca — 2F 
^^ould be even more marked than for the corresponding spectra m rock-salt 
lOxpcriment shows that this is the case For example, for the spectra 
(600) and (800), the ratios Pr/paso f^ the change from room tempera¬ 
ture to liquid-air temperature were 1 09 and 1 29 respectively Wo 
thus And the value of (X/sin 0)*log (pr/pseo) to be 0 124 for (GOO), a spectrum 
of the type Ca — 2F, and 0 207 for (800), which is of the type Ca -|- 2F, whereas 
the two values should have been equal hod M been the same for both types of 
sjiectra at corresponding angles 

If absolute measurements of the intensities of the sum and difference spectra 
could be made with sufficient accuracy at a number of temperatures, it would 
be possible to determine and Fje"**^ for the individual atoms Up to the 

present, however, reliable measurements of the difference spectra at high 
temperatures have not been obtained 


Part II 

9 Absolute measurements of the intensity of reflexion of X-rays from 
crystals allow the atomic scattering factor F to be determined F is a dimension- 
less number, and may be defined as the ratio of the amplitude scattered m a 
given direction by the electrons m the umt of the crystal struirture to that 
scattered m the same durection by a single electron In some cases, as m the 
crystal of rock-salt, F can be detenmned for the separate atoms A knowledge 
of F for the different atoms is of great importance, for on it depends, to a large 
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extent, oni power of anal]r8iiig the more complex crystal structures Moreover, 
from it we can determine m a direct way the distnbution of electrons withm 
the 'itom, or between the planes of the crystal In the second part of tbin 
paper we propose to give an account of some redeterminations of F for the rock- 
salt crystal, and, combining these results with those obtained for the temperature 
factor, to detemune the distribution of electrons in the crystal at different 
temperatures, and so to obtam a direct estimate of the amphtude of vibration 
of the atoms 

Most of the attempts hitherto made to detemune electron distributions from 
the F factors have been based on the experimental results of Bragg, James and 
Bosanquet* for rock-salt Recently Beardenf has published a new set of 
absolute determinations for the same crystal, using molybdenum radiation 
He states that his results are m substantial agreement with those of the former 
authors, but unfortunately he gives no actual numbers in his paper 

The figures given by Bragg, James and Bosanquet refer to rhodium radiation, 
while we have used molybdenum radiation m our work The only measure¬ 
ments of the absolute mtensity of reflexion for molybdenum K, which are 
available are those of Comptonj; and of Wasastjema,§ each of whom only gives 
the value for (200), which may vary greatly from crystal to crystal owing to 
extmction We have thought it better, therefore, to redetemune the absolute 
value, using the actual crystal face employed as a standard m our experiments, 
which was also the standard used by Bragg, James and Bosanquet We have 
measured the absolute value of the mtegrated reflexion both for molybdenum 
and rhodium radiations, so that the work serves as a check on the earher values 

In addition, we have made an entirely new set of compansons of the mtegrated 
reflexions for the different faces of rook-salt, which repeat the earlier work, and 
also extend it to considerably greater angles of reflexion All the reflexions are 
ultimately compared with that for (200), for which the absolute value is known, 
and we therefore have the absolute values for a large range of spectra 

Spectra such as (12,00) and (12,44) are practically impossible to measure 
accurately at room temperature They were measured at the temperature 
of hquid air, where they are qmte strong, and corrected to room temperature, 
using the known temperature factor The pomts so determmed he on the 
natural extension of the room-temperature mtensity curve, and give confidence 

* ‘Hill Mag,’ vol 41, p 309 (1921), vol 42, p 1 (1921), vol 44, p 433 (1922) 
t ‘ Pby» Rev,’ vol 29, p 20 (1927) 

} ‘ Phys. Rev,’ vol 10, p 95 (1917) 

{’ Soo 8d Fenn,* II, No 15 
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that the curve u not senoualy wrong owing to any systematio errors in apply¬ 
ing the oorredaon for general radiation The results of the measurements at 
room temperature are given m column 2 of Table II. 


Table II —Integrated Reflexion and F Factors at 290° Abs for X = 0 710 


Spectrum 

p X 10* 

Fa -f Fn«. 

Uncorieoted 

Corrected for 
extinction 

Bosanquet’s values 
for rhodium 

200 

492 

17 16 

20 66 


220 

230 

14 39 

16 62 


222 

143 

12 69 

13 18 

13 20 

400 

08 4 

11 23 

11 60 

11 19 

440 

27 6 

7 40 

7 46 

7 06 

eoo 

21 7 

6 84 

6 80 

7 20 

444 

10 63 

5 27 

S 28 

6 66 

800 

0 02 

4 04 

4 04 

4 14 

660 

3 16 

3 34 

3 34 


10,00 

1 13 

2 22 

2 22 

2 42 

880 

0 62 

1 56 

1 06 


•12,00 

0 28 

1 12 

1 12 

1 40 

•12,44 

0 13 

0 70 

0 70 


14,22 


— 

“ 

0 7 



Fti - Fw«, 

111 

30 2 

4 49 

4 54 


311 

6 76 

2 44 

2 44 


•838 

2 93 

2 28 

2 28 


611 

3 02 

2 32 

2 32 


711 

1 60 

2 03 

2 03 

2 06 

660 

0 64 

1 63 

1 M 

1 68 

•933 

0 20 

1 12 

1 12 

1 17 

*777 

0 07 

0 56 

0 66 



* These intenaitiee were meuared at liquid air temperatures and oorreoted to SOO* abs uiing^ 
the temperature factor 


The mtegrated reflexion p is given by Eoi/I, where £ is the total ionisation 
entering the chamber when the crystal rotates with uniform an gnlnr velocity 
(d through the reflecting position, and I is the total energy m the mcident beam 
falling per second on the crystal face, the latter being supposed large enough to 
receive the whole of the mcident radiation 
10 As the mean of a number of observations,* we find for the (200) spectrum 
* A difficulty mentioned by Bearden (loc c*t) was encountered, although apparently m 
a kiser degree. For the absolute deternunations, it was important to use on ionisation 
chamber of diameter so great that the beam o£ X-rays entering the ohomber should not 
come near the inner eleotoode, which is connected with the electrometer Unlesa this 
precaution was takm, volnee of p considerably m excess of those given above were obtained. 
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from our standard crystal the following values of p, the mtegrated 
reflexion — 

Molybdenum K., p — 0 000492 

Rhodium K„ p = 0 000644 


For rhodium, Bragg, James and Bosanquet obtamed 0 000541 For 
molybdenum Compton givra 0 00044 and Wasastjema 0 00046, but they, of 
course, used different crystals, and the discrepancies between these results 
and ours may well be due to extinction 
The theoretical expression for the integrated reflexion is 


P 


2|x 


1 + cos* 26 Q 

2 ~2(i’ 


( 101 ) 


N IS the number of crystal units jier umt volume, c and m are the electronic 
charge and mass, 0 the glancing angle of reflexion, and p the Imear absorption 
coefficient F is the scattermg factor for the crystal unit, and includes the 
temperature factor, being of the form whore Fq is the value at absolute 


This expression is derived on the assumption that the crystal can be treated 
as a “ mosaic,” no single homogeneous fragment being large enough to absorb 
an appreciable amount of the radiation Owing to the fact that this is not 
stnctly true, even for a very imperfect crystal such as rock-salt, the intense 
spectra are somewhat weaker than they would bo according to the formula 
This IS the phenomenon known as “ extinction In rock-salt the fragments 
are small enough for primary oxtmotion, due to the screomng of the lower 
parts of a homogeneous fragment by its upper parts, to bo negligible, but the 
effect of secondary extinction is quite marked 
Darwin has shown that we may allow for secondary extmction by writing, 
instead of p, p -|- where ^ is a constant of the crystal, so that the formula 
for the integrated reflexion for the mosaic crystal, corrected for sccondaiy' 
extinction becomes 


^ 2(p-fjQ) 


(10 2 ) 


The term gQ, by which the ordinary absorption coefficient must be mcreased, is 
known as the “ extmction ” and has been denoted by c It differs, of course, 
for different spectra, and, for the same spectrum, for different specimens of the 
same crystal For the matenal used m these experiments the secondary 
* Darwin, ‘ Phil Mag,’ vol 48, p 800 (1922), Bragg, Darwin and James, loe cU , 
Bragg, Jamea and Doeanqnet, ‘ Phil Mi«vol 42, p 1 (1021), Wasastjnna, loc at. 
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exbnotion for rhodium radiation had already been measured,* It was found 
that the ordinary absorption coefficient, 10 7, was mcreased to 16 3 for (200), 
so that the extinction e was 6 6 Now g docs not depend on the wave-length, 
so that the extinction for molybdenum can be calculated at once from the ratio 
Quo /Qab In this way we get e = 7 46 for (200) The ordinary Imear absorp¬ 
tion coefficient for MoK. is 16 63,f so that the effective absorption coefficient 
for (200) may be taken as 24 0 Usmg the values of Q, it is now easy to calculate 
c for the other spectra 

Theoretically, a knowledge of the integrated reflexions and the ordinary 
absorption coefficients for two wave-lengths is enough to determine the extinction 
for both wave-lengths, for a crystal for which primary extinction can be 
neglected, for if the suffixes 1 and 2 refer to the two wave-lengths, we have 


Pi Q* Ih + 9Q1 


(10 3) 


The ratio Qx/Qi is known, since F h the same for all wave-lengths for a given 
spectrum hence, if and pj art measured, the extinction can bo calculated 
Unfortunately, the equation obtained is somewhat ill-conditioned, and the deter¬ 
mination of e depends on an accurate knowledge of pj and p. The values of 
e for Mo and Bh found from the equation (10 3), using the known values of pj 
and p j, are 7 7 and 6 8 respectively, which are m fan agreement with 7 46 and 
6 6 obtamed in quite another way The agreement, however, may be partly 
accidental, and too much importance must not be attached to it 

11 The values of F in Table II were calculated using formula (10 1) The 
table gives the scattenng factors for the different spectra for a single molecule of 
NaCl at the temperature of the laboratory, 290° ubs The value of F^ Fi,» 
for an angle of scattering 0° should thus be 28 At the smallest angle at 
which a spectrum of this type can be measured, corresponding to an angle of 
scattenng of 14° 31', the waves scattered from different parts of the atom are 
already so far out of phase that the value of F has fallen to 20 65 For a 
spherically symmetrical atom F is a function of sin 0/X, and thus should be 
independent of the wave-length for a given order For NaCl, if F is plotted 
against am 0/X, the pomts for spectra of struoturo-amplitude Cl + Na all he 
on one smooth curve and those of type Cl — Na all ho on another By taking 


* Bragg, James and Bosonquet, loe cU 

t This value was the mean of a number of determinations made nsing slips ot different 
Ihiokness It Is lower than the value given by Havighuist (‘Proo Nat Acad Sol,*vol 12, 
p 477 (1928)), but agrees with the measurements of Wasastjema. 
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half the lum and half the difierence of corresponding ordinates of the twO' 
curves, the values of Fq and can be calculated. 

The values of F obtained in this work, although on the whole in agreement 
with the results of Bragg, James and Bosanquet for spectra of low order, are 
considerably greater for the high orders We bebeve that the new measure¬ 
ments should be more accurate, smce the general steadmess of the experimental 
conditions was far greater than m the earlier work This view is confirmed by 
some measurements made by Mr Bosanquet some years ago for rhodium 
radiation, using substantially the same apparatus that we have employed These 
were mtended to be a confirmation and extension of the earher work, but were 
never published We are indebted to Mr Bosanquet for permission to publish 
some of his figures here In the last column of Table II the values of F calcu¬ 
lated from these results are given It will be seen that they confirm the greater 
values of F for high-order spectra, and also illustrate the fact that F is mde- 
pendent of the wave-length. The high orders such as (14,22) can only be taken 
as giving the general magmtude of the effect, as the intensities to be measured 
in this case were minute 

12 Wo may correct the curves for Fq^m and Fq.n^ for temperature, usmg 
the measured temperature factors, and so obtain Fq and F^t for a variety of 
temperatures These values of F are given in Table III for 0®, 86®, 290* and 
900® abs In figs 2 and 3 the values of Fc, and F^, arc plotted, for these four 
temperatures, against sm 6/X 

Table III 
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The curves for 290° abs and for 86° abs, the mean temperatures of the 
Iiquid-air experiments, were obtained directly from the experimental results 
already described Those for absolute zero were obtained by extrapolation 
from the results at liquid-air temperature, using the value 

2M = 2 449 ^ 

X X* 

for the summation spectra and 

2M = 1 880 

X X* 

for the difference spectra, the wave-lengths, as before, being expressed in 
Angstrom umts The values of <^x)/x were taken from the table given in 
Debye’s paper. For 900° the results obtained for high temperatures* were 
used directly No measurements for difference spectra having been made at 
high temperatures, it was thought better to use the same temperature factor 
for both bnds of spectra This is probably nearly correct at temperatures as 
high as 900° abs, and in any case it is not justiilablo to extrapolate from values 
obtamed at 86° aba In fact, if one does so, one finds that, for high orders, the 
difference spectra at 900° abs are stronger than the summation spectra We 
have therefore multiplied all the mtensities obtamed at 290° abs bye"***, where 

2M = 8 4365!^, 

a value obtained directly from the numbers given in the earlier paper 
13 We may now proceed to calculate from the values of F the distribution 
of electrons between the planes of the crystal, and for tbs purpose wo shall 
employ a method of Fourier analysis The use of Founer series in this con¬ 
nection was suggested by Sir William Braggt m bs Bakenan lecture of 1916, 
but a method capable of yicldmg quantitative results was first published by 
Duane,^ and has been employed with great success by Havighurst § Duane’s 
treatment is based on the quantum theory, a full discussion of the method 
from the point of view taken in tbs paper is given by A H Compton m bs 
recent book, ‘ X-Bays and Electrons * 

Consider a set of crystal planes whose spacing is a, and suppose that the 
crystal possesses a plane of symmetry parallel to these planes Consider a 

• ‘ Phil Mag,’ loe cU 

t ‘ Phil Trans ,’ A. vol 216, p 263 (1916) 

t ‘ Proo Nat Acad Sci,’ vol 11, p 469 (1926) 

} • Proo Nat Acad. ScL,’ vol 11, pp 602, 607 (1926), ‘ J Amor Chem Soo.,’ vd 48, 
p 2113 (1926), ‘ Phys Rev,’ vol 29, p 1 (1927) 
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tJnn ktjrer, of thickness dz, parallel to the crystal planes and distant x from the 
ongin, which hes m a symmetry plane Let there be Z electrons m the imit of 
crystal structore, and suppose that Z/(x)(2bcdenote8 the number of these electrons 
which he between the planes x and x + dx Then it is easy to show that 


In this formula, F, is the absolute value of F for the nth order spectrum pro¬ 
duced by reflexion from the planes under consideration The senes must be 
prolonged until the values of F, become negligible For high temperatures F, 
decreases very rapidly with increasing order, and the senes is convergent, but 
for low temperatures F„ is still appreciable at the larger angles at which observa¬ 
tions can be made Accordingly, the F curves must be extrapolated beyond 
the point where observation ceases, and, since there is a certain freedom of 
choice in the extrapolation, the fine details of the analysis at low temperatures 
are a httle untrustworthy We have found that the mam features of the 
curve are unaltered by changing the extrapolation slightly, although, of course, 
the heights of the peaks, which depend directly on the sum of the F factors, 
are affected by the rate at which the latter are assumed to die away 
The analysis has been made for the (111) planes of rock-salt, which contam 
alternately chlorine and sodium atoms, for the four temperatures at which 
the values of F have been deduced In Table IV we give the values of F used 


Table IV 



V 



Speetmm 






T 0° abe 

T ^ 86° ahe 

T » 200° abe 

T =. 900° nUi 

Ill 

4 62 

4 61 

4 M 

4 11 

222 

14 63 

14 45 

13 18 

8 98 

333 

2 71 

2 60 

2 30 

0 03 

444 

7 73 

7 18 

5 28 

1 09 

066 

2 42 

2 22 

1 53 

0 12 

m 

4 61 

4 12 

2 00 

0 05 

777 

1 40 

1 10 

0 56 

0 004 

88S 

1 *2 4S 

1 *1 90 

1 *0 50 


099 

•0 36 

*0 30 

•0 01 


10,10,10 

*0 55 

*0 32 




* Values obtained by extrapolation 


m oaloulatmg the curves Three of these, for 86*’ abs, 290° abs and 900° 
abs. respectively, are plotted in flg 4 The curve for 0° is omitted as, on the 
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scale of the diagram, it would not be easy to distinguish it from that for 86° 
except m the immediate neighbourhood of the peaks The ordinates give the 



values of Zf{x) in electrons per Angstrom unit, the abscisse give x[a, the 
fraction of the spacing of the crystal planes The spacing depends, of course, on 
the temperature it is 3 249 A at 290° abs and about 2 4 per cent greater at 
900° A scale of Angstrbm umts, which is correct for 290°, is given below the 
duigram Similar analyses, made using the figures of Bragg, James and 
Bosanquet, are given by Compton in his book The values of F which he used 
had been corrected to absolute zero, using a value of the temperature factor 
now known to be considerably too small, but the general resemblance of 
Compton’s curves to that for the temperature of hquid air m fig 4 is evident 
If the abscisses are expressed in Angstrom umts, the area of the curves lying 
betDvecn two identical planes corresponds to 28 electrons The large peaks 
represent the chlorme atoms, the smaller ones sodium atoms As m the curves 
given by Compton, the atoms are not separated for these planes, and to deter- 
mme the number of electrons m each it is necessary to estimate a limit for the 
atoms The way m which this is done is to some extent a matter of choice, 
but if we assume the radius of the chlorine atom to be 1 7 A and that of the 
sodium atom 1 1 A, and taper the peaks off to these pomts m such a way that 
their sum gives the observed curve, we find the areas to be very neatly in the 
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ratio 18 10, which is consiateat with ionisation of the two atoms We do 
not feel, however, that the ratio of the number of electrons m the two atoms can 
be determined definitely in this way A somewhat different mterpretatioil of 
the results might be made to give the ratio 17 11, and while our results are 
quite consistent with ionisation of the atoms, they cannot be taken as proving 
it conclusively 

Assunung now that the sodium ion contains 10, and the chlorme ion 18 elec¬ 
trons, wc can extrapolate the F curves backwards to sin 0 = 0 We have used 
the F curves for chlorine to obtain the sheet distributions of electrons m the 
chlorme atom at 0° and 900® To do this wc have assumed a spacing 6 628 A 
for the planes, since the values of P for the spectra corresponding to this spacing 
can be read off very easily from the curves An exactly similar analysis is 
given by Compton in his book The distributions at the two temperatures are 
plotted m fig C, m which the full line refers to 0° and the dotted one to 900“ 
The irregularities on the outer part of the curve for the lower temperature are 
probably largely accidental, and due to the particular method of extrapolation 
employed The curve la smoothcil off to some extent if the values of F are 
made to die away more slowly. But the mam features of the distribution are 
unaltered by any reasonable change m the extrapolated portion of the F curve 
In particular, we believe the sudden change m slope at about 0 28 A and the 
less marked one at about 0 7 A represent some real feature m the electron 
distribution in the atom Similar changes of slope occur m the analyses given 
by Compton 

11 The curves of figs 1 and 6 represent time-averages of the electron dis¬ 
tribution over a period immensely long compared either with the penods of 
the electrons or with those of the atomic <nbration8 The differences between 
the distnbutions at the different temperatures is very marked As the tempera¬ 
ture rises, the heights of the peaks fall, and at the same time their breadths 
mcrease, the areas remainmg constant 

The broadening of the peaks is, of course, due to the oscillations of the atoms 
about the mean position of the crystal planes, which alters the tune-average 
of the electron distribution, and from it, it should be possible to make an 
estimate of the mean amplitude of the atomic vibrations We shall assume 
that each atom vibrates with the same amplitude about a mean position, and 
that all directions of vibration are equally probable By supposing the dis 
tnbution of electrons determined for the absolute sero to vibrate m this way 
and by finding the new tune-average of distnbution produced by such, vibra¬ 
tion, we may estunate the mean amplitude at a given temperaturo, by com- 

VOL. oxvu —o 
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paring the tune-averages for cUfFerent amplitudes with the distnbutaon curve 
actually deternuned for that temperature Such a process can, of comae, only 



give a rough idea of the atomic excursions The atoms do not all perform 
simple harmonic vibrations of the same amphtude about Axed positions There 
must be something in the nature of a Maxwellian distribution of amphtudes, 
and we cannot be sme that each atomic nucleus with all its attendant electrons 
vibrates as a whole But, in spite of the obvious limitations of the assumptions 
made, it is possible to get mterestmg information concerning the order of 
magnitude of the atomic excursions 

The method employed to obtain the averages is, in principle, as follows — 
The average distribution in space, corresponding to a very small element of 
charge of density p, supposed at rest at absolute zero, when vibrating with an 
amphtude 6, is a spherically symmetncal distribution throughout a sphere of 
radius 6 The density m any spherical shell between radu r and r -{- dr is 
proportional to p and to the time spent on the average by the vibrating charge 
between the distances r and r + dr from its position of rest, that is to say, to 
the fraction of the whole period spent by a point executmg sunple harmonic 
motion between the distances r and r -f dr from its mean position. It is also 
mversely proportional to the square of the radius of the shell The ordmates 
m the distnbution curves of fig 4 are proportional to P, where 
Fdx IS the amount of charge between planes parallel to the crystal planes 



83 


X-Ray Study of Heat Motions of Atoms. 

and distant dx apart If, therefore, the distnbution^ of charge over the 
spherical shell is plotted on a curve of the same type as those shown m fig i, 
it will be represented by a uniform distribution spread over a breadth 2r, 
where r is the radius of the shell, the sheet density at any point within this 
region being uniform, and, for a given density of the original clement of charge, 
proportional to 1/2r We shall get a similar distribution for any spherical 
shell, and the final average is obtained by adding together a large number of 
such distributions, each corresponding to a different shell, and each liemg 
given a weight proportional to the average time spent by the vibrating charge 
between the two surfaces of the shell, or, by what is more convenient m 
practice, taking the average for a number of shells whose radii vary harmomcally 
between 0 and b Coming now to a distribution of charge extending, when at 
rest, over a considerable volume, we suppose each portion of the charge to 
execute vibrations of the same amplitude and period The vibrations of the 
different parts will not lie m the same phase , but m taking the average distri 
bution of charge over a long period we may suppose the distnbution to vibrato 
as a whole, and apply the process of averaging described above to the whole 
distribution curve 

The averaging was carried out by a graphical method The problem is to 
find the average density, at a point distant x from the ongm plane, which is 
produced when the distnbution curve for absolute xero vibrates with an 
ampditude b As before, suppose first of all that every particle hes at a distance 
r from its position at absolute zero, all directions of displacement being equally 
probable This is the analogue of the case of the single sphcncal shell dis- 
cussed above, and, from consideration of that case, it may be seen that the 
ordinate of the average curve corresponding to this state of affairs is tho mean 
ordinate of that part of the zero distribution curve lying between ® + r and 
x — r We find this mean ordinate for a senes of values of r from zero up to 
b, the amphtude of vibration of the charge, and plot a curve giving its values 
against tho values of r as abscissae To get tho mean corresponding to the case 
when the charge is vibrating with ampbtude b, we must take the average of 
a number 2n -f- 1 of the ordinates of this curve spaced so that the abscissoa 
are given by b cos where m has all integral values from 0 to 2n In 

practioe, n = 6 gives a sufficient number of ordinates m most cases By 
carrying out this proc^ for a senes of values of x we can plot out tho average 
curve for the aunphtude 6 

16 The results are summarised m figs 6 and 7, which refer to 290° abs and 
900° abs respectively In fig 6, the observed curve for 290° is shown, together 
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with seta of points obtainwl by supposing the absolute-rero distribution to 
vibrate with amphtudos 0 06 and 0 07 of the atomic apacings, or 0 195 A and 



1 It li —Dwlnbution Cur\c at 290“ compared with Aictiv^p Curve for amplitudeH of 
0 195 A andO 228 A 



Fio 7 -Distribution Curve at 900“ compared with | Avcrajte Curve for amplitudes of 
0 53A.O 68 A and 0 65 A 

0 228 A The points lorresponding to the smaller amplitudes are indiratcd 
by crosses, those for the larger by circles It will b( seen that the general form 
of the curve for room temperature can be mutated closely by supposing the 
absolute zero distribution to vibrate in the way considered Somewhat different 
amphtndes are required to fit the two peaks , the chlorine peak is fitted closely 
by an amplitude of 0 2 A, sodium by one of 0 23 A It would be rash to con¬ 
clude, however, that this proves the amplitudes of vibrations of the sodium 
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atoms to be greater than those of chlorine This is indeed probably the casC) 
but the actual heights of the peaks depend on the extraiiolation used, and the 
method of averaging is only approximate, so that the results must be inter¬ 
preted with caution 

For the 900® curve, amplitudes of 0 10,0 ITIaudO 19 of the crystal spacing, 
or 0 63 A, 0 58 A and 0 63 A have been chosen The points corresponding to 
these amplitudes are indicated m lig 7 by crosses, cirdos and triangles 
respectively In this case the amplitude 0 58 A fits Ixith peaks and the 
whole run of the curvi quite ilosely 0 53 A appears to bo definitely too small 
and 0 63 A too large The very close fit is somewhat surprising, considering 
the nature of the assumptions made, but rough as the method is, it probably 
gives quite a good estimate of the order of magnitude of the atomic e\c ursions 

16 We may make a rough ( ilculation of the atomic amplitudes m the 
followmgway —In a vibrating lattice we cannot, of course, really speak of tho 
amplitude of vibration of an atom about a mean position, it is only the relative 
amplitudes which are of signiticance But for the purposes of this calculation 
we shah suppose that < ai h atom is IiouimI to a position of cquiUbnum by a 
quasi-elastic force/ per unit displacement In this case, tho average energy of 
vibration of an atom is \fa^, where a* is the mi an-square amplitude At a 
temperature as high as 900®, we can assume the average energy per atom to be 
dlT, so that, equating these two quantities, wo have 



If we knew the valuo of the force / we could calculate o* ^ow on the onguial 
simple theory of Debye, where each atom was supposed bound, by an elastic 
force /, to a mean position, the value of tho exponent in the temperature factor 
18 found to be 

lb-^I.ani«0 rp 

/ 

In the more accurate elastic-wave theory, using Waller’s modification, we find, 
for the case where 0/T K 1, for the same exponent 
I2A« Bin* 9 „ 
pit0» X* 

where p is tho mass of an atom of the lattice, which is supposed simple-cubic 
Following Debye,* we may compare these two expressions, and obtam an 
estimate of/, the force with which atoms must be supposed bound to their mean 
positions in order that their excursions m this ideal lattice should bo of the 
• ‘ Ann. d Physik,’ loc cU 
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same order of magnitude as those in the actual lattice From this companson 
we obtain 

{X, (10 2) 

whence, from (16 1) 


— QA*T 
“ ■"27r*(**©2 


(16 3) 


Taking os the mean mass of the sodium and chlorine atoms, 4 85 x 10 ^ gm 
and 0 the characteristic temperature of rock salt as 281® we find 

= 0 58 A 


This IS (xactly the same amphtudc as that found to give the best fit for 900" 
when the distribution curve for 0° was supposed to vibrate The exact agree¬ 
ment IS, of course, purely accidental In fact since the obserxed values of the 
temperature factor at high temperatures are much higher than the calculated 
ones, shoukl have expected the amplitude calculated in this wav to be con¬ 
siderably lower than that determined directl} from the distnbution curve 
but it is satisfactory to find that the values obtained in two distinct ways are 
at least quite consistent with one another 

17 It 18 necessar}’’ to lie clear as to what is actually determined m the analysis 
of the results given above Th< whole call illation is carrietl out on the assump 
tion that the classical laws of scattering hold good, and that all the radiation 
Bcattercil is coherent The distribution curves obtained arc those of that 
hypothitual distribution of electrons which would protluce the oliserved 
intensities, supposing that the atoms did consist of electrons which could In* 
treated as free, and os scattenng according to classical laws While the 
hypothetical “ atom ” so obtained may bear but little resemblance to the true 
state of affaire, it is nevertheless a physical constant for the atom concerned, 
and, as such, of empirical value for crystal analysis Further theoretical 
developments may mcxlify greatly the interpretation of the results, but any such 
interpretation must be based on accurate quantitative measurements of the 
kmd discussed m this paper This paper is concerned mainly with problems 
connected with the heat motions of the atoms, and we cannot here discuss our 
results m the light of the different atonuc models which have been proposed 
We hope, however, to do this and to give fuller analyses of the F curves m a 
further paper 



X-Ray Study of Heat Motxone of Atoms 87 

Summary 

1 The ratio of the intensity of reflexion of X-rays by rock-salt at the tempera¬ 
ture of liqmd air, to that at room temperature, has been measured for a number 
of spectra The results show that the temperature factor is of the form 
exp {—y (T) sm* 0/X*}, the exponent being proportional to sin* 0/X*, or to the 
square of the order of the spectrum, within the errors of experiment For 
corresponding angles of reflexion, the temperature factor is considerably larger 
for spectra of the t)rpe Cl -f Na than for those of the type Cl — Na 

2 The results of these experiments, combmed with those made at higher 
temperatures, and described in an earlier paper, are compared with the theoretical 
expressions for the temperature factor deduced by Debye and Waller The 
results, up to about 600® abs , agree fairly well with the theory of Waller At 
high temperatures the decrease in intensity is more rapid than theory indicates 
This IS to be expected, since the vaUdity of Waller’s original assumptions ceases 
at really high temperatures Later work by Waller shows a more rapid decrease 
of the kind observed 

3 The absolute value of the integrated reflexion for the (200) spectrum from 
a rock-salt crystal has been redetermined, both for molybdenum and rhodium 
K, An estimate of the “ extinction ” for this crystal for molybdenum radia¬ 
tion has been made The reflexions from a number of faces of the rock-salt 
crystal have been comparwl with the (200) spectrum and thus detenmned m 
absolute measure From the values obtained, the F factors, or atomic scattermg 
factors, of the atoms of Na and Cl have been deduced at 0", 86°, 290® and 
900® abs 

4 The method of Fourier analysis has been used to calculate the distribution 
of electrons between the (111) planes of the crystal at different temperatures, 
and from the broademng of the peaks in the distribution curves the mean 
amplitudes of the atomic vibrations have been estimated Mean amplitudes 
of about 0 20 A at 290° abs and of 0 08 A at 900° abs , explam the observed 
changes m the distribution curves 

6 This estimate of the amplitudes of the atomic vibrations is checked by 
means of an approximate calculation, which leads to results of the same order 

In conclusion, we wish to express our thanks to Prof W L Bragg, F R S , 
for many helpful suggestions throughout the course of the work We are 
indebted to Dr Ivar Waller and to Mr C H Bosanquet for valuable criticisms, 
and to Mr W Kay and Mr W Reynolds for much help and advice m construct¬ 
ing the apparatus 
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[Plat* 4] 

The present paper gives an account of the spectra obtained when wires are 
suddenly short-circuited so as to carry currents of upwards of 100 amperes 
The material of the wire is consequently vaporised, and the light from the 
momentary arc is photographed by the spectrograph through the metalhc 
vapour At the same time there is a high pressure and temperature produced, 
so that the spectrum differs from that of the normal low-current arc in respect 
of absorptions, self-reversals, broademnga and shifts A study of the absorp¬ 
tions and self-reversals, using copper and iron wires, has led to some interesting 
results 

The method was suggested by the work of Anderson* on electncally exploded 
wires, when it was particularly observed that very many of the hnes were 
reversed It was evident that by using a lower potential or by making the 
discharge less sudden, fewer hnes would be reversed, and so an order of reversal 
might be established and conclusions drawn as to depths of levels liack of 
resources precluded this research, and it has been done successfully by Hon,t 
D6chgne,| and others 

However, experiments with an accumulator battery showed that much could 
be done with potential differences of the order of 100 volts Certain lines are 
then absorbed, and the method possesses advantages 

The importance of high-current arc spectra has been emphasised by A 8 
King,§ who has published work on iron and other metals m the visible region, 
uBinga500-kw generator to get currents of the order of 1000 amperes Judged 
by the shift produced m certain copper lines, conditions m the present expen- 
ments must have approached those obtained by King, unless the amount of the 
shift IS greatly mdependent of the conditions 

The simphcity of the method here described and the low power required 
should recommend it as a convement source 
* ‘ Artrophys Jvol 51, p 37 (1920) 

t ‘ Inst. Phys and Chem Res , Tokyo, SoL Papers,’ No 53 (1026) 
j * J de Phys et le Bad vol 7, p 66 (1026) 

I ‘ Astrophys J vol 62, p 238 (1925) 
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Procedure 

A wire IS Imed-up m front of the slit of the spectrograph by moving it until 
it eclipses the light from a fixed straight-filament lamp In most of the oxperi* 
ments a pair of crossed cylindrical lenses (one twice the power of the other) was 
used to concentrate the light upon the slit, m others a spherical lens was useti 
in order to distinguish between long and short hues At first there was 
uncertamty as to the place where the wire would fuse , this was overcome by 
cutting the wire when in place and then butting the two ends together When 
the current was then sent through, the fuse took place at the cut It was 
found convenient to mount the wire in a special holder attached to an ebomte 
sheet m such a way that the hurst could be made to take place inside a tank 
with a quartz wmdow, thus enabling the medium to be changed from air to 
water In another series of experiments a holder made of brass tubmg was 
used, the wire was mounted axially in one tube, and the light was observed 
through a cross-tube carrying quartz windows With this, fuses tn vacuo were 
mvestigated 

The wire was short-circuited to the battery (ordinarily 110 volts, 144 ampere- 
hours) by a heavy, double-bladed spnng-8?ntch, controlled from a distance 
This was found advisable, because when the wire explodes, tiny fragments are 
shot out with considerable violence (see photograph showmg a typical burst, 
with the parabolas due to glowing beads shooting out from the arc) 

Photographs were taken with a Littrow-t 3 rpe instrument made in the depart¬ 
mental workshop , it employs two optical trains made by Adam Uilger, Ltil 
one consists of two glass 60° prisms of 3-inch side, and a plane mirror silvered on 
the front surface The other tram is a quartz lens and a small quartz 30° 
prism having tm-amalgam on the back surface For observations below 
X 2100 a small quartz spectrograph by Hilger (E 37) was found useful With 
it photographs could be taken down to X 1,840 The dispersions used were of 
the order of 7 A U permm atXSOOO, 6AU per mm atX2600, andl2AU 
per mm at X 2000, respectively 


CurrenU Used 

The transient nature of the current makes measurement difficult, and, mdeed, 
it IS doubtful what to understand by the “ current ” Tn the present expen- 
ments attempts were made to ascertain the order of the maximum current 
attamed during the discharge A suitable oscillograph was not accessible, so 
the following two devices were used — 



90 


A C Menzies 



(a) A straight wire, having a resistance of onc-third of an ohm, was included 
in senes with the fusing circuit, and potential leads from the ends of this wire 
were included m another circuit, consisting of a high-tension battery and an 
Osglim lamp (see figure) The voltage of the high-tension battery was insuffi¬ 
cient to light the Osglim lamp, but 
enough to maintam it ht once the 
discharge through the lamp had com¬ 
menced (The particular lamp em¬ 
ployed lit at 13b volts, and was 
maintained by voltages above 104 ) 

The high-tension voltage was adjusted 
by trial until the lamp just lit on causing a burst, showing that the total 
voltage was 136 As far as the writer is aware, this method is original 

(b) The potential leads mentioned in the preceihng paragraph were connected 
to the deflecting plates of a Braun tube, having a Wehiielt cathode The 
transient deflection of the electron beam was observed in a dark room, 
and this was subsequently compared with the deflet tions produced by steady 
voltages 

With a 110-volt, 144-ampere-hour accumulator-battery and copper wire 
electrodes, 26 gauge, the exurent was about 90 amperes as measured by each 
method This was necessarily with a resistance of onc-third ohm m series, so 
that when this was absent the currents must have been greater, certainly, 
judging by the increase in the noise and the flash, this was true One may say 
at a uinstrvatne estimate that the currents were of the order of ](X) amperes. 


Effctl of the Discharge on Bands 

Owing, jxirhaps, to the high temperature and pressure, and to the relatively 
large ionisation compared with that obtaining in low-current arcs, many lines 
broaden out, and m particular bands disappear For example, the third 
positive Nitrogen bands disappear This may be because the conditions are 
adverse to the existence of molecules, or because the bands are really there, 
but the band-lines are so broadened that they merge into one another and mto 
the general background Some evidence has been found that the second cause 
IS operating as well as the first, in many photographs the background deepens 
and lightens m step with the edges of bands appearing in the low-current arcs 
In any case, the non-appearance of these bands is helpful when the bnes engage 
one’s attention, in that they are rendered more conspicuous 
Ciertam bands however, stretching from X1947 down to X1840, approzi- 
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mately, are visible m absorption m the fuse-spoctra, in the ultra-violet, these 
appear faintly in all the photographs taken, but particularly strongly in the 
case of cadmium, which gives a good continuous background in the ultra¬ 
violet 

The bands appear to be those attributed by Steubmg* to neutral oxygen 
molecules, m the above-mentioned cadmium photographs extra bands are 
visible beyond those already recorded, these will form the subject of a future 
communication They appear to be due to absorption by oxygen, or some other 
similar earner, m the air, between the source and the spectrograph plate 

Advantages of the Method 

In addition to that just desenbed this method has the advantage that it 
entails no unusual apparatus Compared with the bursting of wires by con¬ 
denser discharges, it has the advantage of giving a photograph with only one 
exposure , it does not give as many reversals but this is an advantage if the 
lowest levels arc being sought Compared with absorption-tube or under-water 
spark methoils the pref«>nt methods allow observations to be made in low 
wave-length regions matcessible to the former An attempt is to be made to 
carrj observations into the vacuum-grating region 

Copper 

The results hen recorded make no attempt at any completeness, but are 
given to reconl r ith» r the tv pe of observation jwssible 

In the visible region many lines were found to be shifted to the red, and many 
broadened Reversals were not common Shifts wore measured for some lines, 
and are shown in the following table The shifts are not necessarily comparable 
with one another, smee they may have been taken on different plates if the Imes 
are far apart, but it w ill serve to give an idea of the magmtude of the shifts 


Table I 


1 

A 

Terms 

Xu 

Komarks 

Pl™t plate 

4609 in 

«F, - *D, 

0 38 

Bnntt using 200- 


437S 2 

- ‘D, 

0 89 

vohAC 


4275 13 

- «D« 

0 48 


£eonnd plate 

4275 11 

«P, - *D« 

0 30 

Burst using 110 


4248 07 

•P,-«l>, 

0 29 

volt D C 


4342 2fl 

•D,-•!>>, 

0 30 



4177 70 

•P, - «D, 

0 30 



• ‘ Ann d Phvsik,’ vol 33, p 663 (1910) 
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In addition to the above, the following lines can bo said with certainty to bo 
shifted to the red — 


A 

'Perms 

A I 

'Urms 

6292 54 

‘D, - M>, 

4866 4 ' 

>Dj - 

6144 12 

‘D, - ‘D, 

4607 40 ' 

*F, - ‘U, 

6111 94 

‘D, - *1>, 

4580 97 i 

*>4 - ‘lAi 

6034 33 

‘P, - 

4397 0 

‘Ba - ai>>j 

6016 (M 

*D, - *n, 

4104 23 ' 

‘P, - ‘D, 


A A 4530 84,4480 J8, (2*P,„ - 3>S,) re broftikiiud U> Ihc rod 


And the following to the violet — 


A 

Terms 

A 

Pt rms 

3926 27 

*1^4 ‘*>'3 

1 

3200 ,35 1 

‘1, -<C., 

3021 27 

‘B, - ‘P 4 

3282 72 

‘F, -‘<.4 

3739 60 

‘D, - »P, 

3208 24 ' 

■*1), - 

3741 23 

‘H, - *<’.4 

3140 32 ! 

‘Pj - «D*, 

3734 23 

*1),-‘F4 

3126 11 

‘p, - ‘P, 

3354 48 

*F, - ‘P> 

3116 35 

‘Fa '‘■T>*a 

3349 20 

4K, - ‘IP, 

3090 02 ' 

‘P, - ‘J>>4 


AA 3861 76, 3826 06, (2*Pj, - 4*8, )r were broodoiod to the violet 


It 18 noticeable that the shifted lines having high level initial termu which arc 
moved to the red come from initial states belongmg to (core -{- s) configurations, 
while those obviously shifted to the violet have imtial terms belonging to 
(core -f d) configurations (The allocation of configurations has been taken 
from Sommer *) Assuming the truth of this, the allocation of the following 
hues, which are displaced, has been greatly facilitated — 


‘ Z. f PLj-sik,’ vd 30, p 711 (1026) 




Shijla and Hevet'scda »n Fuse-Spectra 93 

Table II — Copper Tiines Claesified according to Shift 
(This list consists of lines not previoiisly classified The calculated values 
have been obtained by the difference of terms as given by Sommer {loc at ), 
labile Xj, A, B, and *Ga arc suggested new terms, and are discussed below ) 


X 

vobH 

cealc 

Shift 

Allocated Tonna 

3143 16 

10437 0 

10<t30 2 


’Pi - 

3070 2 

10694 3 

19005 0 

r 

‘P, -»D', 

47W 0 

20853 6 

208.33 0 

r 

- \, 

4042 0 

21533 6 

21533 7 

r 

’Pa - V. 

4334 It 

22037 8 

22957 3 

r 

- A, 

4207 40 

23426 5 

23427 9 

ft r’ 

*TI, - 'D', 

407 i 27 

24543 2 

24543 8 

r 

*P, 

3850 70 

27138 0 

27338 8 ! 

t 

- B 

3309 14 

27770 0 

27770 6 

r 

- ‘Oj 

3320 01 ; 

28400 7 

28100 7 

r 

-A 

3483 TO 

28090 1 

28695 5 

V 

*1, -»P, 

3474 37 

28772 2 

28772 3 

V 

•B,-A 

3434 70 

28937 8 

28936 7 

r 

«T), - -P, 

^^70 60 

20580 0 

29580 4 

r 

*1*, - B 

MOO 35 

29700 1 

29705 3 

V 

‘1, -M)*, 

3307 03 

30221 5 

— 

V 

«F, ~ *(1, 

3231 17 

30939 0 

30939 2 

r 

♦P, - B 

3223 42 

31014 0 

31014 0 

V 

*1-, - A 

3140 82 

31708 9 

11708 0 

r 

*P, - B 

3088 12 

32172 8 

32372 8 


*1*1 - A 


In consequence of the correction of X 3699 from 2 *Pj — 6 *Sj it is possible 
to allocate the four following lines — 


A 


VOlH 




Allocated Termii 


Vi9S 01 
3fi60 U 
3403 5 
3431 »8 


27783 1 
28033 6 
28804 1 
20112 4 


27780 1 
28033 3 
28864 2 
29112 0 


2*1‘, - 5»S, 
2»P, - 0% 
2 »P, - 0 
2 »P, - 0 


X 3699 14 IS ascribed by Sommer and others to 2 *1*2 — 6 *8^ It is too strong 
for this the intensity of successive pairs would run 6,(i, 1,3, 10, — , while 
with the present allocation it becomes 6,6 , 3,3 , 2,1, 1,1 Again, this line is 
shifted considerably to the violet the shift has been measured, and amounts 
to 0 6 A II in one photograph Prom whet has been said it will be realised that 
this indicates probably an imtial orbit of diffuse character , 6 *Sj would not 
agree so well This line ivas regarded at first as an " exception,” but now. 
regarding the initial orbit as it agrees well with the theory 




92 


In addition to the above, the following lines can bo said with certainty to be- 
shifted to the red — 


A 

Ternw 

A 1 

n.rms 

5202 54 

*D, - ‘D4 

4866 4 


5144 12 

‘D, - *l>. 

4607 40 

‘1<, -*D, 

5111 04 

‘Di - *1>, 

4586 07 

‘P4 - 

5034 32 

>>’5 - ‘D, 

4307 0 

- ‘IP, 

5016 63 

‘D, - Ml, 

4104 22 

*P, - *I>i 


A A 4330 84,4480 38, - S'S,) were broad* ii«l to thi ad 


And the following to the violet - - 


A 

Ti rm* 

A 

Terms 

3025 27 

- ‘Jl'a 

2200 55 

‘1, - ‘C!, 

3021 27 

«T>, - 

3282 72 

‘l!j -*<J4 

3759 50 

*D, - »P, 

3208 24 

»ll, -‘D, 

3741 25 

‘Hj -»(!« 

2140 32 

<Pj -»U*, 

2734 23 

*T>, - ‘P 4 

3126 11 

‘Pa - ‘Pa 

3354 48 

‘F, - ♦?, 

3116 35 

‘Pa - -IPa 

2340 20 

«F, - ‘IP, 

3009 92 

*Pa - ‘I)‘4 


AA 3861 76, 3825 05, (2*P„, - 4*H,) wore broadened to the violet 


It IS noticeable that the shifted linos having high level initial terms which are 
moved to the red come from mitial states belonging to (core + a) configurations, 
while those obviously shifted to the violet have initial terms belonging to 
(core + d) configurations (The allocation of configurations has been taken 
from Sommer *) Assuming the truth of this, the allocation of the following, 
lines, which are displaced, has been greatly facihtated — 


‘ Z. f Phywk,’ vo) 30, p 711 (1026) 
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Table II —Copper Lines Classified according to Shift 
(This list consists of bnes not previously classified The calculated values 
have been obtained by the difference of terms as given by Sommer (loc at ), 
^\hilc Xj, 4, B, and *Gs are suggested new terms, and are discussed below) 


A 

.ol* 

»cal<- 

Shift 

Allocated Terms 

5143 16 

10437 9 

10439 2 


•P, - 

6070 J 

10004 3 

19003 0 

r 

~ »!)•- 

47W 0 

20853 0 

20853 0 

r 


4642 6 

21533 0 

21533 7 

f 

- x. 

4354 6 

22057 8 

22057 3 

r 

‘F, - 

4207 40 

23420 5 

23427 0 

ft r t 

‘T3, -»D‘, 

4073 27 

24543 2 

24543 8 

r 

*Ps ' Ti', 

TO60 70 

27338 0 

1 27138 8 

r 

flj, - n 

IWO 14 

27770 0 

27770 6 

V 

*T)4 ‘(1, 

3o2() 03 

28400 7 

28400 7 

t 

- A 

3483 70 

28000 4 

28006 6 

V 

*1-, -*P, 

3474 37 

28772 2 

28772 3 

r 

*T>, \ 

1454 70 

28037 8 

28030 7 

f 

»J), - spi 

3170 flO 

20580 0 

29380 4 

r 

*h, ~ B 

^3H5 33 

29700 1 

20705 3 

t 

‘F, - *D‘4 

3307 95 

30221 5 

— 

V 

‘F, - *0, 

3231 17 

30039 0 

30939 2 

V 

‘P, - B 

3223 42 

31014 0 

31014 0 

V 

*F, - A 

3140 82 

31708 0 

31708 9 

1 

*P, - B 

3088 12 

32372 8 

32372 8 


*P, - 4 


In consequence of the correction of X3699 from 2 “Pj — 5 *S,, it is {lossible 
to allocate the four following lines — 


A 

.Ohs 

.calc 

Allocated Terms 

3598 01 

27785 1 

27783 1 

2 'P, - 6 >S, 

3500 14 

28033 6 

28033 5 

2 ‘Pi - 6 »Si 

3463 5 

28804 3 

28864 2 

2 >P, - 6 *8. 

3433 08 

29112 4 

__ 

20112 0 

2 'P, - 0 *8, 


\ 3599 14 IS ascribed by Sommer and others to 2 “Pj — 5 *8, It is too strong 
for this the intensity of successive pairs would run 6,0 , .1,3 , 10, — , while 
with the present allocation it becomes 6,6 , 3,3 , 2,1, 1,1 Again, this Ime is 
shifted considerably to the violet the shift has been measured, and amounts 
to 0 6 A U in one photograph From what has been said it will be jealised that 
this indicates probably an imtial orbit of diffuse character, 5 *8, would not 
agree so well This Ime was regardeil at first as an " exception,” but now, 
regarding the initial orbit as ‘Qs, it agrees well with the theory 
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X3307 96 behaves m the bursts exactly m the same way as X3290 66^. 
*Fi — and also it is stronger It would consequently fit well with ^Fs — *09 

Unfortunately it is impossible to check this, as so far ^Fs is the only term 
allocated, having j = 6, to combine with ^O# 

The term X, has j = 2, probably, on account of intensities, also, since it is 
(onnected with lines which shift red, it will be of structure (core + «) It can, 
therefore, only be the term missing from Sommer’s scheme, and must 
go with *D* 3 , bo having a difference of wave-number of 1882 6 

The term A = — 11008 6 is connected with hnes which shift violet, and there¬ 
fore will probably be a (core -f d) term It could be one of the missing ‘Si, 
or *?!, or *Pj 

B IS — 9674 9 It gives hnes which move to the violet, and is therefore also 
a (core -f- d) term It combmes with much the same terms as A does It is 
suggested that A and B are the missing ‘Pj and *Pj, with difference of wave- 
number 1433 6 If this IS so, an mteresting comcidence arises the sums of the 
wave-number differences of similar terms, belonging to the same configuration, 
are, approximately, in arithmetical progression •?, *D, *F, with senes limit- 
*D, and •?, ‘D, ^ with senes limit *D, are such similar terms , whde *P, *5, ‘F 
with senes hnut ‘D and *P, *D, *F with senes limit *D are another set of similar 
terms The sum of the wave-number difference between ‘Pj and ‘P,, and 
between *P\ and •P^g, is 2066 Similarly the *D differences give 1877, and the 
*P differences 1676, smd these three numbers are nearly m arithmetical 
progression 

Deahng simdarly with the other set, the sums of differences are 1133, 2139, 
3327, which again are approximately m anthmetical progression While this 
seenung regulanty is quite probably spurious, at least it su^ests that the 
three terms *D*g, •Pi, and *Pj, newly allocated, involve wave-number differences 
of the nght order 

Reversals 

All those hnes, which are reversed, have final orbits 1 *Si, •D, or *0,, as was 
also foimd by Stfacklen using the under-water spark • The reversals are more 
promment with the 200-volt A C mams than with the 110-volt battery Also 
they are intensified by the use of finer wire (26 gauge was normally used, 40 
gauge gave rise to more promment reversals, but several exposures were 
required) X2024 reversed very clearly A reproduction of a photograph 
obtained with the small spectrograph is given m Plate 4 Some lines 


* ‘Z f Phy»ik,’vol 34, p «62 (1926) 
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were eelf-reveraed, others were completely reversed on the general contmuous 
background The following Imea were reversed — 


A 

Terms 

A 

Terms 

3273 97 

1 *8, - 2 »P,* 

2225 67 

1 *8, - ^,* 

3247 55 

1 *8, - 2 •?,* 

2215 65 

‘D, - <»>,• 

2768 80 

- 3 ‘P, 

2214 56 

‘1>, - ‘P‘,* 

2766 39 

‘D, - 3 ‘P, 

2205 6 

-• 

2618 38 

»D, - 3 ‘P, 

2199 73 

‘D, - 3616 7* 

2402 14 

1 ‘S, - *Pg 

2199 67 

*D, - IP,* 

2441 63 

1 *s, - *P, 

2181 68 

1*8, -‘P,* 

2406 66 

- a. 

2179 37 

spkT 

2302 63 

•D, - 6, 

2178 91 

1*8, -‘P,* 

2303 11 

‘D, - ‘IP, 

2176 27 

—* 

2294 35 

_ 

2171 75 

•D. -y 

2293 83 

‘D, - o,* 

2100 40 


2263 00 

«D, - ‘P‘,* 

2165 06 

1 ‘8, - ‘B,* 

2260 49 

•D,-4*P„,* 

2138 44 

•D, - 4357* 

2244 24 

1*8, - ^,* 

2136 0 

_• 

2238 43 

«U, - 6‘P,* 

2130 70 

»D, - 'P*, 

2236 22 

‘D, - 4357* 

2124 1 


2230 07 

‘D, - ‘F*,* 

2047 7 


2227 74 

*D, — ‘P‘,* 

2024 3 

1*8, - S*P,* 


Those marked with an asterisk were slxongly absorbed 
In addition, the following were self-reversed — 


A 


Termw 


A 


Terms * 


5218 17 
5153 23 
6105 56 
4275 13 
2281 0 
2248 98 
2242 60 
2218 08 


2>P, - 3*D, 
2 ‘P, - 3 ‘D, 
•1), - 2 «P, 
*P, ~ *D* 
»D, - 6, 



2210 24 
2192 24 
2189 60 
2125 98 
2122 92 
2112 02 
2104 72 



* [^o(e aditd StpUmbtr 20, 1627 —I have been able to refer in the meantime tu a paper by 
A. Q Sheiutone,' Phys Rev vol 29, p 380 (1927), on the “ Spark Spectrum of Copper ” It 
is intereeting to note ^at all the tevereed lines not allocated above and marked “ spk ” belong to 
the low levels a*D or a*D in the copper spark ] 


The following Imes, strong m the ordinary arc, were very much weakened m 
the bursts They are probably broadened out, with a violet absorption-edge 
They may be regarded as incipient reversals — 
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A j 


A 

Tunna 

3BJ0 39 

»1>, - *F, 

3036 11 

•D, - *D, 

3457 m 

»Dj - 

3010 84 

«D, - 

3337 80 

’I>j- *P« 

2997 36 

•D, - 

3879 83 

» 1 

2961 18 

•i>, - ‘F, 

3106 62 

•D, - 1 

2883 91 

•D, - >P, 

3093 00 

- ‘D, 

2858 74 

•I>, - «IJ, 

3073 80 


2821 38 

•D, - «D, 

3063 42 

>1>, - *Pi 




It 'Will 1)0 observed that in the table of reversed lines two now terms, 4367 
and 3616 7, have been introduced 

The term 4367 combines also with 1 *Si, 2 *Si and giving X1726 9, 
X 6749 29, X 3636 923, respectively It is therefore possible that it could lie 
5 in which case 3031, called by Sommer “ e ’’j, would fit in as 6 *Pg,i 
A possible term is 3616 7, combining with *Dj, 1 *Sj, and 2 “Sj to give 
X 2199 73, X1703 7, and X 6427 664, respectively 
It is niterestmg to notice how the lines involving *Da,8 terms behave in the 
bursts It will be scon from the foregoing tables that those involving switches 
from nutial doublet terms converging to ‘D are absorbed, and are m the first 
list, while those whose initial doublet terms converge to are in the third list 
of lines, being simply greatly weakened 

Z%m 

Fukiida'*' ejcamined the sjiectra of rine, cadmium and mercury, obtained from 
a spirk, \Mth the voltage regulated by means of a senes gap which was set 
at 1 mm , 2 mm , and so on up to 6 mm , successively Shifts were then found 
of much the same order as are met with here in the spectra of burst wires His 
tables show that for these metals some spark lines showed red shifts, and some 
diffuse linos violet shifts, while some singlet diffuse lines shifted red 
Zinc was consequently used to see if similar results could be found m the case 
of fuses Zme rod (commercial) containii^ much lead and cadmium was used 
for the low current arc companson, and some of the same rod was melted down 
and made into sheet (by pounng the molten metal on an inclmed plane of cold 
brass sheet), and then cut into narrow strips, like magnesium nbbon This 
method is found useful for making “ wires ” of easily fusible metals 
Some zinc Imes were absorbed, and certain spark doublets appeared, the 
lines of the sharp triplet senes are greatly shifted red, while X 4630,2 — 4 

* ‘Inst Fhys Chem Res , Tokyo, Soi Papers,’ No 37, p 183 (1925) 
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oertainlj shifts red The diffuse triplet X 3346, X 3303, X 3282 are reversed, 
the emission being slightly stronger on the violet side 

The combination Ime 1 *So — 2 ‘Pi, X 3076, does not shift, while the neigh¬ 
bouring 2 — 3 “Si, X 3072 2, shifts red This enabled the shift of the latter 

to be measured with certamty, it was found tobe09AU on a particular 
photograph, the wire being burst on 110 volts from cells It was also found that 
the shift was greater in the light from the cathode 

The observations agreed with those made for copper, except that the diffuse 
singlet Ime shifted red, while it was expected to shift violet ifif also the 
behaviour of 2«P,„-4«S, for copper) This matter wiU be further mvesti- 
gated A tentative explanation of such “ exceptions ” is put forward m the 
discussion below 

Fig A, Plate 4, shows the redward shift of the sharp triplet hne 
2 *Pj — 3 (X 3072 2), the diffuse triplet being self-reversed, thus helping to 
show freedom from mechamcal shift 

Iron 

Iron wires, 26 gauge, were burst with the 110-volt battery, and also by short- 
circuiting the 200-volt A C mains 

Similar results were found as for copper, lines shifted, and reversals were 
common in the ultra-violet 

Smce the iron spectrum is not yet completely worked out, it was felt to be 
unprofitable to study the shifts in great detail 

In the regions of the spectrum investigated, which overlapped, the observa¬ 
tions with the bursts are m agreement with the valuable detailed observations 
of King,* except that m the case of one Ime, X 6110, no shift could be detected, 
while according to King it is shifted violet The dispersion of his instrument 
was much greater than that of any instrument available to the writer, so that 
his observation is very probably justified 

In consequence of the agreement found, it is felt justifiable to generalise from 
King’s results 

Shifts to the red are large for lines having as mitial terms 6 ’F, d*, and S, 
with/* just slightly less Next come d* and p*, and then G* and p', D* and 
P (The notation and allocation of terms is due to Laporte t) 

It will be observed that shift depends on two factors for its magnitude —■ 

(1) The greatness of the term 

(2) The electron configuration to which the term belongs 

* Loe. eU. 

t ’ Nat Aoad Sd Froo,’ vol 12, p. 496 (1926) 

VOL. oxvn —A. a 
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(1) has already been pointed oat by King, the nearer the orbit u to the 
oonhnes of the atom—we might say the more “ suburban ” it is—^the greater 
is its tendency to shift This is plausible, since outside influences, such as 
lomsation and pressure, can there have more effect 

(2) IS clearly present m the case of iron, as well as m that of copper For 
example,/* IS more “ suburban ” than d* and S, and we should therefore expect 
it to be more susceptible to shift if (1) alone operated But it belongs to a 
different elcctromc configuration, and consequently is not directly comparable 
with d* and 8 (according to Laporte,/* is siT, while d* and S are s«d“) 

It IS possible to summarise the results for iron m this way Lines whose 
imtial terms have structure (core + s), t e, d®«, s or d’’, s, will suffer a large red- 
ward shift in the high current arc Only one exception to this rule can be found 
this IS a now *D term at 64000 (Laporte*), and some of the Imes to which it gives 
rise broaden to the red 

Many linos are shifted to the violet, and, arguing from what happens in the 
case of copper, it seems safe to predict that the initial terms involved will have 
structures (core -f d), » e , (d* «, d) and (d^ d), although up to now these terms 
have not been allocated This should help considerably in sorting out the 
remaimng terms of the iron arc spectrum 

Reversals 

The lines, whoso terms are known, and which were reversed, all had as final 
orbits (P terms or p terms (the two lowest terms in Laporte’s scheme) 

The unassigned lines which reversed were prmcipally below X2200, m 
particular, a group from X1930 to X1964 were strongly absorbed Begu- 
lonties have been sought among these reversed lines, and, as might be expected, 
(P or/* terms are frequent A detailed account of the iron reversals is left over 
until the observations are complete 

thscussim of the Shafts 

Broademngs and shifts of spectral Imes from an arc can be caused m a vanety 
of ways they may be due to high pressure, high temperature, pole-effect 
(still unexplamed), or to high elcctno fields In the present experiments it is 
beheved that they are due to the pressure effect, and to high electric fields 
The shifts are more obvious for the longer wave-lengths, which suggests that 
pressure is at work, also it is obvious from the noise, and from the shooting-out 


* Jams at 
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of glowing beads of metal, that the pressure must be considerable Also King 
compares the high-ouirent arc m iron with the pressure-arc of Gale and Adams,')' 
and finds that the two sources give similar results 

High electric fields causing an incipient Stark effect are thought to be present 
for the present observations agree with those of fiamura and Nakamura J 
Compare also Lowery’s work with the interrupted arc § Kimura and 
Nakamura worked with an arc carrymg 40 amperes, and found that the 
broademngs agreed with the Stark effect (they dealt with low-level term-lines 
only) They note, however, that m many oases, when a broadenmg took place 
to the red, a famt wing to the violet also appeared, not to be expected from the 
pomt of view of the Stark effect It is s^nificant that this happened for lines 
with imtial terms of diffuse character They say “ This mmor deviation, 
t c , a slight broadening m the direction opposite to that mdicated by the Stark 
effect, may be duo to some other causes ” 

It IS now tentatively suggested that m the high current bursts two main 
causes are at work producing asjrmmetncal broademngs — 

(o) The Stark effect, promment m lines having low-level initial terms, and 
(6) The pressure effect, which modifies the high-level terms 
Our generalisation as to direction of shift being controlled by the dot i electron 
added, thus apphes only to (6) So a careful discrimination between low-level 
and high-level terms will be necessary in order successfully to apply this 
criterion for diffuse and sharp types 
Note added 2,(Hh Septetftber, 1927 

An aJtemativo explanation of the shifts to the red and to the violet arose in 
conversation with Mr D R Hartree, of St John’sGollege, Cambridge, to whom 
I am mdebted 

Lot terms s, p, d, etc, decrease m the high current arc to « — As, p — Ap, 
etc Then a Ime p-^s will become p-s — (Ap — As), while a line p-d will 
become p-d — (Ap — Ad) Nowif As < Ap < Ad, then (Ap — As) is positive 
and (Ap — Ad) negative This would mean a red shift for sharp Imoa and a 
violet shift for diffuse ones 

This s 3 rmbolio “ explanation ” thus requires two postulates — 

(1) That the high-current arc conditions cause a decrease m all term-values 

(2) That the amount of the decrease is progrcssivelv greater m the order 
s, p, d, etc 

* hoc at. 

t ‘ Astrophys J,’ vol 38, p 10 (1012) 
j ‘ Japanese J Phvs vul 2 p 61 (1023) 

I ‘Phil Mag,’vol 49, p 1176(1028) 

H 2 
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In the pireeent case the orbits oonoemed are 5«, 4p and 44, here (2) inH 
probably be satisfied, since the greater penetration of the Os orbit inll make it 
lees subject to perturbatioiia than the 4p, and again the ip less than the id. 

In keeptng with this is the notonons tendency of (p-f) lines to be shifted to 
the violet by electric fields (see e g, Hick’s “ Analysis of Spectra,” p 264) 

Summary. 

An account is given of a simple means whereby a high-current arc is struck 
momentarily between wires The spectrum of copper so obtamed has been 
compared with the low-current arc spectrum, and regulanties have been sought 
on the bases of shifts and reversals 

Five, and possibly six, new terms have been deduced, leading to the allocation 
of 32 new Imes Some of these are identified with terms missing from Sommer’s 
scheme 

The hnes which were reversed have final terms which belong to low levels , 
for copper they are 1 *Si or H), or *0^ terms 

Lmes have a tendency to shift as the current mcreases, and this is due to 
mixed causes For high-level imtud terms having structure (core -4- i), the hnes 
shift to the red, for high-level imtial terms having structure (core -f- d), the 
hnes shift to the violet, for low-level initial terms, the lmes shift in acoordanoe 
with tiie Stork effect mamly 

For iron it con be said that the magmtude of the shift depends on the 
magmtude of the term, and on its structure (judging from King’s results) 
The iron spectrum is still insufiSciently well-known to decide on the structure 
of the orbits shifted violet, but m view of the results here obtained with copper, 
it IS j[»redicted that these will belong to terms having structure (T, d and d^8,d 

Further work is being done to see if this dependence of shift on electronic 
configuration is general, if it should prove to be so, a valuable guide will have 
been found for unravelhng the high-level terms m spectra which at present are 
proving so complicated 

DESCRIPTION OF PLATE 4 

а, e, (t ue sros between copper electrodes oanying 4 amperes 
A is an an between iioo electrodes carrying 3| amperes 

б, d, s,/ were obtained by faring cc^iper wires, and i sinulariy with sine 

ed, ce were taken tm the same ^ate, In d the wires wen fnsed with the iOO-volt A.C 
mains, in e they were fnsed nsing the 110 volt aocnmnlator battery 
oh, M wen taken on Iio-WcUington platee, and the other thme on Hilger Schnmaim {dates. 
The first photograph la of a typical bunt with oopper witea, to show the white-hot particles 
shot ont 
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A Study of ike CaUdyna by Nichd of the Utwm of Hydrogen and 
Oxygen by a New Method, 

Bjr D B Httohks, B A., and R C Bxvam, B,A. 

(Conmnuuoated by D L Chapman, F R 8 —Received August 3,1927 ) 

D L Chapman, J E Ramabottom and C O Trotman* have shown that 
silver which has been heated to dull redness in oxygen is distinotiy inferior as a 
catalyst for the reaction between hydrogen and oxygen to silver from which 
all the dissolved oxygen has been removed To explam this fact they advanced 
the working hypothesu that silver which contains more than a given concentra¬ 
tion of dmolved oxygen is covered on its surface with an oxide which is not 
reduced under the conditions which obtam during the process of catalysis 
In order to test the theory the catalytic activity of a comparatively easily 
oxidised metal, namely nickel, has been investigated The mvestigataon has 
led us to the discovery of a simple and delicate method of testing whether a 
metaUio surface is covered with a layer of oxide This method depends on the 
fact that a hot metal imparts less enei^ to a gas molecule (especially a hydn^n 
molecule) reflected from its surface than that communicated to the molecule 
under corresponding oonditiona by the oxide of the metal It is our mtention 
to apfdy the test to a silver surface m the oxidised and m the reduced state 
We shall show m this commumcation that when a polished surface of mckel 
IS brought mto contact with a mixture of oxygen and hydrogen at the lowest 
temperature at which the combination of the gases can be detected it becomes 
completely covered with a film of oxide (so thm that no alteration m the 
appearance of the surface can be detected) m a few seconds. The properbes 
of these films formed under varying conditions have been examined, and tiieir 
thickness measured The ease with which the films are formed renders the 
hypodiesis that the mechanism of the process is the combmatum of oxygen 
with hydrogen condensed on the surface of the metal untenable 
So far as they cover the same ground, the results obtained by us with nidkiel 
m a compact fonn ace m sabsfaotory agreement both with tiioae pub^shed in 
1906 by W A. Bone and R V. Wheeler,f and with those furnished by several 

« ‘Bdy.8oo.nN>o.,’ AvoL107,p.02(lltt6). 
t ‘Phil. Tmos..* A Td. aoe, p. 1 (19M). 
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recent investigations conducted under very different conditions with nickel 
oxide and powdered nickel * 


Expenmental. 

The apparatus was very similar to that used by Chapman, Ramsbottom and 
Trotman (loc cU ), the chief difference being m the arrangement and dimensions 
of the reaction vessel and the wire The vessel was a horizontal glass tube of 
2 Soins mtemal diameter and 20 cius long The mckel wire which it contained 
was 30 26 cms long and 0 0268 eras in diameter The ratio of the volume of 
the oxygen container to the volume of the reaction chamber, the McLeod gauge, 
the condensers and the connecting tubes was 0 1702 
When the wire is heated to dull redness in a vacuum or m hydrogen the metal 
volatilizes on to the inner surface of the reaction chamber When mercury 
vapour IS excludcil from the chamber, as it was in our experiments, this film 
IS very reactive, and steps roust be taken to avoid errors due to its presence 
Fortunately the film does not catalyse the umon of hydrogen and oxygen at the 
temperature of the laboratory, although it will do so at a temperature of about 
30“ C It will, however, combme with oi^gen, and therefore the deposited metal 
must be thoroughly oxidized before an experiment is performed These 
splashed films have been found to be exceedingly troublesome One of 
platinum, so thin that it cannot be seen, will bring about the rapid umon of 
hydrogen and oxygen at the temperature ol the laboratory For this reason 
experiments with platmum wire must be conducted in the presence of mercury 
vapour which “ poisons ” the film 

The precautions taken to ensure the punty of the gases were the same as those 
employetl by Chapman, Ramsbottom and Trotman 

The selection of experiments taken from the laboratory note-book, and 
quoted below, contam only one example of each type 
The observations made m the first two expenmeiits suggested the method of 
mvestigation subsequently adopted 

Ex'penmenta 1 ond 2 —In Experiment 1 the wire, after it had been reduced, 
was heated m hydrogen at a pressure of 47960 x 10~' mm with currents 
of varymg magmtude, and the corresponding fall of potential determined 
Experiment 2 was conducted in the same manner as Experiment 1, except that 
the gas in which the wire was heated was a mixture of oxygen and hydrogen m 

* Pease and Taylor, ‘ J Amer C!heni Socvol 43, p 2179 (1921), and vol 44, p. 1637 
(1922), Benton and Emmett, ibxd, vol 46, p 2728 (1924), and vol 48, p 632 (1926), 
Lonon and Smith, , vol 47, p 346(1926) 



Catalya%8 hy Nickel of Union of Hydrogen and Oxygen 108 


the ratio of 0 1702 1 at the same total pressure, namely, 47960 X 10~* mm 
The results are recorded below 


Cnrrent In amperes 
Resutanoe in ohm« of wire 

0 fie 

0 68 

0 no 

0 H2 

0 64 

0 66 

0 68 

0 70 

in hydros 

Iteustanoeln ohms of wire 

0 830 

0 88A 

0 oeo 

1 lOfi 

1 230 1 

1 300 

1 640 

1 066 

in mixture 

■ 


0 736 

0 7(16 

0 706 

0 836 

0 800 

0 970 


It IS obvious from the above readings that the same current raises the 
temperature of the wire much more when it is m hydrogen than when it is in the 
mixture Since the thermal conductivity of hydrogen is greater than that of 
oxygen, it was probable that the surface of the wire was in a very different 
condition in the two expenments, although we could perceive no difference in its 
appearance It was concluded that in the mixture the surface of the wire was 
oxidized To dotenmne whether this conclusion was correct, and, if so, 
whether the wire which was being heated m the mixture was completely covered 
with oxide, the following comparisons were made 
Expenment^i 3, 4 and 6 - In Experiment 3 the wire was previously heateil in 
hydrogen 

In Experiment 4 the wire was previously heated in a mixture of oxygen and 
hydrogen at a temperature well below that of combination 
In Experiment 6 the wire was previously heated m oxygen until it hail become 
visibly oxidized 

In each case the wire was subsequently heated in hydrogen at a ]irc88ure of 
12910 X 10“* mm, and the resistance determined The results are recorded 
below 


Current in amporeii 

0 30 

0 32 

0 34 

0 36 

0 38 

0 40 

0 42 

0 44 

Rpiifitance in ohms. Ex 
penment 3 

0 680 

0 710 

0 776 

0 840 

0 908 

1 000 

1 106 

1 246 

Resistance, Experiment 4 

0 606 

0 628 

0 666 

0 600 

0 726 

0 766 

0 810 

0 K86 

RoHistanoe, Experiment 6 

0 606 

0 626 

U 660 

0 680 

0 710 

0 780 

0 806 

0 878 


It is clear that for a given current the temperature of the visibly oxidized 
wire 18 the same as that of the wire which had merely been heated in the mixture 
of hydrogen and oxygen, whereas the nickel which had not come into contact 
with oxygen was, in the same circumstances, at a much higher temperature 
The obvious conclusion to be drawn from the measurements is that when 
mckel IS gently heated in the mixture of gases it becomes completely covered 
with a layer of oxide, and that on the average a hydrogen molecule which comes 
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into contact mth the oxide aurface and then escapes removes more energy 
than a hydrogen molecule escaping from the metal surface at the same 
temperature 

A aurface which haa been coated with oxide by gently heating it m oxygen 
or m a mixture of oxygen and hydrogen at a temperature not above that at 
which the syntheaia of water can ]uat be effected in its presence will be referred 
to below as a thinly oxidized wire 

The difforencea between the coefficients of radiation of nickel, thinly oxidized 
mckel, and visibly oxidized mckel is not so pronounced as the differences between 
the amounts of heat removed from the respective surfaces by hydrogen at a 
low pressure This is shown by the results of Experiments fi, 7 and 8, in which 
the wire was heated tn vacuo 

ExfcnmenU 6, 7 and 8 —In Experiment 6 the wire was reiluced in hydrogen 
and the absorbed hydrogen removed in a vacuum 

In Expenment 7 a thinly oxidized wire was used, and in Expenment 8 the wire 
was visibly oxidized 

The results obtained when the wire iii the different states was heated m a 
vacuum arc tabulated below 


Curroiil in amperes 

0 30 

0 32 

0 34 

0 36 0 38 

0 40 

0 42 

0 44 

Resutance, Pxpenment 6 

0 966 

1 040 

1 140 j 

1 860 1 360 

1 400 

1 600 

1 096 

Resutance Kxpnnmont 7 

0 006 

0 090 

I 080 

1 160 1 270 

1 376 

1 611 

1 620 

Bosutance, Kxperiment 8 

0 886 

0 046 

I 030 

1 080 1 216 

1 340 

1 486 

1 68.7 


It will bo seen that the heat radiated from the visibly oxidized wire is not 
the same as that radiated from the thinly oxidized wire Thu shows that the 
coefficient of radiation depends on the thickness of the oxidized sheath This 
u m contrast with the average heat removed from the surface by an escaping 
molecule of hydrogen which depends, as the previous expenment shows, solely 
on the nature of the actual surface The result u not siirpnsing, smee radiant 
energy can probably penetrate thin layers of an oxide 
At thu stage the resutance of a wire of the same length and diameter was 
determined at temperatures ranging between 18° and 320° The wire was 
wound into a coil round the bulb of a thermometer which was heated m a bath of 
paraffin At temperatures above 214° the thermometer and coil were enclosed 
in a narrow glass tube, which was immersed in a molten mixture of potassium 
and sodium mtrates The values obtained for the resistances agreed qmte well 
with those calculated from the resistivity of mckel determmed by Schofield.* 


‘ Roy Soo Proo ,’ A, vol 107, p 206 (1926) 
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The values of the resistance thus found, together with the results of Experi¬ 
ments 3 to 8, we(re used to calculate the so-called accommodation coefficient* 
of hydrogen m contact with the respective surfaces At a temperature of 164° 
(the room temperature being 14°) the accommodation coefficient of hydrogen was 
found to be— 

In contact with mckel 0 26 

In contact with oxidized mokel 0 48 

From a separate senes of expenments the accommodation coefficient of oxygen 
in contact with oxidized mckel was found to be 0 96 The value found for 
hydrogen m the presence of nickel is of the same order of magmtudc as that 
determined by other observers for the same gas m contact with most other 
metals, except platmum In contact with platinum the value is somewhat 
lower t It will be seen that as the value of the accommodation coefficient of 
hydrogen at the surface of the oxidized metal is almost twice as great as its value 
at the surface of the metal, the determination of the constant provides a dehcate 
test for the presence of an oxide film on the metal If, as the above expen- 
ments indicate, mckel which has been used as a catalyst for the union of 
hydrogen and oxygen is completely covered with a coatmg of mckel oxide, 
the rate of formation of water in contact with such a surface ought not to differ 
appreciably from the rate m contact vnth the visibly oxidized metal under the 
same conditions Expenments were performed in order to see if this is the 
case 

Fxpmments 9 ond 10 —In Experiment 9 the wire was thinly oxidized and in 
Experiment 10 visibly oxidized The pressure and composition of the gases 
used m both expenments was the same In both expenments the temperature 
of the wire was kept as nearly as possible at 232° C In Experiment 9 the 
mitialrate of fallof pressure was 131 x 10~*mm per mmute, and m Elxpenment 
10, 134 X 10~* mm per minute In other experiments the agreement was not 
BO good, but we could obtain no evidence that the observed differences were 
due to a difference in the thickness of the films 
Some expenments were next performed on the rate at which a reduced wire is 
oxidized when it comes mto contact with the standard mixture of oxygen and 
hydrogen at the temperature at which the gases will combme at a measurable 
rate 

Exfenmmt 11 —The oxygen reservoir was filled with oxygen at a pressure 
• The ratio of the heat removed from the suifaoe by an escaping hydrogen moleoule to 
that which ehonld be removed if the moleonle had acquired the temperature of the surface 
t Soddy and Berry ‘ Koy Soc Proc A. vol M, p 676 (1911) 
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of 44900 X 10~‘ mm, and the reaction chamber was filled with hydrogen at 
the same presaure The temperature of the wire was raised to 232^ and the 
oxygen enclosed m the reservoir was then admitted to the reaction ohamber, 
the heating current being mamtained constant at 0 66 amperes The tempera¬ 
ture of the wire fell in less than one nunute to 102°, showing that its surface was 
very rapidly oxidized At the end of the minute the heating of the wire was 
discontinued and the apparatus exhausted The following experiment shows 
that the wire was completely oxidized 

Expentnent 12 —The reaction chamber was filled with hydrogen at a pressure 
of 48200 X 10”* mm , and the temperatures of the wire determined when it 
was being heated with currents of different magmtudes The oxide on the wire 
was then reduced, and determinations of the temperature made under corre¬ 
sponding conditions Two readings obtamml with a well-oxidized wire are 
given for comparison 


Current In am pore* 

0 66 

0 68 

0 00 

0 62 

0 64 

Temperature of oxidiced wire 

1 100 

108° 

116° 

127° 

137' 

Temperature of well ozidixod wire 



110° 


162' 

Temperature of reduced wire 

233 

253° 

280’ 

317° 

335' 


A wire which had been in contact with oxygen at the temperature of the 
laboratory for a short time only was next examined 
EzpenmerU 13 —The rerluced wire was heated to redness in a vacuum with the 
pumps nmmng to remove occluded hydrogen The wire was allowed to cool, 
and oxygen admitted to the reaction cbamlier until the pressure was 
109600 X 10~* mm, and the apparatus was then rapidly exhausted The total 
time dunng which the wire was exposed to oxygen was less than four minutes 
A comparison of the following measurements with those made above shows that 
the surface of the wire was almost as completely oxidized as it was after the 
treatment to which it was subjected m the last experiment 

Current m amperes 05« 068 060 0 02 064 

Temperature 116 122° 129' j 140’ 167° 

When the oxidized surface is reduced in hydrogen at a moderate temperature, 
the surface exhibits the properties of an oxide dunng most of the tune the 
reduction is proceeding In the last stages of the process the surface changes 
rapidly from oxide to metal A comparison of the results of the two following 
experiments, performed at widely different temperatures, will show that this 
18 the case i 
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Experiment 14 —A wire oxidized by heating it for 30 minutes m the standard 
mixture of oxygen and hydrogen at a temperature of 170° was reduced m 
hydrogen at the usual pressure of 48200 x 10~* mm with a current of 0 60 
amperes The results are tabulated below 


Time in huon 

0 26 

2 26 

6 40 

16 I 

17 

17 76 

18 60 

20 

S3 

25 

Temperatnre of wire 

116“ 

117“ 

117“ 

117“ 

120“ 

124“ 

129“ 

132" 

276’ 

277“ 


The contmuous fall in pressure durmg the first 17 hours was 1100 x 10'* mm, 
and the total fall of pressure 3900 x 10"* mm, showing that considerable 
reduction of the oxide occurred before oven a small portion of the surface was 
metallic The fall in pressure would not account for an appreciable fraction of 
the nse in temperature 

Experiment 15 was performed in the same manner as Elxpenment 14, except 
that the current employed to heat the wire was 0 68 amperes 


'Rme In hnun 

0 26 

1 j 

2 

3 

3 60 

4 

4 60 

4 66 

4 60 

Temperature of wire 

160“ 

162“ j 

162“ 

106“ 

169“ 

173“ 

220“ 

263“ 

336“ 


The last two experiments show quite clearly that the reduction does not 
start all over the outer surface of the oxide him Either the hydrogen pene¬ 
trates the oxide film and the reduction takes place at the inter-face of the metal 
and the oxide, or the reduction starts at nuclei and the tiny specks of metal grow 
in size, at the same tune penetrating the oxide film and expanding over its 
surface Of the two alternatives, the former seems the more probable when the 
film 18 thin ** 

The thickness of the coating of oxide formed on the wire m various ways 
was determmed The measurements were made by two methods In the 
first method the oxidized wire was heated m hydrogen, and the fall in pressure 
measured In the second method a known amount of oxygen was admitted to 
the reaction chamber, which contained a reduced wire from which all the 
occluded hydrogen had been removed, and the disappearance of oxygen 
determined In order to make these determinations, measurements of difference 
of level of mercury in the balance tube of the McLeod gauge, varying between 
6 mm and 18 mm m a total column of 200 mm , had to be read The errors 
made may therefore amount to as much as 10 per cent The film formed by 
bringing reduced mckel into contact with oxygen at the temperaturd* of the 
laboratory, assuming it to be uniform, was found to be 3 X 10~^ cm f m 
• F«fe Pease and Taylor (toe eil) and Palmer, ‘ Roy Soo Proc.’A.vol 101, p 452(1**23) 
t One film having a thickness of only 1 2 x 10~* cm was prepared 
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thickness That formed by causing oxygen and hydrogen to oombme m contact 
with the metal was of about three times the thickness The thickness of 
visible films is much greater, being of the order of a wave-length of visible light * 

Pease and Taylor have shown that water is formed much more rapidly by the 
interaction of copper oxide and hydrogen than by the interaction of copper 
oxide, hydrogen and oxygen at the same temperature, and Benton and Emmett 
and Larson and Smith have demonstrated that the same phenomenon is 
exhibited by mckel oxide We have confirmed the latter observation. When 
a wire which is visibly oxidized is heated to a temperature of 260° m hydrogen 
at the standard pressure used throughout this research the rate of fall of 
pressure is ten times as fast as that observed under the same conditions of 
temperature and pressure when the gas used is hydrogen mixed with one- 
seventh of its volume of oxygen Furthermore, the reduction of the oxide film 
by hydrogen can be detected at a much lower temperature than the catalysis 
of the union of hydrogen and oxygen by the same surface 

Our best thanks are due to Mr D L Chapman, F R S , at whose suggestion 
the work was undertaken, for the help we received from him, and to Mr W H R 
Bird, who carried out some of the preliminary experiments 

* Thene thick coloured films (eepecisUy those formed on copper) have been the subject 
of numerous mvoetigations Some of the moat recent of these are —W G Palmer, ‘ Boy 
Soc Proc ,’ A. rol 101, p 175 (1922), and vol 103 p 444 (1023), C If Hinsbelwood, 
dud.vol 102, p 318 (1923), J 8 Dunn, tbtd, vol 111, p 210 (1026), F H Constable 
f J Chem Son p 1578 (1027) There ui considerable difference of opinion oonoeminu 
the structure and mode of formation of tho films vide ,T S Dunn (loc rii ) 
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The Average Energy of Dteintegratwn of Radium E 
By C D Elus, Ph D , Lecturer m the University of Cambridge, and W A 
WoosTKB, B A , Charles Abercrombie Smith Student of Peterhouse, Cambndge 

(Oommnnioated by Sir Ernest Kutherford, 0 M , P B S —Beceived August 3, 1927 ) 

The problem of the velocity of the particles emitted from the nuclei of dis 
integrating radioactive atoms has always attracted considerable attention 
It was early established that in the case of the x-rays all the particles from one 
substance were emitted with the same velocity, and the latest experiments of 
Bnggs* have emphasised the high degree of homogeneity attamed This 
result, showing that each disintegration involves exactly the same emission of 
energy, is easily reconcilable with our general ideas of the radioactive processes, 
and, as is well known, there is undoubtedly some connection between this 
characteristic energy and the mean life of the body 

The behaviour of the ^-ray bodies is in sharp contrast to this In place of 
the a-particles all emitted with the same energy, we find that the disintegration 
electrons coming from the nucleus have energies distributed over a wide range 
For example, in the case of radium B this contmuous energy spectrum formed 
by the disintegration electrons has an upper limit at 1,060,000 volts, rises to a 
maximum at 300,000 volts, and contmuos certainly as low as 40,000 volts, and 
similar results have been obtamed for other ^-ray bodies If this result is 
mterpreted as showing that different disintegrating nuclei of the same substance 
emit their dismtegration electron with different energies, we must deduce that 
in this case the energy of dismtegration is not a characteristic constant of the 
body, but can vary between wide limits Many workers have considered this 
to be so contrary both to the ideas of the quantum theory and the definiteness 
shown by radioactive disintegration that they have asserted the mhomogeneity 
must be a result of some secondary process, such as collision with the extra- 
nuclear electrons or emission of general y-radiation, and that although we 
cannot observe them before they become inhomogeneous, the dismtegration 
electrons are actually emitted from the nucleus with a defimte characteristic 
energy as m the case of the a-particles 

Such views are plausible and deserve careful consideration, but they meet 
with the great difficulty that it has up till now proved impossible to discover 
any evidence of the secondary effects which are presumed to produce the 
* ‘ Boy. Soo Froo ,’ A, toI 114, p 318 (1927). 
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observed mhomogcneity ()n a previoos occasion* we have discussed the 
secondary effects that might reasonably be expected to occur, and we showed 
that were these effects to be present with sufficient intensity to account for the 
inhomogeneity, then simple experiments would already have given direct 
evidence of their occurrence It was on these grounds that we concluded 
that the dismtegration electrons must be emitted from the nucleus with varying 
energies, however contrary at first sight this might appear to be to the general 
prmoiples of the quantum theory 

This conclusion is so fundamental for the whole subject of ^-ray dismtcgra- 
tion, and has been the occasion of so much controversy, that it is highly impor¬ 
tant to have more direct proof As will be described m the next section, it is 
possible to subject the two alternatives to a direct experimental test, and it may 
be stated at once that the result is such as to confirm our previous opimon and 
to show that the energy hberated at different disintegrations of atoms of the 
same kind varies withm wide hmits 

QeneroA Pnncifle of the Expenment 

For the purpose of testing whether m a ^-ray body every atom gives out the 
same energy on dismtegration, it is desirable to employ a radioactive body 
emitting ^-rays alone Such an example is found m radium E, and the following 
work was therefore performed on this element 

The ^-ray emission from radium E can be analysed by means of a magnetic 
field and the intensity of the rays of various energies detemuned by means 
of an ionisation chamber The result of such measurements is shown by the 
curve m fig 1 There are no groups of discrete energy as m the ordinary 
magnetic spectra owing to the absence of and it will be seen that the 

(lectrons may be said to form a contmuous energy spectrum extending from an 
upper hmit of 1,060,000 volts to values as low as 40,000 volts It has been 
established by Emel^usf that the number of electrons in this spectrum corre¬ 
sponds closely with the number of atoms duuntegratmg, and smee at each 
dismtegration one electron must be emitted from the nudeus, we can mterpret 
this curve as showing the distribution of energy among the dismtegration 
electrons when they have escaped from the parent atoms Up to the present 
time no other process by which radium E emits energy has been detected, so 
that there are a pnon grounds to believe this represents the total energy of 
dismtegration Smee we must assume each dismtegration to be independent 
* ‘ Vtoo Comb Phil Soo ,’ voL 22. p 849 (1926) 
t ‘ Proo. Camb Phil Soc vol 22, p 400 (1924) 
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of the other atoms present, we conclude that the energ 7 of disintegration is not 
a fixed oharaotenstio quantity To take the extreme cases, there are a few 



atoms emitting as much as 1,000,000 volts, whereas at the other end of the 
spectrum there are a few emitting only 4 per cent of this From this curve 
we can, following out this hypothesis, deduce the average energy of disintegra¬ 
tion, and we obtain a figure about 390,000 volte Now the average energy of 
dismtegration can be measured by another method entirely free from any 
hypothesis, namely, the heating effect of the p-rays This is most simply done 
by enclosing a source of radium E m a calorimeter whose walls are sufficiently 
thick to absorb completely the p*radiation If the heating effect is now 
measured and divided by the number of atoms dismtegrating perumt tune, we 
obtom the average energy given out on dismt^ration If this figure agrees 
with the value estimated from the distribution curve, 390,000 volts, then it is 
clear that the observed p-radiation accounts for the entire energy emission, and 
we deduce the corollary that the energy of disintegration vanes from atom to 
atom 

There is a sharp distmction between this result and that to be anticipated 
on the view that the energy of dismtegration is a charactenstic constant of 
the atom On this latter view, smee electrons are enutted with energies as high 
as 1,000,000 volts, the characteristic energy cannot be less than this figure, and 
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atoms which emit the slower electrons must get nd of their surplus energy m 
some other form It is well known that no large amount of penetratmg radia* 
tion 18 emitted by radium £, so that if this hypothetical surplus energy really 
does exist, it must be absorbed inside the calorimeter and will contnbute to the 
heating effect In this case the heating effect would be 2 6 times as great and 
would correspond to 1,000,000 volts per atom 

It will be seen that a measurement of the heating effect provides a umque 
distinction between the two hypotheses, since one predicts a value of 390,000 
and the other 1,000,000 volts per atom 

The experiment is difficult to carry out because large sources of radium E 
are not available and the heating effect is small, but owing to the great differ¬ 
ences predicted by the rival hypotheses, it is possible to obtain a deiimte result 
A further difficulty hes in determining the number of atoms disintegrating per 
second, and we obviated the necessity of knowing it by observing how the 
combined heat emission of the radium E and polonium varied with time From 
this we deduced the ratio of the mean energies liberated by the radium E and 
polomum and calculated the polonium energy from the energy of the a-rays 
We were never able to prepare a source entirely free from polomum, but this 
method could still be employed provided the amount of polomum imtially present 
was found This was done by an ordinary x-ray lomsation measurement 
Although the polomum was separated in the preparation of the radium E, yet 
we can consider it to have been grown from a pure radium E source provided 
we antedate the moment of preparation by an appropriate number of days 
If the a-ray activities of the source imtiaUy and about 20 to 26 days later be 
found, it 18 clear that since the growth curve of the a-ray activity depends only 
on the decay constants of radium E and polonium, we can calculate the time at 
which the source would have been pure radium E It is not necessary to know 
the absolute number of «-rays emitted, as only a ratio of a-activities is mvolved 

There are thus two types of measurement in this oxpenment, one of a small 
heating effect and the other of a fairly la^e a-ray activity The details of the 
apparatus used are described in the next two sections 

Expmmental Details 

Heating Measuretnent —The problem of measunng the heating due to the 
complete absorption of the ^-ray of radium £ presents difficulties. The rate of 
evolution is very small, and it is necessary to have a considerable thickness of 
material round the source In these experiments a thickness of approximately 
1 mm of lead was used and the heat capacity of the calorimeter was large 
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compared to the rate of heat evolution If the thermal insulation had been 
made very good, a considerable rise m temperature might have been obtained, 
but only after a long time It was felt that the accuracy depended more on 
bemg able to repeat experiments quickly than on any other feature, and as 
will be seen no special precaution was taken to reduce the heat loss but only to 
define the conditions so as to make it constant That it did remain constanl 
was verified by repeated cahbrations with a small glass tube containing a known 
amount of radium emanation The heat evolution m any experiment was 
then determined by mcasunng the steady temperature reached when the heat 
loss equalled the heat supply This steady temperature was reached in about 
3 minutes, and the small nse of temperature (of the order of 1/1000° C) was 
measured by a system of thermocouples attached to a low-resistance sensitive 
Paschen galvanometer 

After several trials the calorimeter which was finally used consisted of two lead 
tubes, 13 mm long and 3 6 mm diameter, each with 
a central hole of rather more than 1 mm diameter 
Each calorimeter fitted exactly into a thm outer 
sheath of silver, and were supported as diown in 
fig 2 (o) by two discs of mica A and B, which m 
turn were earned by the brass screw C fitting into 
an ebomte base DE The thermocouples were 
insulated by the thinnest mica possible, a sheet 
of the latter being attached to the calonmeter 
tubes by a very small quantity of soft wax The 
thermocouples were laid on this sheet of mica with 
a little wax at the junctions, and then another 
piece of mica laid on top and the whole pressed 
together with a hot iron • The two lead calon- 
meters were made as nearly alike as possible so as 
to minimise the effect of external variations of 
temperature on the difference of temperature 
between them In order still further to reduce 
these externally induced temperature differences, 
the whole calonmeter system was placed in a small cavity in a copper block, as 

* The temperature of the thermocouples may have been different to that of the lead tubes, 
but thu u (d no importanoe, since we do not require the abeednte temperatuze rise but only 
to have a reproducible deflection of some uurtrummit which registcn a defleeiion when the 
oalcrlmeters are heated, proportional to the temperature rise. That thk was the case Waa 
■hown by following the decay of radium emana^on enolceed in a small tube 
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shown in fig 2 {b) The top portion A of this block had two small holes of 
diameter ]uat greater than the internal diameter of the lead tubes and at such 
a distance apart that two small brass tubes of nearly the same diameter could 
slide smoothly from the holes in the copper block mto the lead tubes One of 
these brass tubes contamed the source of radium E and the other an inactive 
wire of the same thermal capacity These brass tubes were attached by 
means of two short lengths of thin glass rod to thn'ads attached to brass rods 
fixed into the ebonite block R By this means the brass tubes could be 
removed from the calorimeters and kept m the upper copper block without 
introducing thermal disturbances The function of the small glass rods was 
to eliminate any fiossible variation in the conduction down the threads owing 
to their touching the sides of the copper block at different points m different 
expenments The composite copper block, which was half an inch thick at 
its thinnest part, was housed in a wooden box lined with felt, and the system 
afforded good protections against external variations in temperature 

Whilst the a-rays of polonium are completely absorbed in the brass tube, the 
p-rays escape through it and are chiefly absorbed in the leail tube If this 
fact were to make the heating of the a- and p-rays not truly comparable, it would 
make the p-rays appear to have a greater heating effect relative to the a-rays 
than they actually have We have looked into this point carefully and it seems 
very unbkely that any error is oaused, since each part, including the sources, 
were made to fit very closely one in another, and the brass tubes were so thin 
as to give up their heat almost instantly to the lead tubes 

To avoid thermoelectric effects elsewhere in the circuit, a reversing key of 
special construction was placed immediately behind the calorimeter and the 
deflection measured was the difference in the galvanometer readings with the 
key in the two positions It was necessary to use a Paschen galvanometer of 
12 ohms resistance, working at a sensitivity as high as 30,000 divisions per 
microampere, and the sensitivity was measured several times in the course of 
each experiment by incorporating in the reversing key an arrangement for 
switching in a known small standardising current '* 

a-Bay MeamremetU - It has been mentioned that only a ratio of a-ray activi¬ 
ties was requued, and we used a simple ionisation chamber connected to a high- 
res]Btanc6 leak The wire source was mounted with its length parallel to the 

* A greatly enhanced accuracy woe obtained both m the galvanometer readings and in 
the electrometer readings of the a ray activitv by use of a Cambridge Instrument Company 
carve tracer bought with a grant from the Qovemment Grant Committee of the Royal 
Society 
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plane of two gauzes fomung a shallow ionisation chamber, the latter being 
screened by an earthed gauze The source was capable of rotation about its 
axis, and measurements were always made for four orientations at 90° to one 
another, and the mean taken, m this way correotmg for unevennras of dis¬ 
tribution of the active material on the wire The source was placed farther 
from the ionisation chamber than the range m air at atmospheric pressure of 
the a-rs 3 ns, and to measure the activity the pressure was reduced,'and a senes 
of deflections of the electrometer at different pressures were observed, and a 
measure of the activity was obtained by taking the deflections corresponding 
to a fixed stoppmg power To be independent of the sensitivity of the electro¬ 
meter and the value of the high-resistance leak, this activity was expressed us 
a ratio to a standard polonium source This process was repeated after the 
radium E had nearly all decayed, and the ratio of the two activities enabled 
the time to be calculated at which the source consisted entirely of radium E 
With this arrangement, saturation of the ionisation was not attained, however, 
small changes of the appbed voltage did not alter the ratio, and in any case any 
error due to this cause would tend to give finally too large a value for the 
heating effect of radium E 

ExpentnetUal Procedure 

The source of radium E was prepared by olectrol 3 mis on to platmum or 
mokel wires 1 mm in diameter and 9 mm long, and immediately afterwards the 
a-ray activity of the polonium separated with it was measured It was then put 
into one of the small brass tubes of the heating apparatus and a similar inactive 
wire m the other These small brass tubes were then placed m the heating 
apparatus and held up in the waiting position m the copper block After 3 hours 
the disturbances due to mampulation had died away and the first heating 
measurement could be taken On any one day four measurements were taken, 
each m the following manner —First, the sensitivity of the galvanometer was 
determined, and then, with the brass tubes still lifted, the thermocouples were 
connected to the galvanometer and the residual difference of temperature deter- 
mmed The tubes were then lowered and the temperature difference, which 
after 3 minutes became steady, was measured On raising the brass tubes into 
the copper block the calorimeters cooled down, and in 3 minutes another measure¬ 
ment of the residual effect could be made The sensitivity of the galvanometer 
was then checked, and this whole procedure repeated for each of the four 
measurements made on any one day For a period of about 20 days the source 
was left m the brass tubes in the calorimeter and not touched m any way, and, 
during this tune, a suitable number of heating determinations were made 

I 2 
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After these were finished, the source was removed and the oc-ray activity again 
measured to find the growth of polomnm 

ExpenmetOal ReauUt 

The heating measurements obtamed in our best experiment are shown plotted 
agamst the time m fig 3a The radium E was m this case deposited on platmum. 
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The tune is measured from the moment when the source would have consisted 
of pure radium E, which, by the a-ray measurements, was found to be 2 days 
before the first a-ray measurement was made The heatmg efiects* are expressed 
m terms of the galvanometer defiection at a standard sensitivity of 10,000 mm 
per microampere, the actual deflections were about three times as great 
From the graph (fig 3a) it can be seen that the measurements extend over 26 
days, by which time the radium E will have fallen to 0 027 of its imtial value 
It 18 easy to estimate the initial value to be about 26 mm , and so it can have 
been at the end only 0 67 mm (see Table I infra) If we subtract this small 
quantity from the measured heating of 12 85 mm , we obtain the heating due to 
the polonium formed Extrapolatmg this backwards, using periods of 5 0 days 
and 139 daysf respectively for radium E and polomum, we obtain the lower 
curve, showing the heating due to the polonium The difference between the 
two curves must show the heating effect due to radium E, and it is a most 
important confirmation of the accuracy of our experiments that this difference 
shows an exponential decay with a penod of about 6 1 days This result is 
shown m fig 3b 

To deduce the heatmg effect of radium E wc proceed as follows — 

If at zero time there arc radium E atoms and no polonium, then after 
time t there will be Nj 5 Xse“*i‘ radium E dismtegrations, per second and 
NbX*Xp (e"*p‘ — ~ polonium disintegrations per second 

If * denotes the ratio of the energy given out at a polomum disiutegratioii 
to the average energy given out at a radium E disintegration, then at timp t 
the ratio of the heating effect of radium E to that of polomum is 

«-*•'/(- Xp)/a:Xp(c-*.‘ - e-*iO 

The curves m fig 3a enable z to be calculated by this expression, and then 
division of this quantity mto 6 22 x 10 ’ volts, the energy of disintegration of 
polomum, gives the heating effect of radium E The results of anal}rsing this 
expenment m this way are shown in the next table 


* The figures from which the curves of fig 3a have boon drawn are given in Table L 
t There u some doubt about the value of the period of polonium, but this ja of no impor¬ 
tance m this expenment, owing to the short duration and the final aeouraoy which is 
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Table I —Heating Effect of Radium E deduced from Curves of fig 3 


True age 

ToUl 

beating 

Portion due 
toPo 1 

Portion due 
to Radium K 

* 

Dhdntegration 
energy of 
Radium E 
in volts 

fs 

mm 

22 0 

3 68 

18 3 

16 4 

330000 

3 20 

20 8 

4 01 

16 9 

16 6 

337000 

3 20 

19 0 

6 00 

12 0 

16 6 

337000 

7 20 

17 8 

8 64 

U 2 

16 6 

336000 

11 20 

16 1 

10 03 

6 0 

14 6 

360000 

17 20 

U 2 

11 83 

2 4 

14 7 

360000 

20 20 

12 8ff 

12 18 

0 67 

10 1 

346000 


Considering the nature of the experiment, the agreement is excellent and 
shows that the energy of disint^ation of radium E cannot be much different 
from 344,000 volts 

Table II summarises our results with four different sources of radium E, 
the experiment already quoted in detail appearing as the -fourth entry The 
object of columns I, II and III is to provide a basis for comparing the different 
exjienments Column I expresses the amount of radium E present m “ equiva¬ 
lent milhgrammes,” by which is meant the amount of radium E which gives 
3 72 X 10^ disintegrations per second It will be seen from the amount of 
noatenal and the amount of polomum imtially •present that the accuracy in 
experiments 1,2 and 3 was not as high as in experiment 4 We estimate the 
accuracy of the first three expenments to be about 15 jier cent and of the fourth 
about 6 per cent We thmk it best to take the value from expenment 4 as the 
final result, with an overall accuracy of at least 10 per cent 


Table II —Mean Energy of Disintegration of Radium E 


Source 

I 

Amount of 
Radium E 

ri 

Age of source 

111 

Ratio nf Radium E 
heating to 

Po heating 

IV 

Meui 

disintegration 
energy of 
Radium E 


at time uf fint heatmg measurement 


1 

0 13 

days 

11 3 

0 60 

320000 


i 0 17 

3 3 

3 16 

420000 

3 

0 22 

12 

U 43 

320000 


1 02 

2 26 

6 1 

344000 
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The decay of the radium E sources were followed with an ordinary p-ray 
electroscope, and in each case it was found to be correct within 1 per cent, 
and it was not possible to obtain greater accuracy owing to the necessity of 
keejHng the source in the calorimeter However, a short consideration will 
show that this accuracy, while showing the punty of the source to a per cent or 
so, might still leave room for serious errors in the heating measurements If 
there is any radium O present, then we may imagine the equilibrium amount 
of radium E and polonium as separated from the rest of the material* and con¬ 
stant both in heating and a-ray activity, and these constant amounts will have 
to be subtracted from all measurements Now supposing 1 per cent of the 
radium E is kept constant in amount by growth from this radium D, the 
pqmvalent heating correction will be only 1 per rent, since the energy of 
the radium D disintegration is virtually negligible but the heating correction 
for the corresponding amount of polonium will be about 16 per cent, as will 
be seen from the value of the factor r in Table I 

We determmed the amount of radium D present by measuring the residual 
p-ray activity after all the free radium E hail detayeil For example, in the 
case of the last experiment which has been quoteil m detail, the source, measured 
66 and 96 days after its preparation, showed a resulnal activity of about 1 /400 
The corresponding constant correction to the heating turns out to be about 4 
per cent and to the age of the soiirci of a little more than half a dav These 
corrections have been applied to the results given 

The heating elTcc two have measured is that due to the radiations stopped 
by an eqmvalent of 1 2 ram of lead This is sufficient to absorb completely 
all the p-rays, but it is well knowm that raihum E, in addition, emits a small 
amount of y-radiation To complete the measurement of the total energy 
given out at a disintegration, it is necessary to know the energy escaping from 
the calorimeters This was c arried out for us by Mr Aston, and his results will 
lie publisheil in full very soon IIis method was as follows —From our heating 
measurements we calibrated an ordinary p ray electroscope m terms of “milli¬ 
grams ’’ of radium E (‘3 72 X 1U‘ atoms disintegrating jxr second), so that he 
was able to compare directly the ionisation penetrating 1 2 mm of lead from 
the same number of disintegrating atoms of radium PI, and of radium B and 
radium C respectively Since the penetrating power of the radium E ymya 
is mtermediate between that of radium B and radium C, the ratio of the lomsa- 
tion to radium B will give a lower limit and to radium C an upper limit of the 

* This clearly depends on the presence of a sufilciont quHntil\ u( polonium when thtt 
source was prepared, a condition which was always fultincd 
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ratio of energies emitted Approximate figures for the y-iay energies of radium 
B and radium C are known, and in this way Mr Aston obtamed a figure of 6,000 
volts per atom for radium E for the energy penetrating 1 2 mm lead As 
was to be expected, this amount of energy is virtually negligible in this con¬ 
nection, and no further discussion of the accuracy of this experiment is necessarj, 
although It has, of course, a very important lieanng on our view of the p-ray 
dismtegration 

Discussion 

The expi'riments described m this paper show that the average energy of 
disintegration of radium E is about *160,000 volts, and this energy is liberated 
in such a form that the major portion, 344,000 volts, is stopped by 1 2 mm lead 
and the remainder has an absorption coefficient m lead of 6 9 cm The 
interpretation of this result is simple The mam energy is dne to the disintegra¬ 
tion electrons, and the small extra radiation is probably continuous y-radiation 
of a relativeh hard type, emitted by a few of the disintegration electrons which 
suffer close collisions with the planetarj electrons in their escape from the 
atom 

It 18 not nc-cessary to repeat in detail the argument given in the introduction 
to show that this means that the same amount of energy cannot be given out at 
each disintegration, it is only necessary to refer again to fig 1, which shows 
the energy distribution among the electrons emitted by radium E The curve 
extends from 1,(MK),000 volts downwards, and if the same energy were emitted 
at each disintegration, then we must have found bv the heating experiment a 
value close to 1,000,000 volts, that is, 2 8 times the experimental figure The 
final accuracy has been estimated as being about 10 per cent owing to inherent 
difficulties in the experiment, but this is quite sufficient to decide the point and, 
m fact, it justifies a closer comparison between the heating result and the 
distribution curve, which wo shall now proceed to describe 

The curve shown m fig 1 is taken from some expenments of Mr Madgwick 
carried out in the Cavendish laboratory, and while there can be no doubt about 
the substantial correctness of the curve, leading as it does to the accepted 
absorption coefficient of the total p-rays from radium E, there is jet room for 
criticism in some details In the first place, the curve was obtained by the 
ionisation method, and to deduce the number of electrons emitted within a 
given range of energy it was necessary to make a correction for the variation 
of ionisation with energy This was earned out by multiplication of the results 
by p*, where p is the velocity in terms of the velocity of light This correction 
IS rough, but is in the nght direction No account has been taken of reflection 
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of tihe ^-particles inside the ionisation chamber, an effect which would tend 
to OTer-emphasise the faster particles Agam, owing to the necessity of covering 
the opening of the ionisation chamber with mica, slow electrons, if present, will 
not have been measured The hnal conclusion is that the curve of fig 1, leading 
to an average energy of 396,000 volts, is likely to be m error by giving too high 
a value for the average energy But there is another effect not concerned with 
the measurement which will work in the opposite direction We have assumed 
so far that only one electron comes from each dismtcgrating atom, but it is 
possible that the number may be slightly greater owing to occasional close 
collisions with a planetary electron, leading also to the ejection of the latter 
with a considerable energy This effect will not be large, although possibly of 
the order of 10 per cent, since a direct count of the number of electrons by 
Emel^us* gave a number 1 1 ± 0 1 electrons from each dismtegrating atom, 
and agam, the weak y-radiation which could be assigned to this cause is small 
in amount but yet penetrating, indicating a very small number of close collisions 
While an effect of this kind has no influence at all on the heating method of 
finding the mean disintegration energy, it will affect the deduction of this 
quantity from the distribution curve If this curve really contains 1 4- 5 
electrons on the average from each disintegrating atom, then the true average 
energy of the electrons emitted from the nucleus will be the average energy 
from the curve multiplied by 1 -f- 8 We sec that there is here a possibility of 
a correction of about 10 per cent However, even if the countmg measurements 
were carried out with great care, it would still be a doubtful procedure to apply 
this correction directly owing to the uncertainty, both m the counting and 
ionisation methods, of determining the number of slow electrons 

The above considerations clearly indicate that the electneal methods show 
that the average energy per dismtegratioii of the enutted particles is 400,000 
^oltB to within 15 per cent, and this is m good agreement with the average 
total energy of disintegration found by the heating method of 350,000 volts 
± 40,000 volts 

We may safely generalise this result obtained for radium E to all p-ray 
bodies, and the long controversy about the ongm of the continuous spectrum of 
P-rays appears to be settled 

We must conclude that in a p-ray disintegration the nucleus can break up 
with emission of an amount of energy that vanes wnthin wide limits This is 
a curious conclusion and one which has frequently been questioned when it 
was put forward on less seaire evidence on the grounds that the law of 
• Lnr eit 
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radioactive disintegration, the homogeneity of the a-raya and of the y-rays showed 
a defimteness m the nucleus quite at vanance with this indefiniteness of the 
energy of the emitted ^-particles There u, however, a simple hypothesis by 
which these facts can be reconciled 

The structure of the nucleus has been discussed by Rutherford on several 
ocoasicms, and recently* he suggested that there was “ a concentrated mner 
nucleus carrying a positive charge purrounded at a dutance by a number of 
electrons and then at a distance a number of neutral satellites circulating round 
the system ” The neutral satellites are considered to consist of an a-particle 
with two electrons bound very closely and are held m equilibrium by the 
attractive forces either due to the polarisation of the neutral particle by the 
cleotnc field from the charged central nucleus, or due to magnetic forces arising 
from the nucleus, or to a combmation of both types of force To a first approxi¬ 
mation wo may consider these three regions as distinct, and there is no reason 
why the outer satellite region should not be quantised, and so give the possibility 
of ejection of a-particles of definite energy, but yet the electronic region un- 
quantiswl in the sense that the electrons have energies varying continuously 
over a wide range We must, however, conclude that the y-rajs cannot bo 
emitted from this unquantiscd electron region The varying energy of the 
disintegration electrons and the high degree of homogeneity of the y-rays appear 
to make it quite impossible for the same system to be responsible for both 
emissions, whatever picture bo made of the stnicture of the nucleus This la 
one of the most important results of this work, because although pn>vtously 
wherever it was necessary we have for simplicity spoken of the y-rays being' 
emitted by electrons, yet on several occasions we have pointed out that there 
was no evidence to decide this point It appears now that what wc have called 
the electronic region of the nucleus cannot emit the y-rays, so that by eillusion, 
they must be emitted by what have been termeil the positive regions of the 
nucleus There is good reason to lielicvc the neutralised a-particles are in, 
quantised states, so that homc^eneous y-rays could be emitteil by them There 
are, of course, other possibilities, but at this stage it would be premature to 
discuss them t 

It IB interesting to enquire whether this picture of the free electrons ui the 
nucleus existmg in unquantised states is contrary to modem views At first 

♦ Rutherford, Outline Lecture, ‘ Phys Soc Proo vol 3tt, p 371 (1927) 

t Rutherford (* Phil Magvol 4, p 680, 1927) has pointed out that some recent 
Ihcoietioal work of Kuhn (‘ Zcit f Physik,’ xhii, p 60, 1927, xliv, p 32, 1927) mdioates 
that the homogeneity of the y rays is incompatible with their being emitted by electrons. 
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it would certainly appear to be so, but tbis is not neoesaanly the case 
For example, if we employed the orbit picture we might say that for a particle 
to be quantised it must be able to describe many complete orbits without dis¬ 
turbance, and in the confined region of the nucleus this is scarcely to be expected 
The heavier positive particles will be httle affected by the proximity of the 
electrons, but the converse will not be true If the outer neutral a-particle 
shell were distributed contmuously, wc might perhaps still expect the inner 
electrons to be quantised, but with discrete particles, even if they move in 
regular paths, we can scarcely expect undisturbed electronic orbits close to them 
This view of the unquantised electronic region is not contrary to the deimite- 
ness of the law of radioactive decay When we measure the decay of a sub¬ 
stance we are concerned with time intervals immensely long compared to those 
mvolved in the frequencies of rotation or movement of the component parts of 
the nucleus, and the final statistical result can well follow regular laws, whether 
the real life of the nucleus is entirely ordered or not We would go farther and 
suggest that in the region of {3-ray disintegration there seems to be now more 
hope of understanding why disintegration should ever occur The energy 
resident in the electronic part will fluctuate among the electrons, and occasionally 
at intervals, long compared with the ordinary time scale, the energy may heap 
up m one electron and lead to an explosion 

We wish to express oui thanks to Prof Sn Einest Rutherford for continual 
encouragement and help, and to Mr Aston for helping us m the troublesome 
preparation of the railium E sources and for mvcstigating the y-i’adiation of 
radium B We also acknowledge gratefully a grant (to C D E ) from the 
Government Grant Committee of the Royal Society, which defrayed part of 
the cost of apparatus used in this work, and also a grant (to W A W ) from the 
Board of Scientific and Industrial Research 
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The Elasticity of the Collisions of Alpha Particles with Hydrogen 
Nuclei 

ByP M S Blackett and E P Hudson 

(Communi(.at«>d bv Prof Sir E Rutherford, 0 M , P R S —Received 
August 3 1927) 

[Pf tTB 5 ] 

Introdudion 

The normal collisions between alpha particles and atomic nuclei are known 
from scattering experiments to be approximately elastic The only cases m 
which inelastic nuclear collisions have been established with certainty are those 
in which a proton is ejected from a light nucleus In the case of nitrogen this 
IS known to be associated with the capture of the alpha particle It is, however 
possible that inelastic nuclear collisions do occur, in which a nucleus is deformed 
but not disintegrated Smekal* has suggested the occurrence of inelastic 
collisions of this tyjie Again, it is possible that an appreciable amount of 
<*nergy might be radiated by the two rapidly accelerated nuclei dunng a close 
collision For although calculation shows that if the inverse square law is 
obeyed at all distances, the energy radiatol classically by the accelerated 
particles will be cxtrcmclv small (of the order of 10“* of the total kinetic energy), 
it might conceivably reach a detectable amount if the forces near the nucleus 
vary as a very high power of the distance The existence of such forces is 
required by the rigid ellipsoidal model of the alpha particle proposed by Chad¬ 
wick and Bieler t There is some experimental evidence of the excitation of 
radiation by the impact of alpha particles on matter J 

These vanous possibihties make the detailed study of the elasticity of nuclear 
collisions of considerable interest The use of the Wilson method for the 
purpose has been desenbed by Blackett § The method will be discussed here 
m greater detail and some new results will be given 


• ‘ Phya Z ,’ vol 27, p 383 (1026) 
t ‘ Phil Mag,' vol 42, p 923 (1921) 

} Chadwick, * Phil Mag ,* vol 25, p 193 (1013), Chadwick and Ruaaell, ‘ Roy Soo 
Proo ,’ A, vol 88, p 217 (1913), Slater, ‘ PhU Magvol 42, p. 904 (1921) 

I ‘ Roy Soc Proc ,’ A, vol 103, p 05 (1923) 
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Theory of Method 

Recently we have photographefl a large number of alpha-ray tracks m 
hydrogen Among the many forked tracks due to the colhsion of fast alpha 
particles with protons, several were found in which the proton is projected at a 
small angle with the initial direction of the alpha particle, and therefore with a 
very high velocity Not only can these particular photographs be measured 
with especial accuracy, owing to the tracks being very fine and straight, but the 
actual angles of the fork can be calculated from the measured angles with less 
than the usual error A track is fine if the ionisation per unit length of track 
is small, and it is straight if the number of nuclear deflections per umt length of 
path IS small Both these conditions are best fulfilled when fast particles of 
small charge pass through light gases The errors mvolved m the calculations 
are small because these errors, which arise from the residual lack of adjustment 
of the camera, decrease as the angles between the arms of the fork and the 
axis of the camera decrease Since in these nearly head-on collisions, malfmg 
forks of narrow angle, all these angles are comparatively small, the errors in the 
final angles arc likely also to be small These collisions, in which the alpha 
particle and proton approach extremely close to each other, are therefore very 
smtable for accurate study Of the tracks of this type photographed, only two 
possessed sufficient teohmeal merit for measurements of the highest accuracy 
to be earned out One of these forks is reproduced in Plate 6 
In this work, as well as m that already desenbed,* nomelastio collisions between 
alpha particles and protons have been observed Certainly among any group 
of collisions photographed, some are always found which are not apparently 
exactly elastic, but in no case has it been possible to establish that these dis¬ 
crepancies are not due to an instrumental effect A collision will appear to be 
inelastio if, for instance, the track of one of the particles is deflected, even very 
shghtly, by a second nuclear collision, close to the mam one Then neighbourin g 
tracks may cause a mutual distortion during track formation, as is shown m a 
very striking way by some photographs taken by C T R Wilson f Agam, the 
errors mvolved m the calculations may take large values under certam ciroum- 
stanoes. Tracks distorted by these instrumental errors can, however, in general 
be excluded from consideration, since they will fail, except by acadent, to 
satisfy the test for coplananty of the three parts of the fork A fork ctm only 
depart from real coplananty if there is a transference of momentum to a third 
body or to radiation In the former case the track of the third body must be 
* Blackett, loe. eW . and ' Boy Soc Proo A, ved 107, p 349 (192fi) 
t ' Free. Camb. Phil Soc vol 21, p 405 (1022) 
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observetl In the latter, owing to the small momentum of radiation associated 
with given energy, it can be shown that as much as 60 per cent of the total 
energy must be lost by radiation before the angle <J; between the stem and the 
plane through the other two arms of the fork reaches a value of 1° No fork, 
representing an approximately elastic collision, can therefore be considered as 
technically good unless it is coplanar 

In view of this argument we will assume that the total momentum of the two 
particles is the same before and after the collision If M, V and v are the mass, 
imtial and final velocity of the alpha particle, if m and u are the mass and 
final velocity of the nucleus, and if <ft and 0 are the deflection of the alpha 
particle and angle of projection of the nucleus, we have 
MV = M« cos ^ cos 6, 

O = M« sin ^ — »*« Bin 6 

If we assume that the kinetic energy after the colbsion is onlv a fraction e of 
its value before we ha% e 

eMV* = Mt# + »MH» 

The energy lost during the collision will bo (1 — c) K, w here K = ^MV* From 
these equations we find, by eliminating the velocities, 

e = (sin* 0 4 - (M/»») sm* ^)/sin* {<ft + 0) (1) 

When e = 1, this reduces to 

m /M = sin ^/sm (20 + ^) (!') 

For any collision for which, by the measurement of the Wilson photographs, 
^ and 0 are known, the fraction e can be evaluated, since the ratio of the masses 
of the coUiding particles is m general known exactly If, to anticipate the 
experimental results, the values of c so obtamed differ from umty by less than 
Idle experimental error, we conclude that the energy lost, if any, is too small to 
be detected by this method If Ae is the average error in a single determination 
of e, and if we assume that we can detect an energy loss corresponding to twice 
the experimental error, then we will be able to detect an energy loss of 2E Ae 
The problem of determining the least loss of energy that could be detected 
reduces, therefore, to the estimation of As 
If the average random errors S^, 80, m ^ and 0 can be estimated, the average 
error m e can be found from the relation 



(2) 
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which with (1), when gives 

^ ^ sin T ^ +' G ) ““ 2^ - «n 2 {.^ + 0)}*S^» 

+ {sm 20 - Mil 2 (^ + e*)}*«0*] (3) 

If, however, a considerable number n of photographs of fitntlar collisions are 
available, we can dispense with independent knowledge of the errors of ^ and 0, 
and can take Ac to be equal to the mean deviation of all the values of e from their 
arithmetic mean Since the average error of the arithmetic mean is Ac/Vn^ 
we can as before take the least detectable energy loss as twice this, that is, 

2 Ae/V^ n 

From a physical point of view it is more significant perhaps to express the 
least detectable energy loss as a fraction, not of the initial energy of the alpha 
particle, but as a fraction of the energy E', transferrwl during the collision to 
the nucleus Since 

<*> 

the fraction 2 Ae E/E', which expresses thi least detectable energy loss, can from 
(3) and (4) be expressed as a function of 0, since ^ is given as a function of 6 by 
(V) It 13 found that the reciprocal of the fraction has a fiat maximum at about 
9 = 30®, and becomes sero for 0=0“ and 90“ The two forks under con¬ 
sideration are therefore both of a favourable type for determination of an 
energy loss The second, for which 0 =- 31“, is of the most favourable type 
obtainable 

Results 

The results for the two forks are given in the Table In columns 1 and 2 
are given the values of 0 and 0, calculated from three independent sets of measure¬ 
ments of each photograph Column 3 gives the angle <{; between the stem of 
the fork and the plane through the two arms (See note below ) It will be 
seen that for the second track i|i has a value comparable with the experimental 
error of an angle measurement This fork is therefore coplanar mthin the 
limits of experimental error This angle is not given for the first collision, as 
one o£4he two photographic images showed the fork almost exactly “ edge on ’ 
'The fork could be seen by inspection to lie approximately coplanar The 
angle could not, however, usefully be calculated, smee the arms of the fork 
m this image were too close together to be accurately measured This does 
not, however, affect the accuracy of ^ and 0, since when one image gives an 
" edge on ” view, these angles depend essentially only on the measurements of 
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Table 



I 

2 

8 

4 

5 

0 1 

7 

Track 

* 

9 


< 

Js 

2Js,E 

“•I- 

1 

• { 

10 13 
10 11 
10 13 

IS 57 
17 4 

17 0 

= 

1 00651 

1 0020 }• 1 0047) 

1 0055j (0 0047) 

0 0052 

volts Xu 

85.000 0 15 

1 

Iff 

“ { 

14 16 

14 4 

14 12 

31 4 

31 4 

31 2 

0 0 

0 7 

0 10 

1 0029') 

0 9968 )■ 1 0002 

1 0010J (0 0024) 

0 0031 

51,000 0 24 

1 

76 


NoU OM (he TeHfar Ooplanarttff 

Jt (a, i), {a', 6'), and (s', &*) an the an^ea between the axis and the rectangular ptojeofaon 
on the two planes ai the stem of the fork, and of the two arms of the fork, reapeoUTely, then 
theoo-onlinatesof the points of interaootion of the three lues with the planer aa 1 a»(taD 0 >. 
tan 6), eto (Blackett, ‘ Roy Soo Proo A,toI 103, fig 8, p 71(1923)) Thethieeparts 
of tiu fork will be ooplanar if the three points are colUnear, that is, wnting a for tan a, etc,, 
for aini{diaity. if 

(o - oOAo' - o') - (6 - 60/(6' - 60 

If they are not ooUinear, the perpendlonlar distanoe P of the one pout (a, 6) froaa tlw 
line through the other two points is 

„ (o - oQ (6' - 60 - (6 - 60 (o* - oQ 

V{( 6 '- 60 *+ («'-«')•} 

If the anglee of the stem are small, as in practice they are, P equals the angle if in radiana 
between the stem and the ^ane thioogh the two arms 

tile otiier image Column d givea the valnea e calculated from (1), for each 
determination of ^ and 0. The mean value of the three detemninations for 
each track la also given, and m braokete the mean valoe of (1 — e) 

Since previons testa of the camera* -with an artificial trade gave a mean 
error m ^ and 0 of abont 10' of arc, and amoe, for the reasons mentkMied, these 
two Hacks are especially sutable for aocorate measurement and reduction, ire 
judge that the errors here are less than tiiis, to be, m fact, about 6' of arc. 
We estimate the error of measurement of the |fiiotographa to be about 
S' of sro, the remaining error being due to lade of adjustment of the oamera. 
If we aasume, then, that 8^ s SO » 6', we find from (3) the values of ds givea 
* loe. 00. 
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in odwnn 6 A oompurutm of columns 4 and 6 sliowa tihat the ocdliaums are 
elastto within the limits of experimental error A ioii|^ cheek on these e^- 
mated errors can be obtamed by taking all six determinations of e as independent 
The mean value of I e — e. | is found to be 0*0026, that is, somewhat smaller 
than the error estunated above This is what would be expected, smce aotnally 
the three detennmations m a set are only partially mdependent, the errdfkoi 
measurement are mdependent, but tiie camera errors are not 
In column 6 is given the values of the quantity 2 Ae E, which represents Ike 
energy loss that would have been detected if it had occurred This vi expressed 
both in electron volts aild as the wave-length of a quantum of radiataon of the 
same energy The ttiergy of the alpha particle is taken as 1 S 10~‘ ergs, t e , 
8 million electron volts Ikis is the energy of an alpha particle of velocity 
2 10* cm sec and of range 7 9 cm in air The source of alpha partacles 
consisted of Th B and C, this source gives a mixed beam of 66 per cent 8*6 cm. 
particles and 36 per cent 4 9 cm particles The gas in the chamber consisted 
of 90 per cent hydrogen and 10 per cent oxygen, and the respective mean 
ranges m the chamber were 7 9 and 4 4 cm The probability that both forim 
were due to the fast and not to the slow alpha particles is very high, since 
Chadwick and Bieler* have found that the probability of the occurrence of this 
type of collision is very much greater for the 8 6 cm particles than for the 4 9 
cm particles 

In column 7 is given the least detectable loss of energy expressed as a fraction 
of the final energy of the proton 


Conclusions 

The study of the two best photographs obtamed of the close collisions of 
alpha particles with protons has shown that the collisions are elastic withm 
the limits of experimental error It remains possible that inelastio ooUinons 
between alpha particles and protons also occur, but that merely none such have 
yet been photographed 

A consideration of the errors of measurement have shown that if, m the first 
of these two tracks, any kinetic energy is lost, it must be leas than 86,000 
electron volts, or, in the second, less than 51,000 electron volts If a quantum 
of radiation is emitted during the collisions, the wave-lengths cannot b^leesthan 
0*16 and 0 24 A U respectively. 

The least detectable loss of energy expressed as a fraction of the final eneigy 


von. oxvii —A 


* Loe fU 
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of the proton u found for the second and most favourable track to be as low 
as 1 per cent This corresponds to a 4 per cent alteration m range 

The probable error m an angle determination is estimated at about 6' of arc 
We consider that it should not be impossible to halve this figure, by using special 
care to elimmate the camera errors, leavmg only the error due to the lack of 
perfect straightness of the tracks This error appears to be of the order of 3' 
of arc An accuracy of about double that given above must therefore be 
considered as about the limit of which the method is capable, when apphed to 
a single fork If, however, a number n of similar forks were available, the least 
detectable loss of energy might be reduced agam by the factor \/n, in accordance 
with the theory of the error of the arithmetic mean 

Eqmvalent accuracy should be obtained for the coUisions of alpha particles 
with helium atoms, but only a much smaller accuracy is to be expected for 
collisions with heavier atoms such as nitrogen, owmg to the lack of straightness 
of the tracks of the heavy atoms due to their low velocity and large charge 
This IS unfortunate, as it is with such nuclei rather than with the exceedingly 
stable helium nuclei that inelastic oolbsions of the type discussed by Smekal 
might be expected 

Part of the expense of this work has been borne by a grant from the Caird Fund 
of the British Association for the Advancement of Science 
We wish to express our gratitude to Sir Ernest Rutherford for his encourage¬ 
ment throughout the work 
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The Relative Stability of Nitrous Oxide and Ammonia in the 
Electric Discharge 

By W K Hutchison and C N Hinshblwood 
(Communicated by H Hartley, F R S —Received August 4, 1927 ) 

Reactions in gases can be brought about thermally, photochemically and 
electncally, as well as by the passage of a-particles, which may be regarded as a 
special case of the electneal method There is a good deal to be said for the 
view that m certain simple kinds of thermal reaction the molecules are activated 
by impacts of sufficient kinetic energy No connection, however, appears to 
exist between the mechanism of thermal activation and that of photochemical 
activation Energy imparted to ilectrons by light quanta is uneconomically 
employed as far as chemiral effect is concerned, and the quanta of photo¬ 
chemically active light arc usually much larger than the thermal energy of 
activation * It seemed interesting to inquire whether any connection could 
be found between the electrical and thermal mechanisms A certam general 
parallelism might perhaps be expected in some cases, since it is quite plausible 
to assume that, m an electric discharge, reactions may take place by collision 
of fast ions with other molecules This is not altogether unlike the collision of 
two molecules with large kinetic energies in a thermal reaction 

The present mvcstigation was carried out to compare the rates at which two 
reactions take place in a discharge tube—allowing, as far as possible, for differ¬ 
ences in the conductivity of the gases involved—and to see whether the residts 
agreed m a general way with what might be expected from the known thermal 
reactions Nitrons oxide and ammonia were chosen for experiment, the 
thermal decomposition of nitrous oxide being known to occur much more 
readily than that of ammonia 

The apparatus used for comparing the stability of the two gases under 
electrical excitation consisted of a discharge tube, connected by a two-way tap 
to a McLeod gauge and to a senes of pipettes whereby it could be filled with 
gas at any desired pressure The whole system could be evacuated by a two- 
stage mercury pump The current was supplied by a simple mduction coil 
The course of the reaction was followed by reading the change m pressure on the 
McLeod gauge The gases to be used were stored over mercury, as shown in 

* Of Bowen, * Trans FSradsy Soo,' ** Fhotoohemioal Reactions in Liquids and 
Oases.” vol 21, p 646 (1026) 

K 2 
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the figure The gas contained between A and B was allowed to expand into 
the larger pipette BC, then a small quantity of this rarefied gas could be 
enclosed between C and D, and finally shared with the discharge tube This 



[iroccdure, combined with evacuation of any desired part of the apparatus, 
allowed the introduction of gas at any requited smaU concentration The whole 
apparatus was constructed m duplicate, the one half being the mirror-image 
of the other, as in the figure, and was sealed to the same vacuum mam By this 
means measurements could be made on the effect of the same discharge passed 
simultaneously through nitrous oxide and ammonia, or through two tubes of 
cither gas The two gauges were set to give exactly equal readings for equal 
pressures The actual pressures arc given by the relation 
UK) mm gauge readii^ = 0 75 mm Hg 
Nitrous oxule was obtained from a cylinder and dried with phosphono oxide , 
ammonia from pure ammonium ohlondo and lime, and dried by storage over 
freshly burnt lunc The nitrous oxide contamed 5 per cent of air, which was 
regarded as harmless 

The method of conducting an experiment was as follows —The whole 
apparatus was first evacuated for a long tune, and baked out, the discharge 
passing meanwhile It was tested to make sure that it would hold a high 
vacuum The discharge tube was filled with the appropnate gas, the pressure 
measured by the gauge, and tap D closed completely The dischai^ was then 
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passed for a defimte time Both reactions are aocompamed by an mcrease of 
pressure, which is shared with the gauge when the tap D is again opened 
Knowledge of the ratio of the volume of the gauge to that of the discharge 
tube—determined by separate experiments—allows the change in pressure in 
the discharge tube due to the decomposition to be caloulated Owing to the 
passage of partially decomposed gas into the gauge when the tap is opened, 
one reading only can be made for each filling of the apparatus 

Experiments were made with different initial pressures, and with different 
times and strengths of discharge 

Both mtrous oxide and ammonia are completely decomposed at pressures in 
the region 0 7 to 2 5 mm , within a few minutes, by the discharge from a cod 
capable of giving a 1-mch spark in air 

The observed increase of pressure, corrected for sharing with the gauge, 
after the discharge had passed for a long time is given below, expressed as a 
percentage of that to lie expected theoretically 



Pt-elootrodofl | 

Al-eleotrudM | 

Kxtemal eleotrodea 

N.O 

I'cr cont ^ 

DO, 102 

Per cent 

OS, 07,08 

Per cent 

100,100 

NB, 

101 

loa,100 

80,00 


These figures show that occlusion or release of gas by the electrodes does not 
appreciably vitiate the results 

In order to see whether the relative stability which was bemg measured 
represented anything more than a comparison of the conductivity of the two 
gases, and also how far it was purely a function of the electrode material, 
experiments were made 

(а) With platmum, alummium and glass electrodes 

(б) With the discharge passing through the two gases in senes, m parallel, 

and mdependently through each alone 

Under all these conditions the ammonia appeared to be about 5 to 7 times as 
hard to decompose as the mtrous oxide 

It was first established by a large number of expenments that the absolute 
amount of decomposition tended to be independent of the imtial pressure of 
the gas when the discharge was feeble, but with increasing intensity of discharge 
the amount of decomposition became proportional to the initial pressure, t e , 
the percentage amount was now independent of the imtial pressure Thu, for 
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obvious reasons, is the condition for a satisfactory comparison, and conse¬ 
quently all measurements were made with discharges sufficiently mtense to 
bring the reaction into this “ unimolecular ” region Values of the “ um- 
molecular velocity constant ” are used for purposes of tabulation, but it must 
be emphasised that this imphes nothing about the actual mechanism of what 
takes place m the discharge 

The complete results of one senes of experiments will now be given, and the 
others summarised 

The first table contains the results of experiments m which the same discharge 
was passed through two tubes m senes, containing mtrous oxide at different 
pressures The figures show that the percentage change is independent of the 
initial pressure with the discharge used Strictly, the companson should only 
be maile between the figures in a given line, liecaiise from one expenment to 
another the discharge may vary to some extent, but rough comparisons may 
also be made between the different expenments 


Table I — Nitrous Oxide Two tubes in series External electrodes 


Tube r 

Tube n 

prewure | 

reading) I 

Corrected 

Petcentago 

of 

total change 

Initial 

presBure 

Corrected 

Percentage 

of 

total change 


30 aocondi dlsohargo 


108 

12 » 


20 0 I U I 248 
16 1 I 447 


37 5 I 32 

42 6 I 26 


60 seconds discharge 


43 6 
29 6 
22 S 


00 seconds discharge 

06 6 I 61 I m 
101 80 141 


43 0 I 66 

«1 76 


The second table contains similar results for ammonia 
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Table II—Ammonia Two tubes m senes External electrodes 


Tube I 

Tuhen 

Initial 

pressure 

InoreoHO 

Percentage 

of 

total changt 

Initial 

pm«nire 


Percentage 

of 

total change 



UO seconds discharge 



140 1 

1 10 I 

1 

1 331 

1 6 

1 20 

303 { 

1 70 1 

i U 

1 177 5 

1 41 3 

1 23 



180 seconds discharge 



129 6 

'57 

44 

192 

86 6 

46 

120 

67 

44 

206 

111 

42 

120 6 

47 6 

37 

108 

121 

34 

21S 

83 

19 

146 

00 

41 

320 

122 

37 

100 

60 

39 



300 seconds discharge 



134 

1 82 

1 " 

1 324 

1 108 

1 62 

206 

166 6 

69 

140 1 

1 00 

60 


The third table contains the results of experiments in which one tube 
contained ammonia and the other nitrous oxide 


Table III - -Two tubes in seriiM External electrodes 


Tube I —Nitrous oxide j 

Tulxs 11 -Ammonia 

pressure 

Percentage 

oi^otal 

ls,u 

Initial 

pitHNUrp 

Per 

cciitage 





40 seconds discharge 




346 1 

42 5 1 

13 8 ^ 10-* 1 

347 1 

7 8 1 

2 02 X 10-* 

1 

a 9 

230 1 

63 1 

: 18 0 1 

230 6 1 

1 » 2 1 

2 42 X 10-* 

1 

7 8 



60 seconds discharge 




303 1 

60 6 1 

11 0 X 10-* 

370 

11 3 

2 00 X 10-* 


7 0 

226 

71 6 

20 0 

228 

14 5 

2 61 


8 0 

206 6 

71 

20 6 

204 

16 8 

2 88 


7 2 

177 1 

71 1 

20 6 

164 

16 6 

1 2 80 


7 4 



80 seconds discharge 




201 5 1 

70 1 

1 10 6 y 10-* 

1 260 

1 18 2 

1 2 60 X 10-* 

1 


230 1 

70 6 1 

1 10 6 

1 232 

1 18 1 

1 2 60 


1 7 9 



100 seconds discharge 




271 

84^ 

18 3 X 10-» 

268 

20 

2 33 


8 2 

208 

80 

10 7 

233 

22 5 

2 60 


7 7 






ATerage 


1 6 



136 Nurous Oxide and Ammonia in Electno Discharge 

Most of the nitrous oxide ultimately decomposes to 2N, + O,, the argument 
IS unaffected by any that decomposes to 2NO + smce the volume change 
18 the same, and, m the low pressures employed, combmation of mtric oxide 
and oxygon is very slow In any case we are using the velocity constants in 
a purely empirical way 

It now remains to tabulate the results of the various senes of experiments 
made in the way just described 


Bugle tubes 

Platmuu eleotTodes 


Two tubes in senes 

Aluminium eleotioilLB 

4 8 

Two tubes in senes 

External electrodes 

7 8 

Two tubes in parallel 

External oleetrodos 

6 S 


Each comparison was made only under those conditions of discharge where 
previous observation had shown the reaction of each separate gas to be “ uni- 
moleoular ” Considering the wide range of conditions under which the four 
sets of expenments were earned out, it is probably fair to conclude that the 
ionic impacts required to decompose ammonia really are considerably more 
violent than those required to decompose nitrous oxide It is not easy to 
obtam information about the distnbution of ions of different energies in a 
discharge of the kind employed, but, qualitatively, at any rate, the correlation 
between tlie greater stability of ammoms m the discharge and its higher thermal 
energy of activation is suggestive In the absence, however, of more detailed 
information about the mechanism of what takes place m the discharge, it is 
premature to proceed much beyond the statement of the experimental facts 


* Joshi, ‘ Trans Faraday Boo ,’ vol 23, p 227 (1927) 
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(Communioated by N Bohr, For Hem R 8 —Received August 8, 1927 ) 
IPlATKS 9-13 ] 

Iniroduatum —Many mterestmg features of the Stark-effect may be seen with 
unusual clearness in the arc spectra of helium, and these we shall mention very 
bnefly before referring to the theory 

The fact that an electric held applied to the source will bring out the com- 
bmation lines 2p — mp was discovered by Koch* in 1916 Smce that time 
many investigators have shown by Lo Surdo's method that a moderate external 
field IS sufficient to remove all restnctions with regard to changes in the 
axunuthal quantum number 

In contrast with the effect he observed in hydn^n, Starkf noted that the 
displacements of some helium components were not proportional to the apphed 
field, and that their intensities increased rapidly with the field Recent 
exponmentsj reveal great variety m the relations between displacements and 
field strengths These will be considered m later paragraphs The intensities 
of components do not increase with the field in all cases, RyquistS being the 
first to report one of the many vamshmg components The reappearance of 
one of these m higher fields has been observed by the wnter || 

A second order Stark-efiect in helium as well as in hydrogen was discovered 
by Takamme and KokubuTf in 1919 Observations on this shght shift towards 
the red have since been confirmed and extended** 

The patterns of the Stark-efiect m hehum were found recently by the wnter ft 
The members of a suigle spectral senes have the same pattern 
Doubtless these are rather general characteristics of the Stark-efiect, which— 
notwithstanding the fundamental difference for weak fields from the observed 
• ‘ Ann. Physik,’ vol 48, p 98 (1916) 
t * Monograph,' pp 37 and 39 (1914) 
t Foster, thtil, 114. p 47 

i ‘ Phys Rev ,’ vol 10, p 229 (1917) 

II ‘ Phys Rev,’ vol 23, p 687 (1924) 

^ ‘ Mem CoU SoL. Kyoto,' vol 3. p 271 (1919) 

** Foster, * Aatrophys Joom.,' vol 63, p 191 (1926) 
ft /b«d, loe erf 
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Stark-effect on the hydrogen lines—for all spectra must be expected with 
mcreaung fields to show a more and more pronounced resemblance to the effect m 
hydrogen Tbs gradual transformation of the Stark-effect, however, is not 
observed with the same clarity in other spectra, since the necessary fields ate 
not so readily established and controlled 
Before entering on a detailed theoretical discussion of the experimental 
results based on the new formulation of quantum mechanics, we shall briefly 
recall certain points of the earlier theory 

On the Bob correspondence principle, the observed selection rule with 
regard to changes of the azimuthal quantum number in the normal hehum 
spectrum must be interpreted to mean that an inner perturbing central force 
IS responsible for the difference between the helium terms and the corresponding 
hydrogen terms with the same pnncipal quantum number When an external 
electric field is applied, the time mean position of the electrical centre of the 
orbit, which normally beam the nucleus, 18 displaced by an amount proportional 
to the field, so that the resulting change in potential energy of the atom, and,, 
therefore, the displacement of the sptctral lines, is proportional to the square 
of the field When the electric field increases and becomes stronger than the 
inner perturbing field, the electrical centre of the orbit will tend to move in a- 
plane perpendicular to the direction of the electric field, the distance of tbs 
plane from the nucleus being of the same order of magnitude as the orbital 
dimensions The resulting change m the potential energy of the atom is then 
proportional to the held and gives rise to a hydrogen-like Stark-effect The 
transition from weak to strong fields was treated in detail by Elmers* in the 
cose of the relativistic hydrogen atom As jKunted out by the wnter m 
earber papers, tbs theory gives an entirely satisfactory qualitative interpreta¬ 
tion of the Stark-effect of all groups m the hebum specteum 

A quantitative explanation of tbe “ quadratic ” Stark-effect, t e , the Stark- 
effect for theoretically small fields m complex spectra, has been developed by 
Paulif on the basis of the dispersion theory of Kramers and Heisenberg | 
The frequency of the external radiation incident upon the dispersing atoms is. 
allowed to vanish, leaving the uniform electrostatic field commonly employed 
m Stark experiments This field is assumed to bo so low that the spbttmg of 
the affected lines is small compared with the deviations of the terms from tho 

• ‘ Z f Phynk,’ vol 3, p 199 (1920) 
t ‘ K Danske Videiw SeUk Meddvol 7, p 3 (1926) 
t ‘ Z f Physik,’ vol 31, p 681 (1926) 
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hydrogen terms The dispersion theory then gives the intensities and positions 
of the new lines which appear in the field 

The details of the application to helium, as well as the quantitative measure¬ 
ment of mtensities with which the theoretical estimates are compared, were 
initiated by Takamine and Werner* and greatly extended by Dewey f Judging 
from his own experiments, the writer feels that a close application of this 
theory to hehum is limited by the fact that a field sufficient to resolve the new 
combination Imes is rather “ high ” for the theory , since it usually causes a 
spbtting of the members of the diffuse senes (used as standards of intensity) 
The same limitation appeared in some preliminary calculations made at the 
beginning of the present work It was found that the theoretical displacements 
of the bnes near the centre cf each helium group were not in satisfactory agree¬ 
ment with the observations 

On the basis of the new quantum mechanics the Stark-efiect m hydrogen 
has been treated by Pauli and Schrodmger who as regards the frequencies of 
the components have obtained the same results as Epstein and Schwarzschild 
on the earlier method The question of the intensity of the components has 
been fully treated by Sobrodinger,| whose results form a quantitative extension^ 
of the qualitative estimate given earher by KramersH on the basis of the corre¬ 
spondence principle 

In his quantum mechamcal discussion of the ongm of the hehum spectrum, 
Heisenberg^ has shown that the difference between corresponding parhchum 
and orthohelium terms can be attnbutcd to a resonance effect This theory 
shows, at the same time, that the two spectra of hehum can be treated separately 
in such a way that the idea of a central force acting on the outer electron of an 
excited hehum atom can be retained Therefore our treatment of the Stark- 
effect problem will be quite analogous to that earned out by Kramers on the 
basis of the earher formulation of the quantum theory The calculations, 
however, are now in important respects simpler than m the older theory 
Indeed, the quantum meohames allows us to calculate the displacements and 
mtensities of the lines emitted by the perturbed system without requiring any 
further information regarding the nature of the inner field, apart from the term 
values of the unperturbed atom The present contact with experimental evidence 
• ‘ Natorwus,’ vol 14, p 348 (1028) 
t ‘ Phys Rev ,’ vd 28, p 1108 (1928) 

} ' Ann d. Physik,' vd 80, p 437 (1926) 

§ Foster and Chalk. ‘ Natuie,’ vd 118, p 692 (1926) 

|| Lot eU 

H ‘ Z f Physik,’ vd 39, p 499 (1926) 
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permits, therefore, a rigid test of the theory Notwithstanding the great 
variety of detail revealed m the wnter’s fine analysis of the Stark-effect in 
helium, it will be shown that the theory gives a remarkably good quantitative 
explanation of the observed displacements and intensities 
Pnnaplea of the theoretuxil treatment —^In building up the actual atomic 
system to be considered, we shall start with the classical consideration of an 
electron revolving about a hydrogen nucleus in a central Coulomb field Thu 
system is d^enerate with respect to k The Hamiltonian function u 

( 1 ) 

where n u the prmcipal quantum number 
The atomic energy relative to the perturbing forces will be considered in two 
jiarts. 

= + ( 2 ) 

where u due to variations in the inner central field of force which occur when 
the simple hydrogen nucleus u replaced by the helium nucleus and the inner 
electron of the hehum atom In a classical treatment the time mean of u 
the variation from Hq corresponding to the various values of k which charac- 
tense the different parhehum or orthohebum spectral terms having the same 
pnncipal quantum number Thus 

ii/ (h) = hcv», 

where v* is the difference in cm“^ between the hydrogen and hehum terms 
A relatively few values of H,' are convemently obtamed directly from the 
normal spectrum, more may be found from Lo Surdo photographs, and a still 
greater number are given with sufficient accuracy only by the recent theory 
of Waller* and Heisenberg f We are here considering the electron as a point 
charge, ncgicctmg the spin and the consequent fine structure of the orthohebum 
lines Hj" IS due to the external elcctno field, and its tune mean is 

h/' = - eF«, (3) 

where F is the apphed field taken in the direction of the z-axis, and z is the 
2 -component of the vector drawn to the olectnoal centre of the erbit From 

* • Z f Fhysik,’ vol 38, p 63S (1926) 
t * Z f Phyuk,’ voi 38, p 411 (1928) 
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a geometnoal oonnderalaoii it u seen that m the olassioal theory (compare 
Kiamers)* 

« = 2 at fon sm >9, (4) 


where ajf la the angle between the major axis and the line of intersection of 
the plane of the orbit and a plane through the nucleus perpendicular to the 
field B IS the angle which the vector k makes with the external field, e is the 
excentncity, a the major axis of the orbit 
Before proceeding with the construction of the matrices of quantum meohamcs 
which are to correspond to these Hamiltonian functions, we note that the 
spectral terms may be characterised by the quantum numbers n k and m 
(ft < » — 1 and m < ft) The vector ft represents the angular momentum of 
the electron about the nucleus m zero external field, while m is the component of 
ft m the direction of an applied field The vecto* m remains constant throughout 
varying fields, but ft does not, and is retamed simply as an mdex On the 
correspondence principle, transitions wherein Am = 0 or ± 1 give nse to Stark 
components with electnc vector respectively parallel or perpendicular to the 
external field This classification of the spectral terms is seen to lead directly 
to the patterns discovered by the writer So far as electnc fields are concerned, 
these patterns are the pnncipal expenmcntal support of the classification 
We now wish to form the matrix H| correspondmg to the time mean of Hj 
taken over the unperturbed system This matrix has as indices n, m and ft 
The region within which n is constant is subdivided into regions where m is 
constant Within each subdivision the individual terms are arranged according 
to the index ft The matrix contains terms of the type 


Hj (n, m, ft n, m, ft) = hey (n, m,k-* h m, ft) (5) 

— ftevj, 

which are constant or diagonal tenns,tBmce they arise from a central held 
It contains, in addition, terms due to the external field The classical expression 
for Hi ' shows that these must appear as “ first harmonic ” terms of the type 
H," («, m,ft-» n, m, ft — 1) 
and 




Hi” (n, m, ft — 1, -♦ n, »», ft) 


= _eF 


* Lot. eU 

t Ai snggMted to the writer by Dr Hewonher}? 


(6) 
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where the form of the terms is that giren bj Pauh,* Og being the radios of the 
aormal hydrogen atom Observing that n — 1 ^ m, we may wnte a 
typical subdivision of Hj in the form 

+ Hi (it, jt-1-2) Hi{ife,n-1) 

Substituting the above values for the terms of Hj, dividmg all terms by he, 
and expressing the external field in 10 kv /cm, we have 

V* — n^i’V/(«, i«, it + l) 0 0 

—-m^FV f(n,m,k 1-1) V 4 ^^ ~niiF\/f{n,m,k+2) 0 

0 — jikF V/ {».»», i 4- 2) vt+8 

where k = 0 646 and /(«, m, k) = (n» - **) (it* - m*)/(4it* - 1) 

The matrix Hq of the unperturbed system is a diagonal matnx, the terms 
corresponding to » = const, being of the same value, 

W* = Wi' = = - RcA/»s 

The matrix H of the perturbed B 3 mtem is not a diagonal matrix Our 
immediate aim is to transform it into one that is, and so determine the enei^ 
of the perturbed states The method of mahng this transformation has been 
given by Bom, Heisenberg and Jordan f 
It IS assumed that H is given as a power senes in a parameter X 

n = Ho-l-XHi-f-(9) 
In the present application we shall neglect terms contaimng the square and 
higher powers of X This means the n^lect of the second order Stark-effect 
We know the solution of 

Ho (Mo) = Wo, (10) 

and now wish to find an appropriate canonical transformation 
Pt = Spo(i)S-M 
?o = Sjo(*)S-M 
• ‘ Z f Phyiik,’ vol 36, p 336 (1926) 

t ' Z f Phyuk,’ vol 36, p 607 (1928) See also Heuenbei^, • Math Annvol 06, p 683 
(1926) 
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made by rneana of a matrix S so chosen that 

H(yj) = SH(prfo)S-^ = W (12) 

IB a diagonal matrix 
Let 

S = So(l + XSi+ ), 

then 

S-^ = (1-XS,+ )So-‘, 

where is subject to the condition 

8oS\ = l. 

and let W = Wo + XW^ 4- 
Then to first approximation 

So (1 + XSi) (Ho + XHi) (1 ~ XSi) So"^ = Wo h XW^, 

giving 

Wo = SoHoSo-‘ (13) 

and 

Wi = So (S,Ho ~ HoSi) So-^ + SoH,So-‘ (14) 

Now from (13), since H, = Wo 

Wo8,-SoWo = .^So = 0, 
and 

Ho = 0. 

hence the time mean of equation (14) taken over the unperturbed system gives 

Wi = S„Hi8o (15) 

or 

Wi8o = S^„ 

where W^ is to be a diagonal matrix, and Hj has the form abready found for it 
Let n and m be fixed The expansion of equation (16) then gives a set of linear 
equations for the determination of the corresponding terms m the matrix Sq 
T his will be a consistent set of equations, provided Wi satisfies the equation 

W,-Hi(jfc,j!:) -Hi(fc,ifc + 1) 0 

-H,(il+l,jl) Wi-Hi(fc+1,A;+1) -Hi(*+l.^+2) 0 =0 

0 0 -Hi(«-l,n-2) Wi-Hi(n-l,n-l) 

The roots of this equation of the (n — }n)th degree are the total deviations 
from the original hydrogen term W., which the n — m hehum terms experience 
m the presence of the external field 
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C<dcfulat%on of IhajilaeeimtiiUa —Wo shall now calculate the displacements of 
some Stark components m helium, and return later to determme the matrix Sg, 
and the intensities of the same components by equation (11) In order to make 
a detailed comparison with experiments, we shall deal with the following ei^t- 
Ime groups — 


Parhelium 

Orthohelium 

2P-4Q 

2p-4? 

2P-6Q 

2;) - 5/ 

2S -4Q 

—iq 

28 -6Q 

lo -B? 


We need to know the effects of the perturbing forces on the terms characterised 
by n = 2, 4, 6 only As will be shown in a later paragraph, the disturbances 
due to the outer field in the states with « = 2 are almost negligible compared 
with the influence of the central field The observed Stark-effccts, therefore, 
may lie attributed to disturbances in the imtial states only 

The method of carrying out the computations* may be illustrated by an 
examination of the parhelium Stark components identified by the initial states 
with n = 4, m = 1 The displacements are measured most conveniently from 
the normal position of the diffuse senes hne, and are represented by x = W^—Vg, 
where Vg is the difference between the normal helium term 4D (i == 2) and 
the corresponding hydrogen term with n = 4 Hero Vj expresses negative 
energy in cm Recallmg the form of the terms in the matrix Hj, as given 
in (8), we obtam the following form of equation (16) in the present apphcation— 


* f- A, 

Vf 

0 






0 

-«x/| 


(17) 


where A^ = Vg — v* Expanded, this becomes 

** + (Ai + A,) + ® (AiAg - (4 kF)« 4) - (4^F)* (X,) = 0 (18) 


In the case of parhelium, Aj = 46 4 cm according to Fowler’s tables, while 
the writer’s Lo Surdo photographs give Xg = 56cm~^ Fis given the values 
* The writer is indebted to Mr W Rowles, of MoGdl University, for generons oseutanoe 
in the caloiilations of the effect on the terms 6Q and 6q 
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1 (i e, 10,000 v/cm), 2, 3, 4,6, 8 and 10 In each case the roots give the dis¬ 
placements (from the D line) of the Stark components of 2F — 4D, 2P — 4F, 
and 2P — 4P (or 2S — 4Q), which are characterised m = 1 The sum of 
the duqplaoements in any field is — (Xi + X,), t e, the algebraic sum of the 
shifts due to the external field alone is alwap sero This null effect is obviously 
to be expected, in any group of spectral terms with the same n and w values * 
The displacements of the above components, as well as all others which have been 
calculated m a similar way, are recorded in Table I, and plotted m figs 4 to 10 


Table I —Calculated Displacements of Stark Components of Helium Line 
Groups 

The displacements are measured from the ongmal D (or d) Ime, and arc 
expressed in cm.'^ Each displacement really represents the excess of a 
perturbed imtial spectral term over the normal D (or d) term with the same 
principal quantum number The fine structure of orthohelium as well as the 
very small effect of the external field on the final state is neglected 


(a) Groups 2P - 4Q and 28 - 4Q (XX 4922 and 3966) 





Table I—(continued} 

(c) Qtoupe 2P - 6Q and 2S - 5Q (XX 4388 and 3614) 
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In order to show that the displacements so calculated give the entire observed 
Stark-eSects, while the effects of the extemal field on the final states may be 
neglected, we have only to make a bnef calculation There is but one state 
with n = 1 , m = 1 , and equation (16) states that it will not be disturbed by 
the field The two states with n = 2, ta = 0 will be equally affected The 
calculated shift is only 0 04 cm in a field of 100,000 v /cm 

The experiments show directly that this splitting has not been detected 
The way in which such elementary separations may be found, if observable, 
18 made clear in fig 1 This figure is drawn roughly to scale (except that the 
splitting of the 2P level is exaggerated), and shows the theoretical effect of fields 
up to 100 kv /cm on the terms 4Q and 2Q The transitions leading to p and « 
components are indicated by full and dotted Imes respectively There are 
two groups of transitions, in which the final states arc 2P and 28 The adjoimng 
sketch of 2P — 4F and 2S — 4P illustrates the manner m which the splitting of 
the ongnal spectral terms may make their appearance in the photographs 
If Aip represents the separation of the two levels of 4P at a given field strength 
and Afp is the corresponding separation for 2P, then Aip must appear as the 
difference between the displacements of the p and s components of 28 — 4P 
at the same field, while Ajp is one-half the difference between the separations 
of the two p and two 8 components respectively of 2P — 4P The separation 
A 4 P 18 very easily observed in this way (see fig 6 ), but there is no convincing 
evidence of the experimental detection of A|p * 

The general equations of type (18) apply to orthohehum (considered as a 
singlet system) as well as parhehum As we have just seen, they give the first 
order displacements The remaimng general equations used in the computa 
tions are shown m (19), p 164 

The Xg’s and X^’s, being the relatively large separations between the diffuse and 
sharp terms and the diffuse and prmcipal terms respectively, are obtamed with 
sufficient accuracy from Fowler’s or Paschen’s tables It has been found 
best to read the X,’s directly from the Lo Surdo photographs, where these 
separations of the diffuse and P — F (or p — /) combination lines are clear at 
almost sero field Wo are prevented from doing this in the case of the Xg’s, 
owing to the fact that the P — G (and p — g) lines with which we are concerned 
are m(»e affected by low fields, and vanish before reaching what could bo 
accepted as zero field position The required information can be supplied, how¬ 
ever, by the Heisenberg theory of the hehum spectrum Using Ihe formula 

* Boe Plate 6 (B), ‘ Roy Soo Proo ,’ A, vol 114 (1927) 

h 2 
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« ^ 4, »» = 2 
a:*+ Xga: —(4 kF)»=-0 

n — 4 , »» = 0 

(Xo + Xi + Xj) + *» (XoX^ + XjXj + XsXo - (4fF)» 10) 

+ ® [ XoX,X3 - (4,cF)* (6Xo + ^ Xi + ^ Xj)] 

- (4*cF)» (| X, + ^ X,) Xo + (4»cF)^ 9 = 0 
« = 6, m = 2 

(Xa + X4) + ® (XaX4 - (OkF)* 4) - (&tF)* ^ X4 = 0 
n = 6, m = 1 

** + *»(Xi + Xa + X4) + ** [(XiX, + XaX« + X^X^) - {&fF)» 10] 

+-* [XiXaX4-(6KF)« {“ X, + ^ (X, + X4) + | (X, + X«)]] . (19) 

- (6kF)* + ^ X3X.) + (6«P)^ 9 - 0 

n = 5, m = 0 

*» + (Xo + Xi 4- X, + X4) + a? (XoXj + XjX, -f XjXo + X4X0 

- (GkF)* 20) + x« [XoXiX, + XjX,X4 + XjXoXo + X4X0X, 

- {Y (Xo + X,) + (Xo + X, 4- X*) 

+ f (X„ 4-X3 + Xo) + 8 (X, 4-Xo)}] 

4- * [XoXiX,X* - (&cF)» X„X, + (XoXi 4- X1X4 + X4X0) 

+ + X3X0 4 - XoXo) 4 - 8XaX.] - (RcF)* 64] 

- (5 kF)* XoXjX* 4- f XoXoXo) 4- (6 kF)‘ (y Xo 4- X,) = 0 

for i the Rydberg correction, given by Waller,* we obtain the separation between 
the nonnal 6F and 6G terms This amounts to 0 6 cm and it is assumed to 


• Loe ett 
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be the aamo in orthohelium (considered aa a singlet system) This is added to 
the Xg’s to give the The direct theoretical determination of X, gives a 
value 20 per cent too low This is taken as evidence that the present 
approximate form for S is not sufficiently accurate when applied to the deter¬ 
mination of the diiluse terms There happens to be an excellent test of the 
correctness of the X’s in the case of the 4388 group The component of 2P — 6F 
having m = 1 crosses the normal position of the D line at 18 2 kv /cm Placing 
jCj — 0 in the equation (19) and usmg the accepted X’s, we get a satisfactory 
theoretical value P == 18 8 kv /cm Incidentally, it is obvious that the process 
may be reversed, and new spectral terms determined with fair accuracy from 
observed Stark displacements of single lines m known fields The accepted 
X’s are numerically equal to the displacements at rero field, with sign opposite to 
that recorded lu the tables 

AnanqeiMntH of Components tn Very High Fields -Before making a detailed 
comparison of the theoretical displacements with the observations, let us con¬ 
sider the ultimate disposition of the components at extremely high fields 
Such a consideration leads, m fact, to a clearer understanding of certam diffi¬ 
culties encountered in the experimental analyses of the Ime groups considered m 
this paper 

When the effects of the external field become large compared with those due 
to the internal field, we may assume that the displacement of a Stark com¬ 
ponent IB given by 

Avp = AF-f-B, 


and substitute this for x in the general equations (19) Upon doing this, and 
equating to zero the coefficients of the two highest powers of F, we obtam as 
first and second approximations the following values for A and B (see 
equation (20), p 166) 

From this data figs 2 and 3 have been constructed A suitable scale for each 
figure IS determmed from the separation of the diffuse and sharp senes lines in 
the groups represented, viz , XX 4922, 4472, 4388 and 4026 The approximate 
theoretical positions of the components at very high fields have been connected 
with the positions of the hnes at zero field by curves which are not mtended to 
represent the displacements accurat^y The connectiona m lower fields (still 
high compared with the range covered by the actual calculations) is more olearly 
indicated by the large-scale insert 

In very high fields the group patterns for parhebum and orthohehum are 
nearly identical Pairs of components oharactensed by m values 2 and 0 
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n = 4, 


fi = 6, 


♦II = 2, A = J; 4k I 
m=l, A = ±8/«, 

A = 0, 

m = 0, A = ± 12k , 
A — ± 4k , 
♦n = 2, A = ± 10k , 
A = 0, 

m = l, A = ±lB»f. 

A = i;6K, 
m = 0, A — ± 20k , 
A = ± 10k , 
A = 0, 


B— 

B=-i( 2 Xi 4 - 3 X,) 

B = -^(5Xo + 9X, + Xs) 

B == ~ ^(®Xo + X, + 9X3) 

B = -^(7X3 + 3X4) 

B—lx. 

B =-^(14X1 + 6X4 + 21X3) 
B-=-^(21Xi + 30X3-j-14X,) 
B=-l(UXo + 28 Xi + 7 X,+ X*) 
B = -l( 14 Xo +7X1+28X3+16X3) 
B =-^(7X0 + 18X4) 


( 20 ) 


coincide or run parallel m both spectra In parhebum these are components of 
the same onginal line, while m orthohelium they arc components of adjacent 
lines 

This variation is due to the mverted F terms of parhelium, and leads to wider 
differences in the two spectra at theoretically low fields These differenoes are 
too vaned to be described in great detail hero , but they have in all oases the 
general character needed to account for the partial or complete fine analysis 
observed by the writer for the vanons Imes In view of this general agreement 
it seems highly probable that these diagrams give a true mdication as to whether 
or not conditions for a better analysis of a certain hne can be secured by increas¬ 
ing the field strength 

Caleulattons of Intensvties —The terms of a matrix S such that 
H(j»8) = 8H(p,®,)S-i = W 

18 a diagonal matrix are given by linear equations ansing from the expansion 
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of (16) The co-efficients of the tenns in a typical set of equations are contained 
in the determinant on the left-hand side of equation (16) Of the two mdices 
which identify the terms S^j, t is the azimuthal quantum number, » e, the ifc mdex 
of the co-efficients in (16), and I mdicates the x value of some perturbed state 
from which transitions under consideration are to take place The mdices 
refer to unperturbed and perturbed states respectively 
After the values of S^, have been calculated, the amphtudes m the perturbed 
system are given by 

g = Sjo 8“‘ 

where g, is the matrix containing the amplitudes of the imperturbed system 
Expansion of this gives the individual amplitudes 

= ( 21 ) 

summed over all unperturbed states at permitted by the rule AA; = The 
intensity itself is given by the square of g^ 

This means that we are to consider first the normal transitions resulting m 
the sharp, pnncipal, and diffuse hues which are eimtted by the imtial system 
perturbed slightly to remove the degeneracy with respect to k and m In 
conformity with the usual restrictions Ak — ±'I and Am = 0 or d: 1> the Imes 
which are unpolansed on the whole are thought to be built up from polansed 
components corresponding to all possible transitions The relative values of 
the amphtudes q^ of the polarised components of each normal line are found 
from the Kronig* intensity factors commonly employed m the Zeeman effect 
In the next place, we know that the perturbed system yields polarised compo¬ 
nents also, with amphtudes g^, which may depend upon the disturbance due 
to the external (not inner central) field in both mitisl and final states Equation 
(21) shows the manner in which the terms S„ and S|, are used to measure this 
dependence 

To find the mtensity of a Stark component, we must first detemune the 
terms S„ where r is the fixed mdex of the mitial perturbed state, and a is any 
unperturbed state (of the same pnncipal quantum number) from which a 
transition may take place m the original system Similarly we need the terms 
8 (u> where t is any of the possible final states in the unperturbed system, and u 
IS the final perturbed state with which we are concerned 
In our case the calculations are much simplified by the fact that the effect 


• ‘ Z f Physik,' vd 31. p 086 (1926) 
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of the electnc held is negligible in the final state On this assomption (see 
calculation of this effect) we find 

— 1 if f = u 
= Olf / ;if M 

Hence the final state has nothing to do with changes in intensities which may 
occur w ith increasing external field The sum over a will consist of two members 
in those cases where two normal transitions i -> it i I can be considered 
We shall find that one member is negligible in all cases m the present calculation 
To a close approximation the intensity of each polarised Stark component 
in helium is very simply given, therefore, as a fraction of the intensity of a line 
(sharp, principal or diffuse) in the normal helium spectrum This fraction is 

where q„ is the amphtude of a polarised component of the normal hne as given 
by the Kronig formulae, and S„ is the appropriate term of the S matrix so 
normalised that 

Si(S„)* = l 

This normalisation expresses the theoretical view that the sum of the 
intensities of all Stark components (» -*■ n') at any field strength will be equal 
to the sum of the intensities of the normal hnes (n -*■ n') of the mitial system 
It 18 here assumed that (1) the number of atoms m each state nQ is the same, 
and (2) that the total number of atoms per unit volume emitting light remains 
constant throughout the various external fields It is highly improbable that 
the second assumption can be correctly apphed to a Lo Surdo source m which 
the light usually appears much brighter in the stronger fields On assumption 
(1) it 18 correct to compare theoretical relative mtensities with observations at 
a fixed field, but Lo Surdo photographs may be expected to show a general 
increase in intensities of components at higher fields over those given through 
the Bunphfymg assumption (2) m the present calculations 
We shall now write down the Kronig formnlse which we are to employ 
Let A represent the whole intensity of the line t -*■ A — 1 observed with other 
parallel or perpendicular polarisation Smee the displacements of the levels 
in electric fields are the same for &nd —m, we shall take only positive 
values and write down double mtensities (except in the case where m = 0) 
Putting j = k (for imperturbed smglet system) in Kronig’s formulae wc obtain 
the following mtensities 
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p components (m > 0) 


(A—*-. »)* 




1 ) 
Zk 


8 components 


-I A 

(rt—= I **- A 


( 22 ) 


In the perturbed system lot x replace k as the index of the initial state, and 
neglect the effect of the external held on final states Then equation (21) gives 
the intensities of p components 

(98 = (A » s*_, , + A m Si I-. -)* (23) 

and 8 components 

(?* = (A.»**—*-l <»~l + A.»—‘*+1 *»-l S*Hx)* 

(9t,M«.->«,m+i)* = (A »*-**-i «+i 8t_i , 4- A "•♦--••t+i w+1 S*+j ,)* (24) 


As an example, consider the transitions from the states 4 Q (m 1) to 2P 
There will be p components when Am = 0, and 8 components when Am = — 1 
We need to detemunc from (17) the values of For convemencc take the 
sub-determinants with the second Ime left out 

S*. S3,= -4kF Vf (®i+X,) (®i+Xx)(ri+X8 ) -4kF \/g(=>'i+M 
Normalising these terms so that (^)* = 1, we have 
(^4X,)(xi + X,) 

V {(a-i + Xi) (*i+X.)}»+16k»F»{^ (aj^+X,).+ |(:e^+X,)*}. (24) 

and similar forms for Si, and S„ Hence in the perturbed system the p 
components will have intensities given by 

(?ii-.i)*=(?ii-*.i)* s„« 


from (22) S,, has the value given in (24) 


(26) 
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The < oomponente will have intensities 



The intensity of a Stark component in the group under consideration is obviously 
obtamed by substituting its displacement x (measured from the diffuse Ime) in 
(25) or (26), hence each a component of this group will have one-half tho 
intensity of the p component of equal displacement 

As the external field approaches zero, tho components of the P and F lines 
assume displacements c — and t] — X,, where c and t] are small quantities 
which accordmg to the equation (18) are proportional to the square of the field 
From (24) it follows that 8*,p and Sa,ji->-0, while Sj.u"*’! at zero field. 
Thus the components of the combination Imes gradually weaken and vanish 
while each of the componouts of the diffuse Ime at the same tune moreases to 
its full mtensity 

The intensities of the a components 4Q (m = 2) 2f are equal to 
Ji.i^s.* = «*/(*»+l(hc*F*) IA 

The intensities of the p (say) components 4Q (tn = 0) 2P, on the other 

hand, are clearly dependent upon the probabihties of two transitions m the un- 


?P 



Fra 11 


perturbed system, and two corresponding sets of S terms, as dlustrated in fig 11 
The mtensities are given by 

(?i 0*—*x o)* ~ (?i o«“*ao®s,» + ?i o*^o.oSo x)* 

= ((|a)‘ 8,x-t-(B)* So.,)* 
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where B u the intensity of the normal sharp senes Ime observed with eiMcr 
polarisation Since B is much smaller than A,* and the S,. terms m the 
present application are very small compared with the S}, terms, we are justified 
in negleotmg these quantities With this approximation, each p component 
m the group 4Q (m = 0) -> 2P has four tunes the intensity of the perpendicular 
component 

The intensities of the Stark componente m the groups we are considenng 
have been calculated at 10, 40 and 100 kv /cm, and are given m Table II 


Table II —Calculated Intensities of Stark Components of Helium Lme Groups 

In the subdivisions (a) to (d) mclosive, the theoretical mtensities are recorded 
as fractions of the mtensity of the diffuse lme at zero external field In the 
remaimng subdivisions the intensities are fractions of the pnnoipal senes lme 
The ratio of the intensity of sharp and diffuse Imes at zero external field is 
taken from Suguira’s paper {be at) 


(o) The Group 2P - 4Q (X 4922) 


FMdin 
kv /om 


Parallel Componenta 

Perpendicular Componanti 

H 

D 

F 

P 

S 

D 

P 

1 ^ 

f 

2-^l 






0 52 

0 070 


10 J 

l->l,l-*.0 


0 SO 

0 098 

0 0034 


0 25 

0 049 

0 0017 

1 

0->0,0->.l 

0 02S 

0 33 

0 009 

0 0038 

0 025 

0 082 

0 017 

0 0000 

r 

2- 1 

_ 


_ 

_ 

_ 

0 38 

0 22 


40 J 

l-+l,l-..0 


0 39 

0 15 

0 060 


0 10 

0 077 

0 020 

1 

0-+0,0 

0 025 

0 20 

0 094 

0 047 

0 025 

0 065 

0 024 

0 012 

f 

2->.l 

_ 

_ 

_ 

_ 

_ 

0 33 

0 27 

„ 

100 4 

l-i-l,l-.-0 


0 35 

0 068 

0 18 


0 18 

0 034 

0 00 

1 

0->0,0-+l 

0 025 

0 24 

0 045 

0 12 

0 025 

0 060 

0 011 

0 020 


* The valoM of A and B are given in a paper by Suguiia, ‘ Jonmal do PhysiqDo,’ voi 8, 
p 113 (1927) See eipeeially equation (6) 
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Table II (coatiaucd) 


(6) The Group 2p — 4g (X 4471) 


field in 
kv .'em 

(hnniici 1 

1 Parallel Components 

1 Ferpendionlar Components 

* 

P 

d 

/ 


P 

d 

/ 

f 

2->3 







0 86 

0 060 

10 J 

1 -> 1, 1 -+ 0 


0 0002 

0 63 

0 071 


0 0001 

0 26 

0 036 

1 

0->0,0-*l 

0 025 

0 0002 

0 36 

0 061 

0 026 

0 0000 

0 087 

0 013 

f 

2->l 

_ 

_ 

_ 

_ 

_ 

_ 

0 41 

0 19 

40 J 

l-*l.l-^0 


0 0030 

0 37 

0 22 


0 0016 

0 19 

0 11 

1 

(l-^0,0->■l 

0 025 

0 0027 

0 24 

0 16 

0 026 

0 0007 

0 061 

0 039 

f 

2-, 1 

_ 

_ 


_ 

_ 

_ 

0 346 

0 265 

100 i 



0 017 

0 26 

0 26 


0 0084 

0 16 

0 14 

1 

0 >.0,0->l 

0 026 

0 016 

0 19 

0 20 

0 026 

0 0038 

0 047 

0 049 


(c) The Group 2P - 6Q (X 4388) 


Field in 
kv /cm 

Change in 

Parallel Components 

Perpendicular Components 


D 

P 

U 

P 

8 

U 

F 

Q 

P 

r 

2-el 







0 28 

022 

0 099 


10 i 

l.*l,l-e0 


0 31 

0 17 

0 079 

0 042 


0 167 

0 086 

0 040 

0 021 

L 

0-» 0,0-el 

0 027 

0 21 

0 11 

0 049 

0 034 

0 027 

0 062 

0 027 

0 012 

0 009 

r 

2-*l 

_ 

_ 

_ 

_ 



0 20 

0 26 

0 15 

_ 

40 J 

l-e.l,l-*.0 


0 27 

0 12 

0 0008 

0 21 


0 13 

0 060 

0 0004 

0 10 

1 

0-e 0,0-el 

0 027 

0 186 

0 077 

0 0026 

0 136 

0 027 

0 046 

0 019 

0 0006 

0 034 

f 

2-el 

_ 

_ 

_ 

_ 

_ 

_ 

0 18 

0 26 

0 16 


100 2 

l-el,l-e0 


0 26 

0080 

0 014 

0 26 


0 13 

0 039 

0 0070 

0 12 

1 

0-e 0,0-el 

0 025 

0 17 

0 070 

00000 

0 16 

0 026 

0 043 

0 017 

0 0000 

0 038 


(d) The Group 2p — (X 4026) 


Field in 
kv /cm 

Change 

Parallel Components 

Ferpendioular Components 


P 

d 

/ 

i 

g I 

* 

P 

d 

' 


r 

2-el 

__ 

„ 

_ 

_ 

__ 



0 31 

0 20 

0 08 

10 J 

l-el,l-e0 


0 0017 

0 29 

0 20 

0 11 


0 0008 

0 14 

0 099 

0 067 

1 

0 -e , 0 -e 1 

0 027 

0 0017 

0 19 

0 13 

0 081 

0 027 

00004 

0 047 

0 032 

0 020 

r 

2-el 

_ 

_ 

_ 

_ 

_ 

_ 

_ 

0 20 

0 26 

0 14 

40 J 

l-el,l-e0 


0 030 

0 16 

0 22 

0 19 


0 016 

0 082 

0 11 

0 10 

1 

0 -e 0, 0 -e 1 

0 027 

0 026 

0 10 

0 14 

0 13 

0 027 

0 0064 

0 026 

0 034 

0 033 

r 

2-el 

- 

_ 

_ 

_ 

_ 

_ 

_ 

0 18 

0 36 

0 16 

100 

l-el,l-e0 


0 13 

0 060 

0 18 

0 23 


0 063 

0 030 

0 093 

0 12 

1 

O-eO.O-el 

0 027 

0 11 

002 

0 10 

0 16 

0 026 

0 027 

0 0084 

0 036 

0 41 
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Table II—(continued) 

(«) The Group 2S-4Q(X 3966) 


Fiddin 
kv /cm 


Fukllel Components 

Perpendicular Component* 

S 

D 

F 

1 P 

1 8 

1 ° 

F ' 

P 

10 

0->0,l-v0 

0 0001 

0 0068 

0 0007 

0 66 

_ 

0 0067 

0 0017 

0 66 

40 

0-*.0.1->0 

0 0018 

0 080 

0 073 

0 87 

— 

0 047 

0 066 

0 86 

100 

0-»0,l->0 

0 010 1 

0 13 

0 220 

0 64 

— 

1 0 12 

0 24 

0 6S 


(/) The Group 2« — 4? (X 3188) 


Field in 
kv /cm 

Change 
in m 

Panllcl Component* 

Perpendicular Component* 

* 

P 

1 

d 




d 

; 

10 

0.<.0,l->0 

0 000 

0 669 

0 0004 

ooooisl 

_ 

0 667 

0 0027 

0 00034 

40 

0->0,1h.0 

0 0004 

0 66 

0 0046 

0 0021 


0 666 

0 0033 

0 0010 

100 

O-eO.l-eO 

0 0006 

0 66 

0 026 

0 016 1 


0 670 

0 016 

0 011 


(</) The Group 28-5Q(X 3614) 


Field u 
kv /cm 

Change 

inm 

FUallel Oomponent* 



daiC 




jipm ui 


pumuli 

8 

1 ” 

F 

1 Q ^ 

1 1 

P ] 

8 

D 

1 ' 

0 

P 

10 

0-+0,l-e0 

0 013 

0 090 

0 031 

0034 

0 90 

— 

0 024 

0 024 

0 026 

0 68 

40 

0->0,l-e0 

0 017 

0 066 

0 14 

023 

0 61 


0 061 

0 16 

020 

0 46 

100 

0-e0,l->-0 

0 061 

0 060 

0 16 

0 26 

0 40 


0 14 

0 24 

0 S3 

028 


(i) The Group 2«-5j(X 2946) 


Held in 
kv /cm 

Chuige 

mm 

1 Panlld Component* 


^ Frill 

nlirCjii 




pe fl 


puiiitu 

9* 

P 1 

1 ^ 

^ I 

8 

• 

P 

d 

/ 

8 

10 

0-e0,l->.0 

0 0004 1 

0 66 

0 0020 

0 OOlll 

0 0006 

_ 

0 997 

0 0018 

0 0011 

0 0006 

40 

0-e0,l-»-0 

0 0066 

062 

0 031 

0 023 

0 018 

— 

0 64 

0 023 

0 017 

0 010 

100 

0-*0,l-*.0 1 

0 038 

0 62 

0 17 

0 10 

0 062 


0 74 

.0 14 

008 

0 040 



158 


J S Foster 


IrUetuUteg tn Very High Fields - For very high fields we have found the 
approximate displacements of components 4Q(m = l)-*-2P (see equations 
( 20 )) 

&cF-jl^(3X, + 2X,) 

»F= -|(2X, +3X,) 

a-, = &fF-A(3Xi + 2X,) 


Smce the terms containing the X’s are small compared with 8 kF, there is marked 
symmetry with regard to displacements in high fields From (25), (26) it then 
follows that the components with equal and opposite displacements have nearly 
the same mtensities Even at moderate field strengths Lo Surdo photographs 
of most helium groups show well-developed symmetry 
Comparison of Calculated Displacements and Intensities with Observations — 
To begin with, figs 4 to 10, mclusive (Plates 7 to 13), are purely theoretical 
diagrams, based on the calculated displacements and mtensities For purposes 
of comparison, however, the writer’s observations are represented by the 
centres of the dots Most of the observations have been taken from earlier 
papers, but there are a few new ones at higher fields The latter are mcluded 
in Table III The fields are expressed in kv /cm , the displacements m cm 
and the mtensities are indicated by the vertical Imes on an arbitrary scale which 
vanes from one figure to another The range of field strengths represented in 
the Lo Surdo photographs does not m any case exactly match that mvestigated 
m the theory The maximum field is marked on each plate The photographs 
of the groups X 4922, X 4026, and X 3965 are new 
We shall first examme the photographs to see if there is evidence of the full 
number of components expected m the scheme of patterns described m the 
earlier paper, and m the present theory In order to recognise the complete 
patterns for all Imes m the groups under consideration, it is necessary to detect 
experimentally the mitial energy levels characterised by m = 0, 1, 2 When 
the patterns appear to be mcomplete, the full quota of mitial levels may usually 
be detected m a less direct manner As an example, consider the bne 2P — 5G 

(fig 6), which ought to yield a pattern | (two p and throe s components), and is 


found instead with the pattern j Its components m = 0,1 vanish before being 
separated from each other or from the s oompment m = 2 Transitions from 
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Table III—New Measurements of Displacements at 100,000 v/cm The 
components of a Ime are identified by the tn value of the imtial 
state In many cases observations have been made on two or more 
unresolved comiwnents 


Ditiplaccimenta from normal D (or d) lino in cm 



Component 

Parallel 

Perpendionlar 

2P-4T) 

0, 1 1 

-42 0 


- 4D 

1 1 


-38 0 

-4D 

*■* 1 


-21 0 

-4F 

0 . 1 ! 

+ 19 6 


-4F 

2 1 


+28 5 

- 4P 

0 1 

+83 6 


- 4P 

1 1 

+73 6 

)-73 6 

2p — 4d 

0 . 1 ' 

-27 0 

-26 0* 

-4/ 

0 . 1 1 

+41 0 

+41 0 

- 4/ 

2 ' 


1-11 0 

2p 5p 

0 , 1 1 

-162 

-162 

-Od 

0 , 1 1 

-61 0 

-67 0* 

-6/ 

0 1 

+ 18 8 


-0/ 

1 ! 

+ 16 6 


- 6a 

0, 1 1 

+94 0 

+94 0 

-6a 

2 ! 

1 

“ 

+68 0 

2S-4D 

0 

-47 0 


-4D 

1 


-44 8 

- 4F 

0 

h20 0 


-4K 

1 


1-19 6 

- 4P 

0 

t-80 0 


-4P 

1 


+ 77 0 


And at 83,000 v /cm 


28-68 

0 

_ 


28-6D 

0 

-81 0 


- 6D 

1 


-77 0 

-6P 

0 

+19 0 


- 6P 

1 


+21 0 

- 6Q 

0 

+101 5 


-60 

1 

i 

+87 0 


* Obaerration on unrecolved component* 0,1, 2 


the same imtial levels, however, give the p and « components respectively of 
28 — 50 These Imes do not vanish (the intensities depend upon other terms 
of the S matrix) and are found m high fields (fig 7) with different displacements 
Each displacement is distmctly lees tiian that observed for the component 
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m — 2 at (say) 40 kv /cm , hence the three levels have been resolved. The 
experimental pattern | may now be dauned for this line, provided we accept 

the usual selection rule for m A complete examination of the photographs 
shows that all initial levels m = 0,1,2 have been found for the parhehum groups, 
and only a few are uncertam m orthohcUum 

In general, the components are displaced proportional to the square of the 
field as given by the earher Bohr theory, provided the Stark-effect is small in 
comparison with the disturbance due to the inner field (Avjr ^ Av^) Since 
this effect is rather common and easily observed, it has become customary to 
define a low field as one for which the above condition is met In a high field 
the displacement is a Imear function of the field and Avr> Av^. Being 
dependent upon Av^, however, the rai^ of field strengths (expressed m v /cm) 
through which this gradual transition takes place differs from hne to Ime even 
withm a single group The wide range of Av^ represented m the groups under 
consideration, therefore, mtroduces an exceptional variety mto the displace¬ 
ments, which IB further augmented by the fact that not all components m low 
expenmental fields can be classified m either of the two theoretical groups just 
cited 

Chrmp 2P — 4Q (X4922)—In the published displacements of the 4922 
group the field strengths were found by applying the Epstem theory to nearby 
displacements of components m the same fields The observaticms fall 
accurately on the theoretical curves m fig 4. 

The theoretical mtensities also seem enturely satufoctory, though the oom- 
panson here is qualitative, whereas it is quantitative with the displacements 
There is especially good agreement in the D and F lines, where the fine analysis 
components are clearly resolved In fields above 100 kv /cm the com¬ 
ponents F (0, 1)* are observed with very low mtensity, while F (2) remains 
strong 

Group 2S — 4Q (X 3965) —Comparatively few observations have been made 
on these Imes Smee the displacements are due to shifts m the imtud levels, 
they have been thoroughly tested m the 4922 group, and are here only roughly 
checked at 100,000 v /cm 

The theoretical intensities are quahtatively nght The F line is possibly a 

* The nnmbm m paientheeu aie the m vmloee c< the perturbed terms arising from the 
ongmal term, iF Written in full the oomponents in question are 2P (0,1) — 4F (0,1) 
(two unresolved) and 2P (1) — 4F (2) There is no amUgnlty in the present oonaeotion 
if we write only F (0,1) and F (2) fw these eompementa. 



Fia 2 —Components of the Helium Groups Fio 3 —Components of the Helium Groups 
2P — 4Q and 2p - 4^ in very hi^ 2P — 5Q and 2p — 5q m very high 
Electno Fields Electric Fields 


(fiicingp KW.) 
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little stronger, relatively, than the theory claims In reahty this effect is 
partly the result of a weakening of the D and F lines by field variations Aside 
from relatively slow changes in the fidd, which may be detected and sometunes 
corrected, there may be purely local changes qmte beyond complete experi¬ 
mental control Any change of field tends to weaken the photographic 
impression of a component with large displacement 

Ofoup 2P — 6Q (X 4388) — The field strengths in the onginal observations 
on the p components of this group wore determined from the separataons of 
components of Hy, and Stark's expenmental fields They were all too low, 
according to the present calculations, and have been corrected, therefore, to 
agree with Epstein The factor is 1 09 This correction has been applied to 
the old observations on the 2S — 6Q group (X 3614) as well The fields were 
found in a more mdirect way in the case of the S components of 2P — 6Q. An 
attempt was made to measure p and s components at pomts equidistant from 
the maximum field, and then determine the field strengths from the old curve 
for the p components (via Hy and Stark) There appear to have been more 
serious errors here Smee the p component D (m = 1) agrees well with the 
theory, the corresponding « component of presumably the same displacement 
has been used to re-determine the field strengths The fact that the observa¬ 
tions on the remaining six components now agree accurately with the theory 
18 a sufficiently thorough test The new fields are 20 4, 30*6, 43 7, and 
61 2 kv /cm 

VantshD^q Components —The most interesting feature m the mtensities is 
the vanishing p component of the G line There is a general law about vanishing 
components in these groups We see from the determinant (17) that S, , (m =1) 
must be iscro when i] -f X^ = 0, » c, a component 2P — nQ (1) must always 
entirely vanish when it assumes the frequency of the P — P combination line 
at zero field From similar determinants m which m = 0 and 2 respectively, 
it may be seen that the components 2 P — nQ (0) will be especially weak at this 
position, while the strong 6 components 2P — nQ (2) are not m the least affected 
[In the violet groups 28 — nQ components would theoretically entnely dis¬ 
appear if they ever reached the zero field potation of the S — 8 combination 
Ime] 

The components Q (0, 1) ore usually unresolved In the 2P — 4Q group the 
components F(0, 1) become very weak m fields above 100 kv./om, though the 
disidaoement is still much more than — X^ In the 2P — 5Q group tlie G (0,1) 
hne (neanet the F hne) vanishes com}rfetely, as we have seen, and theoretically 
IS expected to reappear at 100 kv /cm or a httle higher field. An even better 

VOL. oxvn.—▲. M 
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example of this effect is found in the 2P — 6Q group, where the H (0,1) line 
vanishes in very low field as it passes under the P — P line, and immediately 
returns and continues as a rather strong line 

Conditions are sbghtly different m orthohelium, where the d Ime is always 
nearest the p line, and the separations within the groups are somewhat greater 
than m parhehum For these reasons the effect m question first appears in 
the photographs of 2p — Qg, where the d (0,1) Ime has a very lowmtensity at 
high fields In the next group, however, the d (0,1) line vanishes completely at 
very low fields 

Group 2S — 6Q (X3614) —^The slight shift toward the red of all observations 
at moderate fields is probably an experimental error The plate from which the 
measurements were taken did not show an undisplaced bne except at zero field 
In higher fields the shifts toward the red in this and other groups indicates a 
small second order effect The symmetry of the displacements is rather notice¬ 
able here, amcc the components with constant m values are already sorted 
The symmetry is really quite pronounced m all groups, if one fixes the attention 
on components with constant m 

Group 2p — 4g (X 4471)—^This photograph, taken with six pnsms, was 
iKxximpanied by Hf, poorly focussed The published fields were obtained 
ftom the experimental values given by Stark for 4471 and Hp * To make them 
agree with Epstein we need to multiply by a factor 1 1 2 This has been done 
in fig 8 

The only apparent disaigreement with regard to displacements arises in this 
and the following orthohelium group In these groups the two p components 
of the d line have been observed The theoretical separations, however, are so 
small that resolution is not expected under the expenmental conditions 

The theoretical mtensities seem to be correct 

Group 2p — fig (X 4026) —^The present photograph roughly checks the 
theoretical displacements and intensities in high fields For a detaileil analysis 
of 2p — 6faa a doublet see the earher paper, Plate 6 (C) 

On the whole, the theoretical mtensities in helium are m very good agreement 
with the present qualitative observations The agreement is possibly even 
better than in the case of hydrogen as presented m a recent jiaper by Schrod- 
inger t Lo Suido photographs of the Balmer Imea published by the writer^ 

* ‘ Monograph,’ pp 35, 37 

t Loe. eU 

i Hs, ‘ Astrophys J ,* vol 62, p 229 (1625), JJf (quantitative), Foster and dialk, 
‘ Matuie,' rol 1)8, p 592 (1626), Hy, ‘ Phya Rev loe at , Ht, tM , loe at 
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show slight qualitative variations from Prof Stark’s expemncntal results, and 
agree better with the new theory It seems most probable to the wnter that 
the prmcipal cause of variations m the experimental values is a small change 
in the held strength during the very long exposures Many workers on the 
Stark-cifect have noticed that such fluctuations are not uncommon, and 
unfortunately they are rather abrupt when the field and bght mtensity are 
unusually high This suggestion is made, since it offers a possible explanation 
(for example) of the relative strength of the p components of H/, with A = ± 10 
as well as the presence of doubtful components A = 12 

Summary 

The perturbation theory of quantum raechames has been apphed to the 
Stark-effect in the arc spectra of helium 

New measurements of displacements of hebum components m fields of 
100,000 v /cm and 83,000 v /cm have been recorded, together with three new 
photographs of helium groups m high fields 

The first order displacements have been calculated at several field strengths 
for components of the line groups 2P — (4Q, 6Q), 28 — (4Q, 6Q) and for the 
corresponding orthohelium lines, considered as singlets These displacements are 
m good agreement with the observations at all field strengths The approximate 
positions of the components at extremely high fields have bhen calculated, and 
the manner in which certain components arc expected to cross each other m 
moderate to high fields has been described In the case of two bnes, at least, 
(2P — 4F, 2P — 6G), there is conclusive experimental evidence of such a 
crossmg 

The theoretical intensities of the components have been found for fields of 
10, 40 and 100 kv /cm These agree with the qualitative observations shown 
in the accompanying photographs In particular, the theory accounts satis¬ 
factorily for the observed disappearance of numerous components when the 
displacement is equal to that of the 2P — nP Ime at zero field 

In conclusion, the wnter wishes to express his Ixat thanks to Prof Bohr for 
his interest m this work, the major part of which was done in Copenhagen His 
thanks are also extended to Dr. Heisenberg for many helpful and fnendly 
discussions 
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T}ie Spectrum of Cwhon Arcs %n Air at High Current Densities 
ByJ W Ryde 

(Roeenrch Ijaborfttorieii of the OoimthI EIrctnc Company, Wcmblej ) 

(Communicntod by A Fowler, F R S —Received August 29, 1927 ) 

[l>i.ATKa 14-10 ] 

(1) Inlrodurtion 

Altliougli tlie apettrum of tlic ordinary larlxin arc lias bten studied in great 
detail (luring the last 70 years, th( re seems to have been no similar study of the 
“ Higli Current Dtiwity ” an which was introrluced by Beck in 1914 Speetro- 
photoinetrual ineasureraents have lieen madi in connection with the develop¬ 
ment of tins tyjx* of arc for searchlights, and photographs of the spectra obtained 
from tlu total radiation from the an have been published The only auount, 
Jiowf \ (r, of tJie spectrum from individual parts of the are apjiears m a short 
note by Bell and Baswtt * 

They examined an image of the arc on a ground glo&s screen with a direct 
Msion ‘spectroscope and reported that in the arc stream 15 lines appeared when 
the (urnmt exceeded K)0 amperes They nttnbut(‘d 7 of these to helium and 
2 to hydrogen 

The present investigation shows, on the contrary as was first suggested to 
tlie author by Prof Fowler that the spectrum of this part of the art i(insists 
mainly of the spectra of neutral carbon, nitrogen, oxygen and hydrogen No 
lines were oliscrved which could be attnbute(l to helium c\en when the arc 
was run at 250 amperes 

It IB only comparatively recently that the spectra of C 1 and N I lia\e been 
obser\ed and up to the present they have only been produced under special 
conditions The ordinary carbon arc in air, for example, only excites the well- 
known carbon line at X 2478 and shows no nitrogen lines at a1I,f while the 
greater excitation of the spark produces the spectrum of the ionised atoms 
CTI and Nil 

• Louis Bell and P R Bassett, ‘ Science,’vol 06 p 612(1922) 

t Prof Fowler, however, has informed the author that he has recently obtained the chief 
hni^B of 01 and NI m a carbon arc fed with a current not ftreater than 12 amperes 
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Merton and Johnson*, however, found that discharge tubes having uirbon 
electrodes and containing a trace of an oxide of carbon in 20 nun to JO mni of 
helium showed, when excited by mild condensed discharges, a number of new 
Imes which were attributed to the missing C1 spectnim 

Again, Hardtkef showed that several new lines occiurrcd m the spectrum of 
nitrogen excited by positive rays m special discharge tubes Later, Merton and 
Pilleyt found that helium at about 30 mm pressure, containing a trace of pure 
mtrogen, when excited by a moderate condensed discharge, shows a number of 
Imes which have been shown to be due to the neutral mtrogen atom 

It 18 shown m what follows that cored carbon arcs at high current densities 
provide just the degree of excitation, mtermediate between the ordmary arc 
and spark, which is necessary for the production of these spectra Several 
markinl differences m the relative mtensities of the lines are found compared 
with those obtamed by the discharge tube methods Also a number of new 
Imes, probably belongmg to 01, NI or C I, have been found to appear 

(2) The High Currettt Arc 

An account of the development of the high current arc for searchlight 
purposes has been given by Lieut ('ommander C 8 Gillettef and by Gehlhoff 
and Thilo || 

This arc m the form originally mvented by Beck consisted of a positive 
carbon IG mm m diameter cored with a mixture of rare earth fluorides and 
carbon, the negative was of ordinary construction and about 11 mm m dia¬ 
meter The arc burnt at 150 amperes, 75 volts Both carbons were slowly 
rotated, but it now appears that it is only necessary to rotate the positive, the 
object being to maintain a uniform crater The duncnsions of these carbems 
are very much smaller than those necessary if plum carbons are used m arcs of 
the ordmary type carrying the same current 
The intrinsic brilliancy of the ordmary carbon arc ls determined by the 
temperature of the crater alone, and this is limited by the boiling point of 
carbon The Beck arc, however, has a much higher intrinsic brilliancy owing 
to the mtense radiation from the vaporised core material 
There is no need to give a description of the various mechanisms devclopcil 
• Merton and Johnson, ‘ Roy Soc Proc A, vol 103, p 384 (1023), Johnson, Roj 
8oc Proc A. vol 108, p 343 (1928) 
t ‘ Ann d Physik,’ 68, p 363 (1018) 
t ‘ Roy Soc Proc ,’ A, vol 107, p 411 (1926) 

S ‘ J Amcr Soc Naval Eng vol 34, p 527 (1922) 

II ‘ Hellos,’ ‘ Each und Export Z i Elcctrotechnik, Nos 42, 4J, 40 and 47 ’ '1920) 
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to ensure regular feeding and burning These are only essential if the arc is to 
be used for projection purposes The spectra to be described can easily be 
obtauKsl with the simplest arrangements for holding the carbons, provided 
sufficient electrical power, about 16 kn at 100 volts, is available It is 
not absolutely necessary to rotate the positiie carbon unless relatively long 
exposure's are to be given 

The essential feature of the Beck tyjfic of arc is the cored positive carbon 
At high current densities this core, couaistmg of a mixture of metallic salts and 
carbon, produces a highly conducting flame which streams vertically upwards 
from the crater In ordinary arcs the an stream plays directly on to the 
positive carbon and, as is well known, there is a limiting current density beyond 
which the arc hisses and becomes hopelessly unsteady If, however, the 
positive f arbon is cored with a suitable material, the an stream plays on the 
highly conducting flame from the crater instead of on the carbon itself Under 
these (onditions, provided sufficient metallic vapour is contmuously supplied 
by volatilisation of the core, a steady arc may be maintamcd at current densities 
much greater than would be possible with plain carbon electrodes 

If the (iirrent through a cored carbon arc. such as desenbed, is slowly mereased 
from a «oniparatively low value, it will be found that soon after the limiting 
current <lcnsity for ordinary arcs is exceeded, the centre of the are stream 
clianges colour and a bright central core is developed This may bt' seen m 
Plate 14 When this part of the arc was observed spc'ctroscopically it was found 
that the development of the central core corresponded with the emission of a 
number of lines which were found to belong to the spectra of C I, N I, etc 

Some of the strongest of these lines wen observed in an arc between ordinary 
carbon c Icctrudcs, provided the current density was mereased sufficiently, but 
of course at this stage the arc became very unsteady It appears, therefon-, 
tliat a cored positive carbon is only needed m order to enable a steady arc to be 
mamtamcHl at the high current densities which arc nece-ssary to excite the carbon 
and nitrogen lines The composition of the core of the positive carbons used 
for projection work is about 5U per cent of carbon and 60 per cent of rare earth 
fluorides The mixture of rare earths is used to obtam maximum light emission, 
but they are unsuitable for mvestigstmg the spectra of the arc stream as their 
extremely compheated lino spectra tend to confuse those to be studied For 
although most of the vapour from the core material streams upward m a flame 
from the positive carbon, nevertheless, a certam amount diffuses mto the arc 
stream 

It IS best, therefore, to select a core material w Inch gives a comparatively simple 
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line spectrum and at the same tune vaporises at a rate suitable for the mam- 
tonancc of a steady arc After a number of trials calcium fluonde was selected 
as one of the most smtable m these respects 
The cores may be made from the followmg batch mixture — 

60 per cent CaFj 
10 per cent petroleum coke 
20 per cent lamp black 
20 per cent tar 

These ingredients after well mixing are pressed or squirted mto rods about 8 mm 
diameter The rods are then packed m carbon dust and baked by raising the 
temperature m stages of 200° C every 2 hours up to a final temperature of StK)" C 
After 2 hours at this temperature they are then allowed to cool slowly, and when 
cold are inserted m carbon sheaths havmg an external diameter of 16 mm 
The negative electrodes may be ordmary plain carbons about 10 mm m 
diameter 

(3) The Spectrum of the Ihgh Current Are cored roUh CaF| 

The appearance of the high current arc having a positive carbon cored with 
calcium fluonde as desenbed m the last section is shown m Plate 14 The 
photographs were taken through colour filters m order to show the structure of 
the flames Figs a and b were taken through filters transnutting from X 5000 to 
X 7000 and from X 4200 to X 6100 respectively The first filter thus transnuts 
all the bands due to calcium compounds, while the second transnuts almost all 
the low temperature Imes (Kmg’s Class I) but no calcium bands The two 
photographs, therefore, show the regions of the flame which enut the calcium 
band and Ime spectra respectively 

The large outer flame which only appears m Plate 14, A, is comparatively non¬ 
conducting and enuts the easily exated band spectra of CaF, and GaO The 
inner flame seen in Plate 14, b, which emits the calcium arc spectrum is highly 
conducting and is that referred to m the previous section. The manner m 
which the arc stream plays upon it is well shown m the photograph 
Plate 14,0, was taken through a green filter transmitting from X4680 to X6190 
This cuts out the CaFj bands and most of the calcium hue spectrum, with the 
exception of a few Class 111 Imes, but transnuts the most mtense Swan bands 
The photograph shows the presence of a small mtense flame filling the crater and 
streaming upwards for about 3 mm. (approximately one-fifth of the crater- 
diameter) above it The spectrum shows that this flame is due to the excita¬ 
tion of the Swan bands, which have recently been attributed by Johnson to a 
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H(3-CH molecule * The fact that they appear so localised at the positive carbon 
18 remarkable The GH bands at X4316 were not observed The Swan bands 
do not appear at all m the arc stream under normal conditions, but if a gentle 
stream of coal gas is directed upon it, they appear brilliantly With hydrogen 
the effect is not nearly so marked, but where the gas meets the arc stream the 
bands may be seen famtly 

The arc stream will be seen from the photi^aphs to be composed of two 
concentnc shells surrounding a bright central core The outer shell docs not 
appear in Plate 14, n, as it is due to the excitation of the band spectrum of GaF, 
showing that some of the calcium fliionde vapour diffuses mto this region 
The second shell, which is barely seen m Plate 14, A, but appears strongly m Plate 
14, B, IB due to the CN bands, the first negative bands of mtrogen and, to a certain 
extent, the Ime spectrum of calcium The bright central core, seen best m 
Plate 14, A, IS considered m detail later It is here that the 8p«>ctra of 
Cl, NI, 01, etc , are excited 

The excitation in this part mcreascs rapidly as the axis of the core is approached 
as IS shown by the broademng and wave-length displacements of many of the 
Imes, both effects being much greater at the axis than at the surface of the 
central core Also the lengths of the Imes due to lomsiHl carbon. Oil, are 
shorter than those due to C I, while Imes due to more easily excited atoms 
extend for some way beyond the core itself 

(4) Procedure 

Most of the siiectrum photographs were taken with a large Hilgcr ijuartz 
Tjttrow spectrograph E 1 having a glass prism for the visible region An 
image of the arc stream was thrown on the slit by means of a quartz lens 
Usually the axis of the central core was mclmed to the slit at about 45'’ 

The mtensity of the arc stream is so great that only a few seconds’ exposure 
IS needed for the visible and ultra-violet regions The infra-red oxygen tnplet 
at X 8447 could be recorded on ordinary Ilford panchromatic plates with an 
exposure of about 10 mmutes When photographing the extreme red or infra¬ 
red, the 'vuible region of the spectrum was cut off by smtable Wratten filters 
to eliminate the general fogging which otherwise occurred The ultra-violet 
regions were photographed down to X 2200 on the large instrument and to 
X 1900 by means of a small quartz Hilger spectrograph E 27 

Most of the work was done with positive carbons cored with calcium fluonde, 


Johnton, ‘ Phil Trans,’ A, vol 226, p 167 (1927) 
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as described above, but several plates were taken with other core materials in 
order to measure lines which were masked by the calcium spectrum 

Many of the bnes showed considerable broadening and also large shifts to the 
red Some mtrogen multiplets showed shifts of the order of 2 A The 
width of the Imes and the magmtudc of the shifts depend on the part of the arc 
stream bemg observed In general the lines are sharper and the shifts are less 
at the end of the arc stream nearer the positive carbon 

Measurements were in all cases taken from several plates and usually the 
current was 160 to 200 amperes, the potential drop across the arc being about 
60 to 80 volts Some photographs and visual observations were taken with 
currents as high as 250 amperes, but the arc was then somewhat unsteady and 
could not be run for long on account of overheating 

(0) The Spedrum of the Arc Stream 

The spectrum of the arc stream when the arc is burnt m air was fopnd to 
consist of — 

(а) The spectra of neutral carbon, mtrogen, oxygen, hydrogen, and a few of 
the strongest lines belonging to the red 8{)ectruni of argon No Imes 
due to the ionised atoms of these elciiients iverc found, with the exception 
of two or possibly four CII Imes Over 50 new lines were found and are 
attnbuted to C I, N I, and O I, but a distmction between the three has 
not yet been made except m the case of a few NI lines 

(б) The first negative nitrogen band spectrum ti^ether with the usual CN 

bands As mentioned previously, the Swan bands do not appear m this 
part of the arc 

(c) A moderately strong contmuous spectrum extending from the infra-red 

beyond X 8200 down to the ultra-violet at least as far as X 1930 

(d) The Ime spectra of the elements m the core material, and impurities such 
as Fe, Ti, Mn, m the carbons themselves 

The spectra m (a) and (5) will be considered m the following sections The 
presence of the contmuous spectrum prevented some of the famtest Imes being 
seen 

No Imes which could be attributed to hehum were found, contrary to the 
report by Bell and Bassett * There is no doubt that the seven Imes they attn¬ 
buted to hehum are really some of the stronger C I, NI and OI hues together 
with the umdentified pair at XX 4392 and 4386 (see Table VIII) 

*Loc at 
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From the following tables it will be seen that m many oases there are differ¬ 
ences between the relative intensities of the lines compared with those previoiuly 
observed m discharge tubes This is particularly evident in the case of nitrogen 
donsidenng each spectrum as a whole, however, it was generally easy to 
estimate whether the mtensity of any given line, which had previously been 
observed in discharge tubes, was such that it might be expected to appear m 
the photographs of the arc stream Tf, after examination of all the plates, 
no trace of it could be found, it is marked m the tables as " absent ” 

Lmes which are notably diffuse are indicated by d following the intensity 

(6) Carbon 

In Table I the CI lines found m the arc stream are compared with those 
which were observed by Merton and Johnson in their helimn tubes with carbon 
electrodes Most of their famtest lmes of intensity (0) have been omitted as 
they would be too faint to be seen m the arc owing to the continuous spectrum 
described m the last section It will be seen that with the exception of these, 
most of the lmes observed by them appear m the arc The absence of X 4768 78 
IS interesting as at first sight it would appear to be a component of a mnltiplet 
mcludmg the five strong lmes above it m the table No trace of it could be 
found, however, on any of the plates taken. 

The only CII lines which appear with certamty are the doublet at about 
X 2837, which according to Fowler’s* classification corresponds to a transition 
between deep terms of the ionised atom 

It appears from this table that the degree of excitation existing m the core 
of the arc stream is mtermediate between the ordinary arc, m which only the 
C1 Ime X 2478 appears with any mtensity, and Merton and Johnson’s discharge 
tubes m which the two CII doublets at about X3920 and X 2837 appear strongly, 
smee m the arc stream the former doublet does not appear and the latter one 
IB f^ter relative to the CI lmes 

The carbon Ime at X1930 6 is of mterest It appears so very strongly m the 
arc stream that there can be no doubt that it must belong to the Cl spectrum 
and cannot be due to a 3d - 4/ transition in the C III spectrum as classified by 
Millikan and Bowen t 

Prof Fowler has informed the author that he has found that there are actually 
two lmes of nearly the same wave-length and due to CI and C III respectively 
Both of these appear m strong carbon sparks m hydrogen or mtrogen 
• ‘ Roy Soo Ppoo ,’ A, vol 106, p 299 (1924) 
t ‘ Ph\'8 Rev vol 26, p 310 (1925) 
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Table 1 —Carbon Lines m the Are Stream of the High Current Arc 


Merton »nd Johnson 

Ato stream 

A 

Int 

A 

Int 

Remarks 

7110 1 

(0) 



ooouis at A 7118 8ee Table VllI 

6828 0 

(0) 

6828 6 

(2)<l 

3A wide 

6687 76 

(4) 


Doubtful 

6683 02 

(1) 

6682 8 

(0)* 

Doubtful line (C 11) 

6678 16 

(4) 

6677 3 

<0)T 

6380 24S 

(8) 

6380 66 

(9) 


6062 121 

(«) 

6062 30 

(15) 


6041 60 

(3) 

6041 61 

(1) 


6036 06 

(3) 

6039 06 

(2)rf 


6023 76 

(1) 

6023 71 

(l)rf 


4632 00 

(«) 

4932 22 

(6) 


4879 80 

(0) 

4880 0 

(0)dd 


4820 73 

(0) 

4826 89 

(C 


4817 13 

(1) 

4817 32 

(i) 


4806 96 

(1) 

Absent 


4778 87 

H) 

4776 98 

(4) 


4771 72 

(4) 

4771 72 

(10) 


4770 00 

(3) 

4770 16 

(4) 


4706 62 

(3) 

4766 60 

(3) 


4702 41 

(4) 

4762 37 

(8) 


4768 78 

(3) 

Absent 


4767 69 

(1) 




4371 33 

(4) 

4371 44 

(4) 


4362 1 

(1) 

4362 01 

(0)» 


4348 07 

(4) 

4348 09 

(oy> 


4312 4 

(3) 



Probably not present unless quite 
sreak 

4303 8 

(1) 

Mseked 


4268 90 

(8) 

Confused with nitrogen negative 



band Probably absent 


4207 1 

(2) 

Confused with nitrogen band 



ClI 



4236 0 

(S)d 




4231 J6 

(1) 

4231 40 

(0) 


4228 28 

(1) 

Masked 


4213 71 

(1) 

CunfuAcd With cyanoflrn band 


4212 60 

(1) 




4212 36 

(I) 




4160 4 

(l)rf 




4066 1 

(8) 

Absent 


Confused with CN band atmotnre 

4064 2 

(1) 

Absent T 



3920 77 

(9) 

Absent 


C 11 bne 

3919 00 
3830 2 

(8) 

(2) 

Confused l>i 

cyanogen band 

Nut found on all plates by M andJ 


structure 


3804 4 

(2)J 




3767 1 

(3) 




3768 6 

(IW 



,, ,, 

3729 6 

(2) 

Absent 



3607 0 

(1)J 




3604 1 

W 




3692 0 

(1) 




3491 4'; 

(1) 

3491 86T 

(2) 

Confused with band structure 

3489 3 

(3) 


1 
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Table I—(continued) 


Merton and Jubnuun 

Arc Htrram 

X 

Int 

A 1 

1 Int 

Bemarki 

3370 6 

(4) 

Abwnt ' 

1 

Nut found on all plates by M and I 

3168 e 

(2) 

Masked by ta 



2902 6 

(2) 

2002 61 

1 (0)^ 


2047 4 

(1) 

Msakod by Ki 



2837 60 

(9) 

2837 61 

1 (3) 

Clllmo 

2836 71 

(10) 

2836 72 

(4) 


2747 31 

(3) 




2746 60 

(2) 

Maaked by bo 



2660 3 

(1) 

Masked by A1 



2682 0 

(2) 

2682 04 

(3)« 

Not found on all plaUa bj M and 1 

2616 10 

(1) 

Abaoni 



2612 00 

(6) 

2612 03 

(2)« 


2600 06 

(2)d 

2600 06 

(2)« 


2478 626 

(20) 

2478 60 

(100) 




1030 0 

(30) 



(7) Nitrogen 

In addition to the measurements by Merton and Pilley of the XI spectrum 
m discharge tubes, Merrill* and Kiessf have given a number of Imts m the 
infra-red A number of the K1 linos have also been classifiod in quarti't and 
doublet systems by Kiess | 

Table II gives the infra-red lines measured by Kiess together with those found 
m the arc stream Only rough measurements were possible in this nsgion 
The first two columns of Table IV give the NI Imcs measured by Merton and 
PiUey and by Hardtke The corresponding Imes which were found in the are 
are given m column 6 A few very famt Imes which were recorded by Merton 
and Pilley but which were not found to appear in the arc have boon omitted 
from the table Lmes marked with an asterisk were found by them on one 
plate only Several of these appeared in the arc Of the lines recorded by 
both observers, only one at X 4114 was not found m the arc 
It will be seen from the table that many of the NI Imes show considerable 
broad^nmg and large displacements to the rod, amountmg m some cases to over 
2 A Fowlerl has recorded multiplets in the NII spectrum which show dis¬ 
placements of 0 7 A m vacuum tubes at relatively high pressures Table ILL 

♦ ‘ A8troph>’8 J vol 51. p 236 (1020), and \ol 34, p 76 (1921). 
t ‘ Soienoe,’ vol 60, p 249 (1024) 

} ‘ J Opt Soo Am vol ll.pl (1025) 
i ‘ Boy 8oo Proo A, vol 107, p 31 (1926) 
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Table II —XI Infra-Red Lmea m the Arc Stream. 


KiL 

Int 

1 

A 

Arc atraam 

lut 

m miirkM 

8729 07 

(0) 

8730 

(0) 


8718 90 

(1) 




8711 87 

(1) 

8713 

(1) 


8703 42 

(1) 




8680 38 

(1) 

I 



8683 HI 

(2) 

t 8682 

(2)rf 

Almnt 10 A wide 

8680 31 

(V 

J 



8656 12 

(1) 




8620 61 

(7) 

8620 

(1) 


8694 14 

(2) 

8604 

(1) 


8668 04 

(1) 

8669 

(0) 


8242 47 

(7) 

8243 

(3) 


8223 28 

(3) 

8221 

(3) 


8216 16 

(6) 

8216 

(«) 


8210 m 

(2) 

8211 

(1) 


8200 Vl 

1 

8200 

(1) 


8188 I)> 

(0 

8188 

( 4 ) 


8187 07 

(3) 

8186 

(4) 



gives average values of the displacements and widths of the lines m the 
multijJcts classified by Kiess These values are, however, very rough and are 
only givenxto show the magnitude of the effects m the various miiltiplets 


Table III —Displacements of XI Multiplcts 


Multiidet 

ApproNimatu 
aM.nvgo dinplacemenl 

Aioragc width of tho lines in the 
multiplet at wnta of i,ore of arc 
stream 

11*1) 4*J> 

1 1 1 A 

8 A 

71*1) VV 

h 2 4 

4 

n*l) - *1) 


4 

4*I> _ ]>' 

! +16 

2 

7*1> - J*' 

i -r 1 Ti ’ 

6 

n*I) - *!• 


CoiitiucU into linnd 26 A wide 

2*P - *S 

0 

Fairly sharp 

»P - *1) 

- 0 6 

2 

M> - 'S 

U 

Miarp 


Merton and Pilley observed throe Imes XX 4099 96 (9), 4109 94 (10) and 
4113 92 (5), which Kiess has classified as a doublet system P — D multiplet 
The two first Imes appear m the arc stream as two very strong Imes of mtensities 
(10) and (16) respectively, but X 4113 92 was not seen, although it should have 
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been found if its intensity was greater than 1 Hardtke found the line, but it 
was relatively much weaker than that recorded by Merton and Pilley 

It will be seen that both the quartet and doublet system multipletu P — B 
show no appreciable displsusement and are both fairly sharp With the excep¬ 
tion of some Imcs between XX6076 and 0546, almost all the remaining unclassified 
Imes are neither very broad nor much displaced 

Seven new Imes which appeared m the arc are moluded m Table IV Five of 
these, together with the two at XX 6946 18 and 6926 70 previously observed by 
Merton and Pilley, were found to constitute the complete quartet system 
multiplet 4P — P* The measurements were made on the ends of the Imes 
which corresponded to the outer parts of the core of the arc stream There 
the Imes were fairly sharp, although they were about 2 A. wide at the centre 
of the core The wave-length displacement was found to be 1 6 A Deduct¬ 
ing this amount from each of the seven Imes, the 4P — P' multiplet appears as 
follows — 


P '1 

18 38 

P'a 

38 36 

P '3 




14432 7 (2) 

37 6 

14394 9 (3) 

4 P 3 



70 0 


70 3 1 

70 12 

14380 8 (2) 

18 1 

14362 7 (1) 

38 1 

14324 6 (2) 

4P, 

44 6 


44 1 



44 34 

14336 3 (0) 

17 7 

14318 6 (2) 



^Pi 


The other two hues at XX 6837 and 5820 appear to belong, together with 
Merton and Tilley’s Ime at X 6829 6, to the 0*P — P' multiplet The now Imes 
are very diffuse so that accurate measurements were impossible, but the dis¬ 
placement to the red m the arc appears to be roughly 1 6 A The three Imes 
are, however, among the strongest which would be expected m this multiplet, 
so there is httle doubt of the correctness of the identification 
In addition to the N* I Ime spectrum the first negative mtrogen bands appear 
m the arc stream. They extend for some distance outside the central core but 
not quite as far as the CN bonds The following heads were identified — 


Group U —XX 4708, 4661, 4699, 4664 
Group m —XX 4278, 4236 
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Table IV—(continued) 


A 

Morton 
*nd Pillov 

Int 

A 

Hardtko 

Int 

A 

An. 

lilt 

Kemarks 

£378 43 

(00) 



6378 56 

(2) 


6372 6» 

(l)rf 

6372 6 

(3) 

5372 61 

(2) 


6367 28 

(00)* 

5306 6 

(1) 

6366 70 

(-2) 


6366 76 

n) 

6367 0 

(3) 

6366 68 

(3) 


6328 67 

(0) 

6330 0 

(4) 

6328 67 

(4) 


6310 <JO 

(00)* 



6310 63 

(1) 


5300 48 

(00) 

3309 0 

(2) 

6300 37 

(2) 


6292 74 

(00) 

6392 6 

(2) 

6302 70 

(3) 


6281 17 

(1) 

6282 0 

(3) 

5281 16 

(3) 




8182 

(1) 

6181 80 

(2) 




6170 

(1) 

5160 80 

(2) 


40J’5 03 

(9) 

4036 6 

(3) 

4W6 17 

(6)« 


4014 02 

(4) 

4016 6 

(2) 

4014 80 

(4)/. 


4881 67 

(2) 



4881 

(0)d* 

Doubtful hue in are 

4763 17 

(2) 



4763 37 

(1) 


4700 26 

(2) 



4760 17 

(1) 


4742 87 

(0) 



4742 84 

(«) 


4733 77 

(1) 



4756 60 

(1) 




4670 0 

{») 

4060 00 

(16) 




4660 J 

(J) 

4660 61 

(10) 


4404 68 

(C) 



4494 67 

(!) 

( onfiised mth N band struc 








4492 46 

(6)* 

4492 -» 

(2) 

ALaent* 





4485 3 

(4) 

4486 36 

(3) 




4466 6 

(5) 

4466 31 

(1) 


4368 20 

(7) 



4368 04 

(2) 


4336 51 

(4) 

4337 0 

(4) 

4536 66 

(3)./ , 



4324 5 

(2) 

4524 17 

(2) ' 

4317 72 

(4) 

4517 7 

(4) 

4517 77 

(i) 1 

4313 11 

(3) 

4515 1 

(1) 

4115 00 

(2) ' 

4306 46 

(fl) 

4506 5 

(6) 

4305 67 

(4) 1 

4284 01 

(2) 



Absent 


4282 20 

(1) 





4281 33 

(2) 



4281 IM 

(Oh 

4263 31 

(3) 



4363 36 

{*) 

4230 16 

(4) 



4230 60 


4224 00 

(2)* 



4224 88 

(6) 1 

4223 00 

(3) 

4233 0 

(3) 

4233 13 

(10) , 



4216 

(4) 

4214 80 

(l)s 




4213 

(3) 

1 





4193 

(3) 






4187 

(2) 

>■ Absent 





4180 

(3) 






4166 

<#) 

J 



4161 44 

(9) 

4161 

(10) 

4161 57 

(3)« 




4146 

(7) 

4143 66 

(«) 


4137 68 

(4) 

4137 

(«) 

4137 78 

(4) 


4113 93 

(6) 

4114 

(1) 

Absent 


In C/'N band, but it should ba\e 







been seen if it vras of inton 







Bity > 1 



4112 

(1) 




4109 04 

(10) 

4110 

(10) 

4109 44 

{15)rf 

\Botli bnos appear displaced 

4009 06 

(9) 

4100 

(7) 

4000 66 

{I0)d 

/ towards the \iolet 

4037 36 

(3) 



Absent 



4011 07 

(4) 

4013 

(2) 

4010 5 

(2)rf 


3009 08 

(3) 



4000 0 

(2)d 


3067 10 

(3) 



Absent 



3062 18 

(3) 








177 


Spectrum of Carbon Arcs 


Table IV—(continued) 



(8) Or^n 

Tables V and VI give the 01 lines which have been identified in the arc stream 
The first gives the senes lines, the comparison wave-lengths and series designs^ 
tion being taken from Fowler’s report It will be seen that the intensities 
of the Imcs fall ofi very rapidly throughout each scries, so that, m general, only 
the first two members appear, although the first line may be very strong 
Considerable broadening and displacements to the red occur m some senes, 
os was found in the case of NI It will be seen that the lines belongmg to the 
four senes IP — mS, IP — wiD, Ip — mt, and Ip — mJ are all very diffuse, 
their widths being between 4 and 10 A These also show displacements to 
the red of the order of 2 A The magmtude of the shift m the case of the 
IP — ml) senes is, however, uncertain as only one very diffuse Imo was seen so 
that no accurate measurement could be made The two senes IS — IP and 
Is — Ip, on the other hand, arc comparatively sharp, particularly 1« — Ip 
The unclassified line at X 7157 36 recorded by Runge and Paschen* and othersj- 
iB also sharp and always appears strongly m the arc stream 
Several otherwise unidentified Imes agree with some of the famter Imea given 
by FowlerJ m a paper on the senes classification of the 0II spectrum These 
Imes are given m Table VI Fowler states that m preparing his table care 
was taken to exclude lines due to stages of ionisation higher than the first, so 
that the possibility of some of them bemg due to 01 is not excluded Now 
with the exception of X 4706, which is a doubtful Ime m the axe stream, none of 
the strong Imes m Fowler’s table appear, nor do any of those belonguig to his 
* ‘ Ann d. Phynk,’ vol 61, p 641 (1897) , and vdl 87, p 66S (1906) 
t Memll Hopper and Keith, ‘ Aatnqdiya J voL S4, p 26 (1921) 

$ ‘ Roy Soo Froo ,’ A, vol 110, p 476 (1988) 

VOL. oxvn —A. M 
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Table V —OI Lines m the Axo Stream 


A 

Vowler'i 

lot 

SeriM 

designation 

(Fowler) 

A 

Aro 

stream 

Int 

Remarks 

8446 38 


IS - IP 

8447 

(2) 


4368 SO 

(10) 

IS -2P 

4368 32 

(20) 


369S 44 

(7) 

18-SP 

Absent 



72S4 06 

(2) 

1P-3S 

7267 

(1)4 

6 A wide 

6046 34 

(7kl 

IP-48 

6048 2 

(1)4 

3A wide 

6654 04 

m 

IP - 68 

Absent 



7002 22 

(4) 

IP - 3D 

7003 

(2)44 

8 A wide Wave length only 






approximate 

6068 63 

(< )d 

IP - 4D 

Absent 



7771 07 

(K 1 

1 1« - Ip 

7772 

(«) 


7774 01 

(i 1 





7776 68 

(« 1 


7776 

(») 


3047 33 

(K 1 





3047 81 

0 

1* - 2p 

8047 18 

(5)e 


3047 61 

(4) 





6466 07 

(0) 





6464 66 

(7 

V Ip - 3. 

6467 

(18)4 

6 A wide 

6463 60 

(6 





6436 S3 

(8 





5436 78 

(fl 

y Ip — 4< 

6438 4 

(8)4 

4 A wide 

6436 16 

(8 





6168 20 

(10 

] 




6166 78 

(8 

)■ Ip - 3d 

6160 

(20)4 

4 A aide 

6166 00 

(7 





6330 66 

(10 





6320 60 

(7 

Ip - 44 

6332 

(3)44 

10 A wide Wave length only 

6328 08 

(« 




approximate 

7062 22 

(« 


7052 

(3) 


7850 84 

(1 





7047 68 

(2 


7048 

(3) 


7481 27 

(0 





7470 23 

(0 


7480 

(1) 


7476 68 

(1) 


7477 

(1) 


7167 86 



7167 4 

(4)* 

Runge and Paaohen 


Table VI —^Additional OI lines m the Axe Stream 


A 

Fowler 

Int 

A 

Aro stream 

Int 

Ho marks 

4744 86 

(0) 

4744 68 

(0)» 


4705 36 

(8) 

4706 42T 

(0) 

Doubtful 

4443 06 

(8) 

4443 06 

(1) 


4378 40 

(3)11 

4378 1 

(1)<1 

2A wide 

4371 65 

(2)» 

4372 0 

(2)d 


4024 04 

(1)» 

4023 7 

(2)d 

4 a’ wide 

3803 53 

(2) 

3808 2 

(3)d 

3 A wide 

2883 78 

(3) 

2883 83 

(3) 

01 (Pasohen) 

2878 05 

(2) 

2878 08 

(3) 


2100 66 

(2) 

2100 64 

(2) 


2180 51 

(1) 

2180 62 

(2) 


2148 60 

(0) 

2148 S3 

(2) 
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0II senes olasstfiRation. Hence, since O U lines would not be expected to 
occur in the oco, it is probaUe that the lines given in Table VI ate really due to 
01 It will be seen that the three lines marked n by Fowler all appear diffuse 
m the ate 

(9) Argon 

Several lines which appeared m the red were found to correspond to strong 
lines m the red spectrum of argon In order to conhrm this, arrangements 
were made to direct a gentle stream of argon on to the arc stream Viewing 
the spectrum visually it vafl found that immediately the gas was turned on 
very gently the Imes m question brightened up considerably On mcreasing 
the supply of gas practically the whole of the red spectrum appeared 
Table VII gives the argon lines which normally appear when the arc is burnt 
m air All the Imes are quite sharp 


Table VII —Argon Lmes m the Arc Stream 


A 

Arc 

Int 

A 

Am 

Btteam 

Int 

fills 

(0) 

7604 0 

(1) 

7726 

(0) 

7384 8 

(0) 

7036 8 

(1) 

7067 8 

(2) 

7614 8 

(1) 

6906 6 

(2) 


(10) Hydrogen 

The first three lines of the Balmer senes are always seen m the arc when 
bummg normally in air Their breadth is considerable For example, with 
a current density of the order of 10 amperes per square millimetre of the negative 
stream, H, appears roughly 26 A wide and Hu about 30 A. wide The 
width moreases with the current density H, appears reversed over a width 
of about 3 A 

If a stream of hydrogen or coal gas is allowed to play gently on the negative 
stream, the widths of H., H^ and Hy morease to roughly 66, 80 and 86 A. 
respectively 

(11) UmderUrfied Lmet 

Table VUl gives 63 new Imes found m the arc It is probable that they 
belong to either oxygen, mtrogen or uarbon • They have all been found on more 

* Work on the identification of these lines is now in progress. Sev«i of them, noted 
in the table, may oonespond with some known N and O lines, but furtiier wmk is 
needed to confirm this. 

N 2 
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than one plate and, with one exception, noted in the table, none of these lines 
extends beyond the core of the arc stream Metallic Imes and those belongmg 
to_band structures extend beyond the central core and so arc easily distinguished, 
these have been elimmated from the table 

Some of the lines are very diffuse and have a similar appearance to the 
broadened 01 and NI Imes recorded above These may, therefore, be affected 
with similar displacements In the case of all those marked d, the possibihty 
of a wave-length shift to the red of as much as 2 A must be allowed for 


Table VIII —Unidentified Lmes m Arc Stream 


A 

Arc Htream 

Int 

Rem&rlui 

K33H 

(1) 

Very smroximato ■ws\e leiif^li 

VeiydiBiiae line which may inoludeugonLne 8014 8 

SUIH 

( ^ 

7908 

(1 a 

Approximate wave length 

78S0 

(ly 

Very difinae Approximate wave length 

7092 

(1 

70S2 

ii 

May ho double 1 

7118 fi 

(< 

About 8 A wide (nee Table 1) 

6916 6 

(2 

May be double 1 

67»i 

(id 

ijeveralA wide 

6760 

(1 A 


6672 

(] d 


6111 

(( d 

About 10 A wide 

6041 0 

(C 


6806 76 

(1 


6801 17 

<2 


6793 61 

(5 


6418 02 

(2* 


6401 41 

(1 » 


6343 72 

(1 


6340 66 

(0 


6314 69 

(0 

Nr 

6304 9 

(1 


6204 

(Dd 

4 A wide 

6187 10 

(1 


4812 84 

(1 


4738 73 

(1 


4706 42 

(0 

8oe Table VI N T 

4678 70 

(3)« 


4671 0 

(« 

DiflSoult to lee^owing to strong N line at A 4670 M f 

4663 37 

(2 

4662 04 

(0 


4476 4 

(2 


4474 16 

(4 


4489 2 

(2 


4462 4 

(1 

Confused with N band 0 7 

4448 00 

(1 


4437 8 

(1 


4486 8 

(8)4 

3 A wide ” 

4398 42 

(S 

Nr 

4386 63 

(2 

Nr 

4360 3 

(4)4 

8A wide NT 

4343 9 

(2 


4864 76 

(4 
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Table VIII—(continued) 


A 

Aro stream 

Int 1 

Remarka 

4107 9 

(7) 

r^ofwwd with ON band 

3054 10 

(0) 


3880 1 

(2) ! 

Confuaed with N band 

3641 0 

(2) 

Band stmotnie T Bxtenda outside core of are stream 

3093 SO 

(0)« 


3904 00 

(3) 


3003 36 

(3) 


8003 SO 

<^) 


2354 13 

(1) 

Oonfused with band hnes 

2353 22 

(1) 



Summary 

(1) A study of the spectra excited m current carbon arcs in air has been 
made The positive carbons were cored with metalho salts which, under 
suitable conditions, allows the limiting current density of ordmary arcs to be 
exceeded 

(2) As the current through such arcs is mcreased a bright central core develops 
m the arc stream In this core the spectra of C I, N I, 01, together with the 
Babner senes and the strongest Imes of the red spectrum of argon, are excited 
The relative mtensities of the CI and NI Imes, which have previously only 
been found m special discharge tubes, are compared with those found m the 
arc stream Many differences occur The first negative mtrogen bands were 
also observed m the arc stream 

(3) Over 60 new Imes were found and are asenbed to either N I, 01 or CI 
Five of these complete the NI quartet system multiplet 4P — P' and two 
others belong to the 6P — P' multiplet 

(4) Certain NI and 01 lines are found to be displaced by amounts m some 
oases exceeding 2 A. and at the same time to be very much broadened These 
effects are correlated with the senes classifications when known 

(6) The Swan bands are strongly excited close to and inside the positive 
crater but do not normally occur m the arc stream They show up family 
when a jet of hydrogen is,directed on the arc and very brightly when the 
hydrogen is replaced by coal gas 

(6) No Imes which could be attributed to helium were found, contrary to 
the report by Bell and Bassett It is shown that the hnes they observed were 
really promment hnes belonging to the C I, NI and 01 spectra 
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In cMiolnsion I should like to express my appreciation of the valuable advice 
given by Prof A Fowler and of hia mterest throughout the woric. Also to 
acknowledge the very able assistance of Miss D E Tates m measuring the 
plates and of Mr J H Goodchild who operated the arc 

DESCRIPnON OF PLATES 14, 15 avd 16 
Plats 14 —This shows three photognpha cf the uo with a CaP, core taken through difforeat 
odour filters In a the filter mainly transmitted the band spectra due to oalcinm 
compounds It thus shows the large outer fiame extending upwards from the crater 
The bright central core of the arc stream extending from the negative carbon is well 
seen In a the filter mainly transmitted the low temperature calcium lines but no 
bands It therefore shows the inner highly conducting flame The manner in which 
the arc stream plays upon it instead of direotly on the positive carbon may be seen. 

The third photograph, o, was taken throng a dense filter which transmitted the 
Swan hands It shows the preeenoe of a very intense small flame just above the enter 
This fiame is due to the Swan spectrum alone 

Platu 15 AHO 16.—These show tiw whole of the visible and parts of the ultra videt 
speetrum of the are stream. The image of the aro was project^ on the sUt so that the 
bright core of the aro stream appears in the middle of the spectrum. It u only in this 
part that the C L NI and 01 lines appear The strongest of these, together with the 
new lines, are marked All those extending b^nd the central part are either mctallio 
lines d Oa, Fe, Mn, Ti, etc , ot bdong to bands 
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Stud%e$ <if Oa$-Solxd Equilibria, Part I -—Pressure- Temperature 
Equilibria between Benzene and (a) Ferric Oxide Gel, 
(b) Silica Gel in Sealed Systems qf Known and Unalterable 
Tidal Composition. 

By BrantAH Lambebt, M A, Fellow of Merton College, Oxford, and 
Abthub 1L Clabk, BA., Merton College, Oxford 

(Conunnmoated by F Soddy, F B S —Beonved Augnit 11,1927 ) 

Thu work has been undertaken m order to provide more accurate and reliable 
data than are at present available for the examination of the theoretical 
aspects of gas-solid equihbna 

The pnnoiples of experiment underlying the section of the investigation 
dealt with m Part 1 may be snmmanzed as foQovrs — 

(i) An accurately known weight (tn uteuo) of the “ activated ” gel, m the 
form of small granules, u introduced mto an all-|^as8 apparatus part 
of which consists of an evacuated mercury manometer 

(u) After very thorough evacuation of the system, an accurately known 
weight (m vacuo) of pore benxene u distilled into the apparatus and the 
system sealed. 

(lu) The whole sealed system u then heated m a vapour bath to definite 
temperatures, withm a range 30° to 130° C , and the eqnihbnnm pr es su re 
for eadi temperature read off on the manometer, these ipceesures are 
corrected to express the absolute equihbnum pressures m oentunetees of 
mercury at 0° C 

(iv) A number of such sealed systems u prepared oontauung gradnally 
increasing weights of benxene per gram of gel used. The eqmhlxium 
p t o s Buic e of each qrstem ore mvestigated withm tiie same tempoatma 
range and so, by plotting pressures against temperatures, a sense of 
pressure-temperature curves u obtained for qutons of difiermt total 
composition 

The conditions are the simplest poseible—each system oontauung only a 
known weij^t of scdid adsorbent, a known wei^ of pure henien^^and an 
evacuated manometer 

The total composition of each s^ed system is unalterable during the whole 
Xionrse of investagation, although there must be some attoratron of the benxin^ 
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content of the sohd phase as the temperature is raised or lowered, this point 
18 dealt with later 

(a) The Behzehe-Febbic Oxide Gel Systehs 
Preparalxon of Adsorbent Fcrnc Oxrde 6fel 
The feme oxide gel was prepared and “ activated ” as follows — 

An aqueous solution of caustic soda containing 8 per cent by weight of 
NaOH was slowly added to a well-stirred aqueous solution of feme chloride 
containing 30 per cent by weight of FeClj The precipitated feme hydroxide 
hydrogel, after being left to stand for 12 hours, was washed free from soluble 
salts and filtered The filtered precipitate was extruded through a circular die 
of 6 mm diameter and the vermiform product dried in a current of air, at the 
ordinary room temperature, until no further shrinkage took place At this 
stage the product was hard and bnttle, freshly fractured surfaces showed a 
hnlliant lustre and the material was transparent when examined in thm flakes 
under the microscope Subsequent drying at 100° C , in a rapid current of air 
caused further shrinkage with loss of more water, and the product was then 
broken up into granules and sieved so as to obtain approximately uniform 
pieces The granules which were passed by a “ 20-mesh ” sieve and retained 
by a “ 24-mesh ” sieve were finally “ activated ” by heating in a current of 
dry air, at 170° C , until there was no further loss of weight The process of 
activation caused no alteration in the appearance of the material, which 
remamed bright and lustrous 

This method of preparation and “ activation ” produced a hard solid with 
sfarongly adsorptive properties , the adsorptive poner for condensible vapours 
was of the same order as that of a good active ” cocoanut charcoal 
Although prolonged subjection of the gel to a current of dry air at 170° C 
caused no further detectable loss of water, the material (considered as FesO,) 
still contamed about 4 per cent of water which could, however, only be removed 
by heating to much higher temperatures, this resulted in a profound alteration 
m the gel and a complete destruction of its adsorptive power. 

Weighing of Portions of Oelm. vacuo 

The apparatus used for this operation is shown in fig 1 It consisted of a 
glass bulb A of about 120 c c capacity closed by a long, accurately ground 
cap B to which was sealed a stopcock C A second ground joint D enabled 
connection to be made to a large drying tube contauung phosphorus pentoxide, 
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a large bulb containing active cocoanut charcoal and an automatic mercury 
pump 

About 100 grains of the activated gel were placed m the bulb A which was 
then closed by the ground joint B, rubber grease being put only 
at the lower part of this ground jomt Connection was no>i 
made to the mercury pump and the drying tube and charcoal 
bulb beyond the lubricated ground jomt D All connections 
other than the lubricated ground jomts were sealed glass 
connections 

The apparatus was thoroughly evacuated while the bulb A 
was maintained at a temperature of 150° C by means of an air 
bath The heating and evacuation were continued until, after 
closing the stopcock C, detaching at D, washing the grease from 
D with ether, and weighmg, a weight was obtained which 
remained unaltered after reassembbng the apparatus and giving 
it a further spell of heating and evacuation This operation was 
carried out with the utmost care, from 70 to 100 hours’ heating 
and evacuation being necessary before it was complete, and the 
gel underwent no further loss in weight Zn the last stages of 
the operation th( evacuated tube, sealed into the system and 
contaimng 60 grams of active cocoanut charcoal, was cooled for 
several hours in bqmd air so as to “ freeze out ” any residual 
gases 

After the apparatus had reached a constant weight, the stop¬ 
cock C was cautiously opened and dry air allowed to enter the 
bulb A The lubricated joint B was then carefully “ unmade ” and a quantity 
of the gel poured out into the tube in which it was to be used The joint B 
was now “ remaile ” and the bulb A heated and evacuated as before until 
its weight was constant The difference in weight of the evacuated apparatus 
before and after the removal of the gel gave the exact weight (»n t«ic«o) of 
the gel removed 

These operations were repeated untd ten accurately known weights of gel 
had been obtamed and transferred to their respective reaction tubes 

Very careful tests showed that the “ unmaking ” and “ remaking ” of the 
Inbncated joint B could be earned out without the mtroduction of any appreci¬ 
able error if the rubber grease was put only on the lower part of the joint 
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Construction of Evacuated Mercury Manomdera 
Each reaction tube containing an accurately known weight of gel was now 
to be sealed to an evacuated mercury manometer 
Much difficulty was experienced m the production of absolutely reliable 
mercury manometers which could be submitted to temperatures ranging from 
30“ to 130“ C, for long periods, without developing inaccuracies It wan 
necessary to ensure the complete removal of air-films from the glass surfaces 
and dissolved air from the mercury, or tmy bubbles gradually formed in the 
closed limb of the manometer and the rcadmgs became unreliable 
The design of the manometers is seen m fig 2, in which a manometer is shown 
attached to the reaction tube, etc The two limbs of the manometer were 
made of tubmg of 6 mm bore, a capillary portion being sealed m at the U-bend 
so as to prevent the too-rapid movement of the mercury The closed limb was 
80 ems in length, and it was fused to the open hmb by means of a solid piece 
of glass rod This method of construction gave great stabihty, without any 
further support, and allowed of readings bemg taken along the whole length of 
the manometer limbs 

The closed lunb had to be cut for the purpose of cleaning and steaming the 
glass surfaces After re-seahng this hmb, the open limb of the manometer 
was sealed to a bulb contaimng mercury and to a rapidly acting mercury 
vapour pump The whole apparatus was thoroughly evacuated and strongly 
heated for an hour, with a large flame, so as to remove adsorbed air from the 
glass surfaces and dissolved air from the mercury The mercury was then 
distilled into the manometer and, after coohng, air was allowed slowly to enter 
the open limb 

This procedure resulted in the production of a most satisfactory and reliable 
manometer which gave readings identical with those of a standard barometer 
before and after use m these experiments 
Ten such manometers were made for attachment to the ten gel tubes used 

Introduction of suscuraldy known Weights of Benzene into the Reaction Systems. 

The experimental procedure in this important operation was evolved after 
many trials and may be summarized thus — 

A weighed sealed tube, with a capillary pomt on which a scratch was made, 
and contaimng an approximately known quantity of benzene tn vacuo, waa 
opened by breaking off its capillary pomt m an evacuated tube sealed to the 
evacuated syvtem contaimng manometer and known weight of gel The benzene 
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was then distilled on to the gel by cooling the gel tube in a freesing mixture of 
sohd carbon dioxide and ether, the reaction system being sealed off while the 
gel tube remained m the freezing mixture The empty benzene tube, with the 
broken-off capillary point and any glass sphnters, was then carefully removed 
and weighed From the known weights of the full and empty tube, after 
making the necessary corrections for the displacement of air, the weight (m 
vacuo) of benzene mtroduced into the adsorption sjrstem could be determined 
mtb great accuracy 

Fig 2 shows the apparatus used m this operation The known weight of gel 
was contained m the tube A sealed to the evacuated manometer B This 



system was sealed to the wide tube E as shown, constrictions being made at 
C and D for sealing-off purposes The wide tube £ contamed (resting in the side- 
branch F, with its capillatT pomt projecting into E) a sealed tube, of accurately 
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known weight, containing benzene tn vacuo, this tube had a fine scratch made 
on the capillary at O Resting, as shown, m a horizontal extension of the wide 
tube E, was a “ bullet ” H made by sealing up a soft iron cylinder inside a 
silica tube Sealed connections were made beyond D to a large drying tube 
containing phosphorus pentoxide, a bulb containing 60 grams of active cocoanut 
charcoal and an automatic mercury pump 

The whole sealed apparatus was thoroughly evruiuated, while the tube A was 
surrounded by an air-bath heated to 150° C and the rest of the glass parts 
heated (from time to time) by a large flame After 60 to 70 hours’ contmuous 
evacuation, traces of residual gases were “ frozen out ” by immersing the bulb 
contaimng active charcoal m liqmd nir for several hours, the pump connections 
being then sealed off at D 

Tlie capillary point of the benzene tube was now broken off at Q by causing 
the “ bullet ” (by means of an electromagnet) to fall on it Even before the 
gel tube was cooled the benzene vapour was so rapidly adsorbed by the gel 
that the benzene in F sobdificd , it then distilled on to the gel quite rapidly, 
and it was only necessary to cool the gel tube at the end of the operation, when 
the last traces of benzene vapour had to be made to enter the gel system At 
this stage the gel tube A was surrounded by a freezirg mixture of solid carbon 
dioxide and ether, and after some hours—^while A was still immersed in the 
freezing mixture—the gel system was sealed off at the constriction C 

The wide tube E was opened and the empty benzene tube, with its broken-off 
point and any glass splmters, carefully removed and weighed The difference 
between the full and empty benzene tube (after making the necessary correc¬ 
tions for air displacement) gave the exact weight of benzene distilled on to 
the gel 

A sealed glass system was thus obtamed containing an accurately known 
weight of feme oxide gel, an accurately known weight of benzene and an 
evacuated manometer 

Note —In order to mamtam the simphcity of the system, the benzene used 
was purified with great care Sulphur compounds were removed by the 
usual well-known methods and, after drying, the purified benzene was 
partially frozen and the sohd removed from the hqmd as completely as 
possible , this operation was repeated three times The product was 
then distilled m a sealed all-glass apparatus, the middle third only of the 
distillate being collected m a flask containing clean metallic sodium 
This flask was sealed into a svstem containing the tubes in which the 
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final product was to be collected The B}r8tem was thoroughly evacuatt'd 
and the benzene was then distilled into the tubes, which were sealed off 
and weighed The tubes were calibrated so that the quantities of 
benzene contained in them was approximately known The exact 
weights of the contained benzene were detenmncd as described above 
The fact that the vapour-pressure curve of system X (see p 209) la 
identical with that of pure benzene, drawn from the results of Regnault 
and of Young, is evidence of the purity of the benzene used m these ex¬ 
periments as well as of the accuracy of the experimental methods used 


Ten benzene-feme oxide gel systems were prepared by the methods desenbed 
above, the total composition of each of these systems is given in Table I 
below — 


Table I 


Number of 
g^tcm 

Weight of gol 
i in gramfl 

Weight of benzene 

1 in grama 

Orams of benzene 
per ftnun of gel 

1 

8 7780 

0 2083 

0 0237 

11 

7 4ns 

0 2821 

0 0380 

III 

7 7392 

0 6723 

0 0740 

IV 

7 9687 

0 7006 

0 0922 

V 

7 0243 

0 7942 

0 1131 

VI 

7 1469 

0 8607 1 

0 1191 

VII 

6 3996 

0 6747 

0 1240 

VIIl 

e 0441 

0 8647 

0 1431 

IX 

6 4164 

1 1791 

0 1830 

X 

7 2668 

1 8473 

0 2270 


The equilibnum pressures of benzene vajiour in these systems were determined 
at vanous known temperatures withm a range of 30** to 130° G 


Detenmnatton of EqynUbnwn Pressures at Known and Contrtdled Temperatures 
between 30° and 130° C 

Each of the sealed systems was, m turn, placed m a vapour bath the tempera¬ 
ture of which could be varied within a defimte range and could be kept controlled 
—for long periods and throughout its whole length—to within ± 0 05° C 
of any desired temperature withm its range After sufficient time had elapsed 
for a system to come to defimte eqmlibnum at any one chosen temperature, 
the pressure of the benzene vapour was read off directly on the attached mano¬ 
meter by means of a cathetometer This pressure was then corrected and 
expressed as an actual pressure m centimetres of mercury at 0° C Each 
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system was ezammed m this way and the equihbnum pressures determmed for 
several known temperature witlun the range 30° to 130° C 
The construction of the constant temperature vapour bath is shown m fig 3 



Via 3. 


It consisted essentially of a glass tube A of 
length 120 cms and internal diameter 6 5 cms 
The lower end was closed and blown out into a 
bulb B to contain the liquid which was to be 
boded The bulb was heated electncally by 
passing the “ mam ” current through a 
nichrome resistance wire CC' wound on a 
coating of asbestos fibre which was moulded 
round the bulb, a controlling rheostat was 
used in senes with the heating wire A further 
thick coating of asbestos fibre was moulded on 
over the heating wire and the whole heating 
system lagged by packing with slag wool m a 
metal container 

The exposed outer glass surface of the vapour 
bath was protected by a cylindrical sleeve D of 
pohshed sheet aluminium which was provided, 
at back and front, with shts for dlummating 
and reading the manometer and thermometer 
The top of this sleeve was covered with a sheet 
of asbestos board E to minimise the effect of 
convection currents around the vapour bath 
The open end of the tube A was closed by a 
bung F carrying a glass rod H, with hook, as 
shown, to support the sealed system under 
mvostigation The bung also earned an efficient 
condenser G and a closed glass tube m which 
was an accurate thermometer J with its bulb 
immersed m mercury, a second thermometer 
was attached to the gel tube as shown m the 
figure The thermometers were standardised 
instruments and could be read to 0 06° C 


Constancy of temperature throughout the intenor of the vapour bath was 


obtained by the steady boihng of a pure hquid at an accurately controlled 


pressure The pressure was controlled most successfully (with fluctuations of 
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less than 0 01 mm of meroury, even over long periods) by means of a manostat 
made and used m the manner described by Wade and Memman (‘ Jour Chem 
Soo Transvol 99, p 984 (1911)) The manostat was worked by means of a 
good water-pump, and the mevitable fluctuations m the latter were successfully 
overcome by the use of large air “ buffers ” and chokes of capillary tubing 
Two separate vapour baths were used, one containing pure alcohol (for the 
range 30° to 70° C) and the other containing pure chlorbenxene (for the range 
70° to 130° C) Steadiness of ebullition was obtained in the former by the 
addition of mercury, and in the latter by the addition of platmum tetrahcdra 
The equihbnum pressures detemuned for the ten systems are given, with the 
corresponding temperatures, in Table II below, and the results are plotted m 
Graph I Each curve in the graph is marked with the number of the system 
which it represents (Table I) 


Table II 


Number 

ul 

Temperaiutei 

Preuures 

in 

ems Hg stO* 

Number 

of 

■yatem 

Temperatures 

Preuuies 

in 

oma Hg at0° 

I 

29 6 

0 024 

in 

103 6 

21 631 


48 8 

0 077 

(oontd) 

109 7 

26 706 


67 7 

0 119 


114 7 

29 463 


68 36 

0 237 


121 6 

34 926 


74 4 

0 378 


131 6 

44 366 


93 0 

0 960 

■IV 

29 4 

1 030 


102 8 

1 487 


41 4 

3 009 


110 4 

2 048 


64 7 

6 600 


116 0 

2 426 


60 1 

0 993 


120 7 

3 012 


66 86 

8 836 


131 9 

4 421 


78 3 

14 236 

II 

27 36 

0 093 


98 8 

28 461 


48 6 

0 317 


107 7 

37 326 


66 26 

0 463 


114 0 

44 060 


60 3 

0 011 


122 70 

64 960 


81 7 

1 731 


132 2 

67 282 


106 7 

4 724 

V 

33 6 

3 106 


116 3 

6 339 


40 2 

4 298 


132 26 

10 961 


44 86 

6 336 

7 609 

III 

26 16 

0 722 


06 26 

12 093 


38 0 

1 628 


73 0 

17 221 


47 7 

2 489 


84 1 

26 498 


66 4 

3 514 


91 6 

32 371 


61 2 

4 661 


101 6 

43 168 


64 9 

6 362 


106 8 

49 607 


70 7 

6 796 


110 8 

66 726 


80 2 

9 828 


116 8 

04 387 


86 76 

12 662 


119 6 

70 600 


94 0 

16 928 
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Table II—(continued) 


Number 

of 

syHtom 

Temperature* 

in 

onu Ug ntO** 

Number 

of 

Temperature* 

cm* atO*. 

VI 

11 8 

3 067 

IX 

71 26 

27 203 


47 1 

6 410 

(cuutd ) 

78 3 

34 646 


57 4 

0 040 


00 6 

63 602 


63 4 

12 618 


100 8 

72 913 


68 4 

16 328 











02 6 

16 036 





100 0 

44 803 


(Repeated in 

eyeiae order) 


107 6 

66 233 

IX 




in 5 

64 718 


06 8 

M 390 

VII 

31 0 

3 273 


57 75 

16 108 


43 0 

1 017 


46 0 

0 676 

. SO t 

7 031 


30 3 

7 140 






60 7 

12 137 

V 

31 6 

12 781 

66 0 

14 407 


43 76 

21 442 

70 *>6 

17 873 


60 2 

27 433 

' 78 0 

' 21 128 


57 45 

1 36 521 

80 0 

' 14 366 


64 65 

1 46 866 

1 08 6 

44 660 


78 6 

71 203 

106 7 

1 66 120 





117 7 

! 78 460 

VAPO0B Pbbsscbbs or Pu 

KE BkNZXHI 



1 4 386 





46 1 

7 702 





53 0 

10 380 


Proatuies (ems 

mercury at 0°C ) 


68 4 

12 093 

Temperatures 




66 66 

17 405 





73 4 

23 026 


Young 

Regnault 


83 6 

33 486 





00 8 

55 024 

a 




107 3 

67 030 

20 

7 466 

7 666 






12 024 

I\ 

33 6 

6 496 

40 

18 108 

18 362 


46 7 

0 742 

60 

26 897 

27 137 


63 0 

13 340 

60 

38 868 

30 010 


68 2 

16 646 

70 

54 740 

54 742 


63 8 

20 497 

80 

76 362 

76 186 


In systems I to VIII the equilibrivun pressures obtamed for any one tempera¬ 
ture were definitely repeatable to withm ± 0 006 cm The same eqiuhbnum 
pressure could be obtained for a particular temperature whether the system was 
brought to that temperature from a lower or from a higher temperature A 
system which had been left to stand at the ordinary room temperature for a 
penod of several weeks showed, on re-mvestigation, exactly the same pressure- 
temperature relationships, the pressure-temperature curves I to VIII may 
therefore be said to be completely reversible 
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In sjnstem IX, vhere the quantity of benzene present approaches saturation 
value for the gel, the pressure-temperature curve was iwt qmte reversible over 


IX vn viviv 
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the upper temporataro range In Table II above are given the equilibrium 
pressures obtained by approaching the particular equihbnum temperature from 
lower and from higher temperatures If curves bo drawn from these points 
on a large-scale graph, the curves do not oomcide over the upper temperature 
lange, the departure from fomcidome never reaches a value of 2 per cent, 
but it IS real and certainly outside the limits of our experimental error although 
it cannot lie shown on the small-scale Graph I 
In system X the quantity of benzene present was more than suHicient to 
••aturate the gel and the eqmbbniim pressures obtamed with this system afford 
a very satisfactory proof of the accuracy of the experimental technique and 
of the punty of the gaseous phase In Table II above the values obtained for 
this system are given alongside the vapour pressures given for pure benzene 
by Young and by Regnault In Graph I these latter values (marked -f) are 
plotted on the curve X along with our experimental values (marked 0) 

(6) Thb Bfnzenb-Silica Gfl S^stfms 
A similar senes of experiments was carried out using silica gel, as the solid 
adsorbent, in place of femc>o\ide gel The silica gel usi d was a commercial 
product—part of a sample obtained from The Silica Gel Corporation of America 
It was treated throughout in precisely the same way as the feme oxide gel, 
and the expenments with the two gel adsorbents are deffmtely comparable 
Eight benzene-silica gel systems were prepared by the methods dosenbed 
above, the total composition of each of these systems w given m Table Hi 
below — 


Table III 


Nomber of ayatein 

Cuinpomtion (iramn of faciin ne 
per XTaiK of gel 

I 

0 0320 

11 

0 0487 

III 

0 0747 

IV 

0 1123 

V 

0 1312 

VI 

0 1387 

VII 

0 1404 

vm 

0 1502 


The equilibrium pressures determined for the eight systems are given, with 
the corresponding temperatures, in Table IV below, and the results are plotted 
in Graph II Each curve m the graph is marked with the number of the system 
which it represents (Table III) 



Temperoture in dgras centigrade 


These curves were carefully tested for reversibihty m the manner described 
above, and there was no detectable departure from complete reversibility m any 
of them 
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Table IV 


Kamber 


__ 

1 Number 


PrrwiirM 

of 

TempemturM 

in 


Tomperatnte*. 

in 

S3r«tem 


cms Hg atO* 

i 


cms Hg etO” 

1 

HI 4 

0 139 


42 2 

1 480 


«6 () 

0 160 


61 av 

2 406 


Ti 8 

0 201 


68 9 

3 692 


80 4 

0 470 


64 16 

4 722 


lOS 1 

0 901 


78 36 

9 166 


llfl « 

1 117 


96 9 

10 362 


128 H 

2 479 


too 3 

20 760 

11 

47 1 

U 119 


132 1 

66 ^ 








70 4 

0 318 

VI 

J1 0 

U 986 


01 0 

0 798 


43 6 

1 933 


IIH H 

2 961 


66 1 

3 888 


127 2 

4 618 


76 0 

9 7W 

111 

00 4 

0 431 


08 0 

24 200 


07 0 

0 068 


104 9 

30 010 


07 5 

1 064 


111 6 

38 124 


73 8 

1 400 


118 7 

46 6M 


91 0 

3 006 

Ml 

34 2 

1 1 908 


101 7 

6 061 


61 66 

' 6 240 


no 0 

7 104 


69 1 

7 666 


117 1 

9 164 


68 6 

11 900 


m 0 

11 348 * 


78 6 

18 398 

IV 

31 0 

0 460 


99 0 

37 700 


43 40 

0 847 


107 3 

46 608 


06 K 

1 678 


118 26 

60 361 


07 46 

1 083 j 

! VIII ! 

46 1 

7 004 


78 36 

6 096 


64 36 

11 677 


87 86 

7 934 , 


60 1 

16 111 


97 7 

11 766 


64 96 

20 871 


106 86 

16 072 


70 36 

27 148 


119 2 

26 941 1 


73 85 

31 913 


132 46 

30 061 1 


78 35 

38 U6 


Pnaturt-Conoentratxon Relatvnulnp* “ denved ” from the Preaaure-TempenUure 
Curves 

Qraph III shows four pressure-ooncentratioa uothermala “ denved " directly 
from the pressure-temperature curves of the ten benzene-femc-oxide gel systems 
The isothermals are marked A, B, C, D, and they represent the pressure- 
oonoentration relationships between benzene and femc-oxide gel at 40°, 60°, 
80° and 100° C , respectively 

The concentration of benzene per gram of gel, m each of the systems, has been 
taken as constant throughout the temperature range mvestigated , in conse- 
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queiite, the pointe on the uothermals “ denvetl ” from the ten Hyetema he on 
ten straight lines perpendicular to the concentration axis and cutting this axis 
at the total known benzene concentration for the different systems 
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These straight lines are marked, in the graph, with Roman numerals to 
correspond with the systems as designated m Tables I and II and in Graph I 
In system X the pressure values arc identical with those of pure benreiu 
{vide supra) 

Graph IV shows three pressure concentration isothcrmals “ derived,” in a 
precisely similar manner, from the pressure-temperature curves of the eight 
henzeno-sihcu gel systems The isothermals are markeil A, B, C, and the} 
represent the pressure-concentration relationships between bt'nzene and silica 
gel at 40°, h0°, and 80° C respective!} 

The numbering corresponds with the deHignatioii of the svstencs in 
Tables ITT and IV and in Graph II 

Under IX .ire marked the pressure values for pure bciiKeiu 
laothermals ” derived ” in this wa\ do not eiqiress the exact pressure- 
concentration relationships for the particular temperatures mvolved In our 
experimental investigation of the pressure-temperature relationships in a sealed 
system w e are not dealing with a solid phase of absolutely constant composition 
When the temperature (and pressure) of such a system is raisetl, the soUd phase 
must get progressively poorer in benzene by the passage of benzene from the 
solid to vapour phase In each system therefore the lienzene vapour pressure 
registered at any yioiut in the investigated temperature range must be in 
equihbnura with a solid phase (tooror in benzene th.ui a pressure registered at a 
lower temperature 

Since the free internal volumes of the systems were small, and since there 
were no sudden changes in the compositions of the solid phases investigated, 
it was considered unlikely that the shape of the isothermals “ derived ” by this 
method would be appreciably affected by this error 
On account of the very striking difference in shape between the isothermals 
“derived” for the two closely analogous systems it seemed desirable, however, 
to determme what the effect of this error was on the shape of the ‘ derived ” 
isothermals 

The free internal volumes of two of the systems were therefore measured 

Noth —This was a lengthy and laborious operation Each system was 
opened at the point where it originally had been sealed up A ffne-bore 
stopcock was sealed on at this opening and the system was thoroughly 
evacuated until all traces of benzene vapour had been removed This 
mvolved heating the gel tube to 150° C contmuously for several days and 
nights and " freezing out ” the benzene vapour on to active chsmsoal 
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Concentration in grams of benzene per gram of gel 


contauiAd m bulbs immersed m liquid air Wbeu this lengthy process 
was oomidete, the stopcock was closed and the evacuated system sealt'd 
on to an accurate gas burette Pure, dry hydrogen was measured in 
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the burette and then allowed to enter the evaouated system until this 
was filled to atmospheric pressure, when the volume of hydrogen required 
was read off Independent expenments had shown that the amount of 
hydrogen adsorbed by the gel, at the ordinary temperature, could be 
neglected without appreciable error The volume of the two systems 
could thus be determined with reasonable accuracy 

The free mtemal volumes of the two systems were found to be 39 0 e c and 
39 6 c c at atmospheric pressure The free internal volumes at other pressures 
were calculated from a knowledge of the mtemal diameter of the manometer 
lunb Since the dimensions of all the systems were closely alike and an approxi¬ 
mate measure of the free internal volumes was all that was required, the free 
internal volumes of all of them were taken to be the same f 

From this knowledge of the approximate free mtemal volumes of the B 3 r 8 teins,‘ 
at all pressures, it was possible to calculate the weight of benxene in the vapour 
phase at any temperature and pressure, by deducting this weight from the 
known total weight of benzene in each of the systems, the concentration of 
henxene m the solid phase could be obtamed for all temperatures and pressures 
investigated 

Correctwl isothcrmals could thus be constructed This was done, and it was 
found that the shapes of the corrected isothermals were not appreciably different 
from those “ derived ” as shown above and plotted m Graphs III and IV 
Notk —It IS interesting that the plotting of the loganthms of the uncorrected 
benzene pressures against the reciprocalB of the absolute temperatures 
gave curves which lay closely on straight hues at low pressures, but 
showed deviations at high pressures—^the curves tending to slope more 
steeply towards the log-pressure axis, when plotted from values obtamed 
from corrected vapour-pressure curves, the loganthmic curves showed 
very little deviation from straight lines throughout their whole length 

It would seem to be most probable, then, that the shapes of the adsorption 
Bothermals for the benzene-femc-oxide gel systems arc markedly different 
from those of the closely analogous benzene-sihca gel systems The adequacy 
of Zsigmondy’s Capillary Theory to ezplam the adsorptive processes of melastio 
gels would therefore seem to be very doubtful 
It was felt, however, that a careful investigation of the relationships between 
these same gels and a condensible vapour riiould be earned out iBothermally, 
and at several temperatures, if this striking difference between the two analogous 
adsorbents was to be settled beyond all doubt 
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Past II of this work deals with the direct isothermal mvestigation of the 
relattonahips between benzene and the same two gels, several temperatures 
have been studied and highly accurate conditions of experiment have been 
worked out The invMigation is almost complete, and the results fully confirm 
the striking difference between the adsorptive processes of the two gels 
The theoretical significance of the work will be discussed in Part II 


Adjoint Differential Equations 
By P B PiDDucK 

(Coniniunicnted by 4 E H Love, FR8—Rctcived August 31, 1927 ) 

1 That adjoint diffcn ntial equations have an analogue m the theory of hncar 
difference equations seems to have been first observed by Bortolotti • The 
relation is essentially that of a matrix |)aj| to its transposed matnx ||aj| It 
seems desirable, from this pomt of view, to carry out the transition from 
(bfferenoe to differential equations, and thus prove that the analogy is a real 
one This 18 done in Art 2 There are further consequences of general interest 
A set of linear equations corresponds to a differential equation and its boundary 
conditions, and thus we can find an interpretation of the adjoint boundary 
conditions mtroduced by Birkhofft into the theory of linear differential equa¬ 
tions (Arts 3-6) The relation between the two Green’s functions, implicit 
m Birkhoff’s work, then becomes evident (Art 7) 

2 We first prove that if the equations 

«,i.yi + —ft (r = 1 to n) (1) 

arc so constituted that they merge into the differential equation 

l'(y) = ai«^+ +«i^+«oy=/ (2) 

by passing to an infimte number of infinitesimally spaced unknowns, the 
transposed equations 

oit*i + = 9f (3) 

merge into the adjoint equation 

M {z) = (-)- g. (o,,*) -1- - ±(a,z) + a^ = g (4) 

« ‘Aoo lino Kend.’vol A, Sem 1. p 349(1896) 
t 'Trans Amor Math Soo .* vol 9. p 873 (1908) 
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The domain of x cun be oonsideied to extend from j; = 0 to x — 1 without 
loss of generabty Let y, l>e the value of y when x = x, = rjn, and lot /„ tjf 
be the values of / and g It will be convement to work so that the differontial 
coefficients which appear in the limit of equations (1) are backward ooeffiments, 
and those which appear m the limit of (3) forward coefficients Then the first 
m of equations (1) correspond to boundary conditions and the remaining n — m 
to the differential equation Confining our attention to the latter, let us 
replace equation (2) by a set of hnear equations connecting y,^^, , yr-i, y. 

Write E for the operator which moves a suffix back by one umt, D for the 
difference operator which merges mto a backward differential operator djdj 
Then, since K == 1 — D/«, we have the usual formula* 

-= “ Jf”)' ^ (p = 0 to m), (6) 

where y**’ stands in the first instance for D*y„ and 

“ , 1 «( ^ 


The typical equation oorrespoiiiling to (2) is now 

pnO ^-0 

where (a,), is the value* of {x) when x -= and is taken us zero when 
p > g Thus 

«,,_p=J^(-)''u',(V(a,h (7) 


Let stand for the difference operator which merges into a forward differtm- 
tial operator acting only on the a's, D, for a similar operator acting only on z, 
the variable in the trausiwsed equations Changing r into r + p m (7), we have 

u,+p,=J^(-)*'«%Cp(l + 

Thi linear form on the left-hand side of (3) is now 




V-aq~o \ n \ n ' 


= 2 2 (-Kn'.Cp 1+ 

p . 0«-0 \ 




YTnting 5 for Dj + l^a + DiD,/n, the Imear form is 
S «’S (-)%Cp(1+|Tm= 2 
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and 5 merges mto the total diUcrential ojterator djdz when n becomes inflmte 
Hence the transposed form becomes simply 


as it should 

3 The theory of the boundary conditions will be cxplamcnl first for the 
cast m = 3, of which the matrix is laid out below, taking m = 8 for simplicity 


0,1 

Oil 

«31 Ojg 

«4| O44 O4J 0», 

rt.. a Kt o .4 

<*«J Otu 


«I0 "it «18 I 

"-*6 "ST Oji 

" ta "J7 "w j 


"fl. "im 

"?• ®76 "77 

"81 "wt "K7 "88 


( 8 ) 


The method consists essentially m redutuig the first three untrausposed 
equations, which correspond to boundary t^nditions, to the special form 
show n above, in which the first square contains no elements to the right of 
its mam diagonal Suppose, for simplicity, that the differential and adjoint 
equations, and the given boundary conditions, are homogeneous The latter 
are, in the first instance, three hnear equations toniioctmg y (0), ((>), 

(0)) y (l)i y®’ (1)) y® (1)> which are transformed by difference formulae into 

Cfiyi + -f- Crjyj I- ^riy« 4- d^yi f- drsy# - 

where» = J, 2, 3 The mue elements c„ can be repliu^d, b> linear combination 
of the equations, by nine arbitrary elements Let three of them be put zero as 
above, the others remaming arbitrary for the moment 
Consider the transposed equations, represented by the columns of the 
matrix (8) Wo proved in Art 2 that the middle set of n ~ 2m equations, 
represented here merely by columns 4 and 5, merge mto the adjomt differential 
equation when n becomes infinite We now adjust the six surviving elements 
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m the hrut square of the matrix until the equations represented by columns 1, 
2 and 3 also merge into the adjomt equation When this has been done, the 
last three coiumm yield three linear equations having an obvious analogy with 
those derived from the first three rotes A glance at the matrix shows the nature 
of the S 3 nnmetry at which we have been aiming the hrst three untransposed 
equations arc boundary conditions and the last five differential equations, 
while the first hve transposed equations are diffenntial equations and the 
last three boundary conditions These latter equations are combined linearly 
in a way which is explained m Art 4, the terms of highest order of magnitude 
are extracted, and the equations merge into three “ adjoint ” lioundary con¬ 
ditions, or linear equations connecting z (0), 2 **’ (0), 2 *** (0), z (1), 2 “’ (1), 2 “’ (1), 
for the adjoint differential equation 

4 To carry out the process in detail, let the given boundary conditions be 
£^a„/'»(()) f £^a,;y<-»'(l) ^ 0, 

or m matrix notation 

9.U -1- *'«' — 0, (9) 

Inhere « and a' are the raatne^s of coefficients just written down, w is an 
«t-dimeu8ional vector whose rth component isy*’'"^’ (0) and »' an /rt-dunensioiial 
vector whose rth component is (1) Let y be an //t-dimensional vector 
whose rth component is y„ anil t/ one 'whose rth component is , Then 
the conversion formalin 






ran Is’ written y = Aw, 'y’ — A'w', where A and A' are matrices of order m 
defined by the equations 

A = II= (10) 

Let Of denote the matrix 111 the first square of (8), a suffix t denoting transposi¬ 
tion of rows and columns The elements of this matrix are calculated from 
equation (7), and each (o,), is expressed m terms of (o,)o by a difference 
operator, so as to be ready to pass over into a, (0) and its derivates Thus 

a = I (0) I (11) 


The matrix in the last square of (8) is similarly o/, where 

w' - i| £ I - (1) 11 


( 12 ) 
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Operating on the boundary conditions ol y' = <» with aiA*"*, 

we have Ojy + o»Aa“* a'y'= 0 This is the process of adjustment 
referred to m Art 3, whereby the first m transposed equations are made read\ 
to merge into the adjoint equation The matrix in the second square of 
(8) (» c the square which is filled up completely) has m consequence become 
a(Aa"'a'A'“S and its transposed matrix is A<'“*««'A/i The last m 
transposed equations are therefore summarised m the vector equation 
A/~ A|OZ+ «**"== 0 Let v bo an m-dimensional vector whose 

rth component is and w' om whose rth component is 

Then 2 = An, z' — k'v' Substituting we have the last m transposed equations 
in the form 

o,'^ AjaAc 4- A/ o' AV = 0, (13) 

in which we have so far taken no step towards jmssmg to the limit The rth 
component of the vector akv is 

{akv)f— 2 S «rtAa», = S S o^t At,D/"':(0) 

• -11 --1 <111 

Substituting for and A;,from (11) and (lU) and summing with respei t to s, 
IV e have 

(akv), = n«(l + (0) * (0)] (14) 

where ^ + Dj + DiD 2 /k us before The rth component of the vector 

o'A'f/ 18 similarly 

(o'A'tO, “ 2 2 (-)‘-W,n«(l-!l)"‘‘[o,(l) 2 (l)] (15) 

«“ 0 ii“i n/ 

where r) = + Da — DiDg/» 

6 'The problem of finding the limit of the vectors kflkv and A/o'A'r' being 
difficult in general, we consider only the case tn =■ 2, that is, the differential 
equation 

o.(®)^+«i(®)^+oo(*)y = <' (16) 

with boundary conditions 

«iiy(o) + «ii»‘^’(0) + «u'y(i) + «i»'y“’(i) = O] 

«iiy(0) + aa8y"’(0) + «,i'y(l) + «.a'lf*"(l) = oj 
Keeping only terms of order «* and w, we find from (14) and (15) 

(oAtj)i = - n^,(0)z(0) - 2 mo,(0)z«»( 0) -2no,‘«(0)z(0), 

(oAo), = n\*, (0) z (0) + no, (0) z«» (0) + wo,"' (0) z (0) + noj (0) z ((»), 
(a'A'i;')i = - n\», (I) z (1) - no, (1) z"' (1) - «o,"> (1) z (1), 

(o'A'ti'), = n\i, (1) z (1) + noi (1) z (1) 


( 17 ) 
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Since 



j 1 1 ■ 

1 1 

A( - 


v = 


1 0 1/n 1 

~1/h 0 


e have to terms of order n 

(«) (0) - «(«2"’ (0) - «l (<>)) 2 (0). 

(VAr)2 - «aa (0) *(0), 

(A,'«'A'i'), - - (1) 2 '» (1) - « (o,"' (1) - (1)) 2 (1), 

(A/a'AV)* = «a, (1)2(1) 

Thus in the limit the components of AfiAv can be taken to Is* 

«* (0) (0) + (a,a‘ (0) _ «, (0)) 2 (0), - a, (0) 2 (0), 

and the «om])Oiients of A/a'AV to b<» 

0 ,(1) 2a> (1) + «>' (1) - (1) ) 2 (1), - (1) 2 (1) 

It follows from (IS) that the boundary conditions adjoint to (17) are 
(* 11*22 -- * 12 *n)“‘ [«22 {«2 (0) (0) + (o,a» (0) _ O, (0) ) 2 (0)} 

+ aaiO, (0)2(0)] 

+ (*!.'*2;-*lt'*2l')”l«„'{«20)2'”(l) + «’a)-«l(l))2(l)} 

f «,/Oa (1)2(1)] = 0. 

(*11*22 - *12 *21)- ‘ [«12 {«2 ( 0 ) 2'*’ («) + («,“’ (0) - «, (0)) 2 (0)} 

+ «uOa (0)2(0)] 

i (a,a„rn«i 2 'K(l)*'”(l) 4-(o,a’(l)~Oi(l))2(l)} 

+ <aa(l)2(l)] = 0 

Making 

*21> *22 *■ *11 ~ ^0> *12 = 

*ll^ * 12’ “*■ *2/ = ^1* *22’ 

we have, corresponding to the boundary conditions 

^ = Aoy at z = 0, ^ -f A,y = 0 at z = 1 

of equation (16), the adjomt boundary conditions 

^ = koz at z == 0, ^ + il -,2 ~ 0 at r — 1, 

a-x ax 




where 


^1 — A, + 
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6 That tile forcing boundary conditions are identical with Birkhoff’s is 
probable in advance, since BirkhoH’s conditions are constructed to make 

f {aB (y) — (z)} dx = [P (y, z)]i == 0, 

Jo 

the analogue of the simple identity = 0, where y), are any 

two vectors and <!> is any matnx The notation is one that we shall use 
later, standing for the scalar product of and which is the same 
as the scalar product of 1[(1> (or <I>{0 and y] in Gibbs’ dyadic notation 
Birkhoff’s rule is as follows Let [P (y, z)3o be expressed in the form 

S V, (y) Wa* n_, («), where V, (y) _= 0 V„ (y) == 0 are the given boundary 

conditions and (y), Vj„ (y) are m other bnearly independent forms of 
the same tjrpe The adjoint lioundary conditions are then Wj (z) = 0, 
W„ (z) ^ 0 Towards carrying out this rule, we observe that 

[V {y, 5)]i = «'0v' - «0a, (19) 

where the vectors u, v, u', «' are defined m Art 4, and 0 is a known matrix 
Let the functions Vj (y), V,, (y) be regarded as before as the components 

of a vector «u + the functions V* (y), Vj* (y) as components of 
pu + p'u', the functions Wj*(z), W*+j (z) as components of fv + y'v' 
and the functions W„(z), W, (z) as components of 8v + iV We have to 
determine the matrices S, S' so os to make 

[P iy, *)lo = («« + «'w') (y« + y'«') + {p« + P'«') (*w + 8'v'), 

where the products ore scalar products In dyadic notation 

[P (y, *)]o = («*i + «'«/) (y» + y'«') + (mPi + (8® + S'®') 

Hence from (19), since the products are associative, 

ovj- + P,S = — 0, ««y' + Pi*' = 0, 

oi'Y + Pi' * = «i'y' + P/ *' = 0 

Eliminating y and y'i we have 

( 0,-1 P, - o,'-» p,') 8 = - o,-* 0, ( 0,-1 p, - o,'-i p,') 8' = - o,'-^ 0 

The adjoint boundary conditions given by Birkhofi’s rule ore therefore 
o,-‘0w + o,'-»0t>' = 0 


( 20 ) 



208 Adjoint Difforentutd Eqttattona. 

In the case m = 2 we find at onoe that 0t> has components 

o, (0) (0) + (0) - Oi (0)) a (0), - a, (0) * (0), 

and &v' has components 

o* (1) a'" (1) + K*' (1) - a, (1)) « (1), - o* (1) 2 (1) 

These are the expressions already found for the limits of the vectors A^aAv 
and Ai'a'AV Hence the two methods agree I refrained from working out 
Birkhofl’s rule before completing the theory of Arts 3-6, from curiosity as 
to whether the limiting process would prove sufficiently powerful to dispense 
with hints from other sources 

7 The relation between the two Green’s functions is now almost intuitive 
Returning to equations (1), let |iA„|| be — n times the matrix reciprocal to 
IIII Then the solution of equations (1) is 

Vt — — i (Afi/i + ifs/s + + At,/,) 

As « 00 , r/« and 8jn tendmg to the a^ument z and parameter 5 respectively, 

||A„|| tends to Green’s function K (z, 5), and the equation just wntten down 
becomes 

V = -J‘K(*,5)/(5)d5 

Since the transposed matnx of ||A;„|| is ||A«.||, Green’s function of the adjoint 
equation, with adjoint boundary conditions, is K (^, x) 
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The Refractive Index of Quartz 

By Dr W R C Coodx-Aoams 

(Communicated by Prof T M Lowry, PBS —Received September 26,1927 ) 

The recent publication of a new senes of values for the optical rotatory power 
of quarts, and of a new formula for its rotatory dispersion (Lowry and Coode- 
Adams, ‘ Phil Trans,’ A, vol 226, pp 391-466 (1927)), has provided an 
opportunity for reconsidering the formula for the refractive dispersion of the 
crystal Pnor to the appearance of this paper, the characteristic frequencies 
which provide the dispersion-constants in Drude’s equation for optical rotatory 
power had always been deduced by indirect methods Thus, the charactenstio 
infra-red frequencies were taken (Lowry, ‘ Phil, Trans ,’ A, vol 212, pp 261-297 
(1912)) from the observations of Rubens and Nichols,* who detenmned the 
wave-lengths (at 8 5 (i, 9 02 p and 20 75 p) at which the crystal behaves as 
a metaUic reflector and gives nse to strongly marked “ Reststrahlen ” The 
ultra-violet frequencies m Drude’s formula (which were also used in the 1912 
paper cited above) were deduced, on the other hand, from the data for the 
refraoUvo dispersion of the crystal, but although it was clear that two 
charactenstio frequencies m the distant ultra-violet region must be taken mto 
account, their magnitudes were so lU-deflned that it was only possible to give a 
numcncal value to one of them, the other being provisionally located at infimty, 
smoe a zero value was assigned to X,* In the 1927 paper, however, in order 
to express the numerical data with sufficient accuracy, it was found necessary 
to abandon finally the frequencies deduced by Drude from the other optical 
properties of quartz, and to work out new and mdependent values from the 
rotations themselves Moreover, with the help of these new data it was possible 

not only to correct the “ known ” constant of Drude’s equation from X* = 
0 010627 to 0 01276, but also to assign affimte value to his “ unknown ” ultra¬ 
violet constant, the value of which was changed from X* = 0 to 0 00097 The 
infra-^ frequency, on the other hand, although its influence could not be 
entirely neglected, was of such small importance that its magmtude remamed 
wholly indeterminate, even with the help of a new senes of measurements of 
the rotatory jiower of the crystal in the infra-red to X >== 2 5 p- 
The object of the present paper is to show how, reversing the process used 
by Drude, a new formula for the refractive index of quartz can be amved at 
* ‘ Ann d Physik.* voL 60, p 418 (1807), and < PhiL Ifag.,’ voL 90, p 886 (1010) 
von. cxvii —A p 
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by making use of the ultra-violet frequencies calculated from the optical 
rotations The d^ree of accuracy of these constants is still uncertain, and 
it 18 impossible to say to what extent they may be modified by farther observa¬ 
tions at shorter wave-lengths, but they are at least of a much higher order of 
accuracy than any of the numbers available previously, since the more accessible 
of the two constants, which has been mereased by about 20 per cent from its 
former value, is now correct withm a limit which may perhaps be estimated 
at about 1 per cent, whereas the other, which was formerly quite unknown, is 
now perhaps correct within about 6 per cent 
On the experimental side, the measurements m the visible and ultra-violet 
regions, made by Oifford m 1902 (' Roy Soc Proc ,’ vol 70, p 329 (1902)) to 
six places of decimals, provide a most valuable senes of data for checking the 
formula, but the full exploitation of these data has only recently been rendered 
possible by the introduction of trustworthy wave-lengths, based upon measure¬ 
ments with the interferometer 
Apart from Cauchy’s formula 

» = A + ^+^-Ketc (1) 

(which has no theoretical basis or interest, except the use of the $quare of the 
wave-lengths instead of the wave-lengths themselves), the only equations that 
come mto consideration are Sellmeier’s equation 

which represents the excess of n* above unity as a hyperbobc function of X‘ 
(just like a simple rotatory dispersion), and the Ketteler-Uelmholtz equation 

which represents the excess of n* above its value at infimte wave-length, as the 
sum of a number of terms of similar type In the latter equation is the wave¬ 
length corresponding to the natural frequency of an electron and is a 
refraction-constant that goes with it, whilst n ‘ should be equal to thb specific 
inductive capacity of the medium 

The mosf accurate evolution of the constants for quartz in a formula of 
this type IB due to Rubens (R Wood, ‘ Physical Optics,’ p 391), who expressed 
his own measurements of n by the equation 
fi* == 2‘35681 + 0 010664/(X* - 0 010627) - 0 01113 X* - 0 0001023 X* 
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We can, however, now make further progreea by introducing into the formula 

n* = n* + H_ 

“ X* - Xi* ^ X* - Xj* ’ 


the dispersion constants of the equation for the optical rotatory power of 
quartz 

Xi» = 0 0127493 ( 1 * or Xi = 1130 A U 
Xi* = 0 000974 p.*or X, = 310 AU 


The values of X^* and X** are here quoted m the precise form m which they 
vere left by the final adjustment of the equation to fit the optical rotations, 
but the values of X^ and Xg have been rounded off to 10 A U as a rough guess 
at their approximate accuracy The resulting equation contains three arbitrary 
constants, namely, M^, M, and n* These can be evaluated by inserting three 
of the experimental values for n, and solving the three resulting simultaneous 
equations They thus lead to the equation 


n» = 2 347696 + 


0 004207 
X» — 0 012749 


+ 


0 00810 
X* — 0 000974 


A senes of eight values of n, calculated from this equation, are shown in 
comparison with the corresponding experimental values in Table I It will 
be seen that ± differences are given at three points, corresponding with the 


Table I —Refractive Index of Quartz, First Formula 


Wave length | 

Olxiorvod 

j Caloulatod 

Differonoe 

7685 23 

1 53006 

1 63006 


6663 04 

1 54103 

1 64102 

HO 00031 

5802 048 

1 5U20 

1 54388 

-fO 00088 

4340 06 

1 55308 

1 55308 


3302 80 

1 56074 

1 67044 j 

-0 00070 

2748 71 

1 58753 

1 58848 

-0 00095 

2312 98 

1 6140J 

1 61403 


2365 11 

1 01820 

1 61793 

-rO 00027 


number of arbitrary constants in the equation, but that the curve follows a 
smuous course, with regular + and — differences between the ± values It is 
therefore clear that one more arbitrary constant must be used to make the 
equation fit the data , and this can be supplied, just as in the case of optical 
rotations, by mtroducing an infra-red term with a known dispersion-constant, 
Xj = 10 4, Xg* = 108 (taken from R W Wood’s ‘ Physical Optics,’ p 391, 
where it is used as a weighted mean of the three frequencies cited above), 
and an arbitrary refraction-constant, the value of which was found, by solving 
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the equation, to be M 3 = 127 2 Table II shows a senes of 18 values of n 
calculated from the equation — 


«* = 3 63446 4 


0 008067 0 002682 127 2 

- 0 0127493 X* - 0 000974 X* - 108 


Table II - Refractive Index of Quartz, Second Formula 


Wave length 

Observed 

Culrulatod 

Difference 

79fiO 4A Rb 

1 63801 

1 63861 

_ 

7085 23 K 

1 63900 

1 63900 


7005 20 He 

1 04000 

1 64001 

-0 00001 

0603 04 H 

1 64103 

1 63193 


6802 048 Hu 

1 64420 

1 64420 


627U 30 Fo 

1 64718 

1 64718 


4801 49 H 

1 64970 

1 54967 

+0 00003 

4340 60 H 

1 66398 

1 66398 1 


3001 08 A1 

1 66824 

1 66824 


3010 00 0(1 

1 66347 

1 66300 

-0 00002 

3302 80 7n 

) 60074 

I 66974 


3034 21 Sn 

I 67609 

1 67097 

4 0 00002 

2748 71 C'd 

1 6876.1 

1 68764 

-0 OOOOl 

2073 10 ca 

1 69026 

1 00024 

1 0 00001 

2312 98 U 

1 01404 

1 01403 

4 0 00001 

2206 11 Cd 

I 01820 

1 01820 


2104 00 Cd 

1 02409 

1 02606 

-0 oouoe 

2144 J6 Cd 

1 63047 

1 03000 

-0 00003 


in companson with the cxpenmental values of Clifford for the ordinary ray in 
dcxtro-quartz The wave-lengths cited by Gifford have been altered where 
later measurements have introduced appreciable corrections, and the last 
readings in the ultra-violet have been omitted on account of the doubt which 
still exists as to the correct wave-lengths in a region where a change of 0 1 A U 
already introduces an error in the fifth decimal of therefractiveindex Reference 
to the table shows that the calculated and observed readings agree absolutely 
to the fifth decimal place in 9 coses out of 18, and that the average error of all 
the values is only 0 00001 , moreover, there is no indication of anything 
systematic in the distribution of the positive and negative differences 

The validity of the equation m the near infra red can be tested by using the 
data of Cavallo (‘ Comptes Rendus,’ vol 126, p 728 (1898)), which are set 
out m Table III to five decimals, and the data of Rubens and Nichols Ann d 
PhyTiik,’ vol 60, p 418 (1897)) for longer infra red wave-lengths, which are 
set out in Table IV to four decimals The differences in Table II are all 
negative, and amount on the average to — O'OIKXIS , but since Gifford’s value 
for the rubidium line Rb 7950 46 shows a ± difference at a wave-length which 
differs only by 57 A U. from the first reading of Cavallo’s table, it is not unhkely 
that a systematic error of this magmtude is present m his refractions (or a corre- 
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Table III —^Refractive Index of Quartz m the liifra-Red (Cavallo'a 


Values) 


Wave length 

Obm.ri'od 

Calculated 

1 Difference 

S007 

I 63834 

1 33840 

-0 00006 

833S 

1 33773 

1 V3770 

-0 18)006 

8fl71 

1 33712 

I 53717 

-0 00005 

0047 

1 53640 

1 53655 

-0 00006 

0460 

1 03683 

1 53500 

-0 00007 

0914 

1 33514 

1 53522 

~0 00008 

10973 

1 53366 

1 53375 

-0 00009 

12288 

1 03102 

1 53204 

-0 00012 

13070 

1 53000 

1 33104 

-0 00014 


Table IV - Refractive Index of Quartz m the Infra-Red (Rubens and 
Nichols’ Values) 


Wa\(. length 

OtiM)r\cd 

Calculated | 

Diffcrcnee 

1* 

1 617 

1 5271 

1 62605 

+0 0001 

1 069 

1 5216 

1 52171 

-0 0001 

2 32 

1 5166 

1 61335 

d. 

2 60 

1 50011 

1 50081 

-hO 0001 

2 86 

1 5030 

1 50382 

hO 0001 

1 06 

1 4986 

1 49866 

-0 0002 

1 21 

1 4942 

1 49452 

-0 0003 

1 42 

1 4877 

1 48812 

-0 0004 

3 67 

1 4790 

1 47985 

0 0008 

1 84 

1 4739 

1 47347 

■+•0 0004 

4 01 

1 4878 

1 46674 

fO OOU 

4 13 

1 4610 

1 46079 

+0 0011 

4 26 

1 4367 

1 16585 

(-0 0008 


sponding error m the wave lengths) used by him This conclusion is confirmed 
by the fact that the differences in Table IV, which covers a much larger range 
of wave-lengths, are irregular m sign, although considerably larger in magnitude 
(0 0004 on the average), as might perhaps be expected in a region where the 
wave-lengths themselves are only recorded to three significant figires Wo 
therefore conclude that the new formula, which fits Gifford’s data for the 
visible and ultra-violet regions with a degree of accuracy that has never been 
attained hitherto, also provides aii adequate reprcsiuitation of the most trust¬ 
worthy data for the infra-red This satisfactory agreement is also a valuable 
confirmation of the trustworthiness of the dispersion-constants of the equation 
used to express the rotatory dispersion of quartz 

The constant term 3 63445 m the new formula should be equal to the specific 
inductive capacity of quartz This is given by Thornton as 3 78 and b> Schulze 
as J 20 for X = 76 cm 
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On the Tem'perctture Factors of X-Ray Reflexion flyi' Sodxum and 
Chlorine in the Rock-Salt Crystal 
By Ivab Waller, Ph D , and R W James, M A 
(Communicated bv W L Bragg, F R 8 —Received October 4, 1927 ) 

1 The influence of temperature on the intensity of reflexion of X-rays bv 
crystals was first dealt with theoretically by Debye,* and later by Waller,t 
each of whom based their work on the dynamical theory of crystal lattices duo 
to Bom and K4rm4ti Measurements of the temperature coefficient for rock- 
salt at high temperatures have been made by James, { and at the temperature 
of liquid air by James and Miss Firth § In their paper, the latter compare the 
observed intensities, both at high and low temperatures, with those predicted 
by Waller’s theoretical treatment, and find, for temperatures up to about 600° 
Abs, a substantial agreement, although throughout that range the diminution 
of intensity with temperature is rather less rapid than theory indicates Above 
600° Aba, the observed rate of decrease of intensity is much greater than the 
theoretical rate 

In making the comparison with theory several simplifying assumptions were 
made which were equivalent to assuming the lattice to consist of only one kind 
of atom Now the work of Waller on crystals containing more than one kmd 
of atom shows that it is necessary to consider a separate temperature coefficient 
for e4ich type 

Suppose that Fj and F, ore the average atomic scattering factors, at a given 
angle, for chlorine and sodium respectively at absolute zero, then the ampbtude 
factor at a temperature T, for spectra where the waves scattered by the chlorine 
and sodium atoms are in phase will be Fje-"' -|- Fje“"‘, and for spectra where 
they are out of phase Fje"** — FgC"**', Mj and Mj being functions of T, and 
0 the angle of scattenng, which will in general differ for the two atoms In 
comparing experiment with theory, it was assumed that the structure-amphtude 
for the summation spectra could be written (F^ -f Fj)e“*, which expenment 
showed to be very nearly true, and the value of M was evaluated from the Debye- 
Waller theory, treating the rock-salt lattice as a simple cubic lattice composed 
• ‘ Ann (1 Physik,’ vol 43, p 29 (1914) 

t*Z f Physik,’vol 17, p 398(1933) Uppsala Univ ArsHkrift, 1925 , ‘Ann d Physik 
vol 83, p 163(1927) 
t • Phil Mag voL 49, p 683 (1925) 

I ‘ Roy Sod Prop ,’ A. aupra, p 64 
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of atoms of one kind, whoso mass was the mean of those of ohlonne and sodium. 
It was pomted out that the assumption of a single value of M was evidently 
not permissible, since this would lead to the same temperature factor for both 
sum and difference spectra The observed factor is, however, always smaller 
for the difference spectra, which might well be the case if Mj were not equal to 
M, Moreover, in the calculation of M, the characteristic temperature of the 
crystal was used, which for crystals contaimng more than one kind of atom is 
hardly justifiable, and it would be better to use a formula depending on the 
elastic constants It therefore appears to be desirable to consider the whole 
matter m greater detail 

2 Although the formula for the general case of a crj'stal with many kinds of 
atom has been worked out, it is not possible, owing to our lack of knowledge of 
the nature of the interatomic forces, to calculate the values of M with any 
certamty It is, however, possible to calculate a certain mean value of the 
temperature coefficient which can be compared with experiment, and also to 
obtam some information about the individual values of M 
For a lattice having cubic symmetry of the NaCl type we have 

M, = 87r*sin«0 (1) 

where is the mean of the squares of the displacements in any arbitrary 
direction x, of atoms of the type k, from their mean positions For values of 
the temperature sufficiently high (approximately T > 0/2«, where 0 u the 
characteristic temperature) we may write* 

= a. + p,T + Y./T + S./T» + (2) 

In this expression 

' 12i»,\27r/ k 

where m. is the mass of the atom, h is Planck’s constant and k is the Boltzmann 
gas constant y* therefore docs not depend on the atomic forces, and can be 
calculated directly S, dejiends on the atomic forces, but can be estimated with 
sufficient accuracy, smee the term containing it is very small. If zero-point 
energy having Planck’s value be assumed, a. is equal to zero 

p. cannot be calculated directly, but the following “ weighted mean,” 



can be determined with some degree of accuracy from the elastic oenstaats 
* This result follou’s directly from the formulie on p iltiteq m the UppssU Umversitets 
lissknft (WaUer) 
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We shall now proceed to calculate ^ for sodium and chlorme from the expen- 
mental results, m order to compare the weighted mean of the values so obtained 
with that calculated from the values of the elastic constants of rock-salt 
3 At a given temperature, say T,, we can determine from the intensity 
measurements (FiC"“* + and (Fi« as functions of the 

glancing angle of reflexion 0 By plotting these quantities against sm 6 and 
taking half the sum and half the difference of corresponding ordinates of the two 
curves, we can obtain (PiS”***), and (Fge"“*)a These are the quantities usually 
referred to as the values of F for chlorine and sodium at the temperatures con¬ 
cerned If the measurements are repeated for a second temperature, Tt, we 
can obtain in the same way (F,#■““•)» and (F^ ■'“•)» From the ratio of the 
oorrespondmg quantities at the two temperatures, and at corresponding glancing 
angles, (Mj), — (M,)» and (M,), — (M,)» follow at once 
From equations (1) and (2), we have 

- (M.).) = p.(T. - T.) + v.(i; - i) 

For a given pair of temperatures, T, and T», {(M,), — (M.h) X*/sin* 6 should 
be a constant for all values of 6 for each kind of atom If this quantity is 
determmed from experiments at two known temperatures, can be calculated 
from equation (4), since all the other quantities which occur m the equation 
are known 

In the expenments of James and Miss Firth, measurements were made at 
room temperature and at the temperature of liqmd air Only four difference 
spectra were measured at both temperatures, (331), (333), (511) and (555), 
oorrespondmg to only three separate glancing angles The values of (M,).—(M,)* 
can therefore only be detemuned for these three angles Table I gives the 
values of Fc““ for 290° Abs and 86° Abs 
In column (5) are tabulated the differences m M divided by the sum of the 
squares of the mdices of the spectra These quantities should be constant, 
smee sin* 6/X* = (A*-f it* -f i*)/4o*, where a is the spacing of the umt cell 
It will be seen that the variation is not large considering the data on which the 
numbers are based, and we can take the figures as showing that the value of 
M is different for the two atoms and that it vanes as (sm 0/X)* for each 
5 Using the mean values of {(M.Issq — (M.)m}/(A* + A* -f J*), we may now 
calculate the value of % for each atom from equation (4) For chlonnc, we 
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Tabic I 


*^+*» + l* (Fj 


‘■)n 






(M,U-(M.)w 
*» + t» +- J* 


IS 

87 

75 


1(a)—Chlorine 
6 44 


Meui 0 OO0S6 


10 

27 

76 


1(b)—Sodium 


4 00 
3 00 
0 87 


0 137 0 00721 
0 204 0 00767 
0 607 0 00706 


Mmh 0 00768 


have nil » 6 86 10"** gm , and for sodium m, = 3 80 10“” gm Prom (3), 
therefore, Yi = 1 130 10“^^ Y* = 1 10“” An estimate of 3 gives with 

sufficient accuracy a value — 1 1 10"^* Substituting these values m equation 
(4), putting T, = 290®, T» = 86 ° and (X/sin 0)* = 4o*/(A* + ^ + I*), where 
a = 8 628 10“* cm, we obtain, for chlonne = 6 31 10~“, and for sodium 
P, = 6 66 10-“ 

6 We may now compare these results with theory For a crystal of the rock- 
salt type, it can be shown* that the following formula is approxunately true — 

— _ miPi -H maP2 
•* mi -fmt 

_ k ( v^Stc* . ^44 (2cn + C 44 ) -|- jbi (cii + C 12 ) _|_3_ I 

12 (tnj - 1 - m 2 ) ^ C 11 C 44 * + fh (cii + C 12 ) C 44 + xir itvo*/ 

(8) 

Here bj = — 2 C 44 , b, = c,i + 2 c,, + C 44 , and c,,, c,,, C 44 are the 

elastic constants of the crystal m the notation of Voigt From Voigt’s vidues 
for rock-salt we put c^ = 4 650 10«, c„ = 1 294 10«, C 44 = 1 270.10“ 
v, =» o/X<^ the proper frequency corresponding to the residual rays Using the 
dispersion formula of Maclaunn,t Havelock^ heis calculated the value 61 9 p 

* Tho deducUon of this formula will be given shortly in another paper 
t ‘ Roy Soo Proc A, vol 81, p 367 (1908) 
t ‘ Roy Soc Proc A, vol 106, p 488 (1924) 
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for Xg Tainng p, the density of rock-salt as 2 17, and a the length of the cube 
edge of the lattice unit as 6 628 A we find, 

p — (mjiPj + »WjPj )/(»4 -1- wi,) = fi 7 10 ~*^ (calculated from the 

elastic constants) 

The values of Pi and Pj calculated from the expenmental results are 
6 31 10"" and 6 66 10"" respectively This gives 

-^ (»85xC31+38«xeW) „ 8 10-« (ctaUled 

^ 5 85 -f- o 80 

from X-ray results) 

The agreement between theory and experiment is thus very close, indeed 
closer than could reasonably have been expected from the method of 
calculation, and may well be partly accidental 
7 From the values of p for the two atoms wc can calculate the values of M 
for any temperature, assuming Planck’s value of the zero-pomt energy, so that 
a = 0 For a temperature T we get, neglectmg the term mvolving 8, which 
18 very small even at the temperature of liquid aur, and which becomes rapidly 
smaller as the temperature moreases, 

Ma/(A* -I- ib> -1- /*) = ^ [s 31 10-^ T -f Li5Li2l*|, (6) 

M«./(A*-f-P-|-Z*) = ^|6 66 (6 a) 

whore a is the length of the unit cube edge in Angstrom umts * 

Substituting these values in equation (1) we may now calculate the value of 
for either atom at any temperature at which the expansion (2) is vahd. 
This gives for chlorine at 290'’ Abs, u*i, = 0 0168 10"“ cm * and for sodium 
= 0 0196 10"“ cm » 

If 18 the mean of the square of the total displacement of an atom, we have 
for a crystal of the rock-salt type 

Hence we obtain = 0 217 A and = 0 242 A James and Miss 

Firth, from the change in electron distribution m the crystal with temperature, 
calculated in a direct way from their expenmental results usmg the method of 
Founer analysis introduced by Duane, find for the mean amphtude of vibration 

* In making these calculations, the small change in a due to thermal expanaioa is 
aogleotod throughout 
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nt 290° Abs, 0 20 A for chlorine, and 0 23 A for aodiom The agreement is 
satisfactory, but is rather closer than would have been expected, for their 
method is eqmvalent to supposing absence of zero-point energy The difference 
IS, however, in the right direction 

The results show quite definitely that the mean amplitude of the sodium 
atoms IS greater than that of the chlonnc atoms This is due mainly to the 
difference in the coefficient ^ for the two atoms It should be pointed out that 
this difference is not due to the different masses of the two atoms, since it may 
be proved* that if the same forces act on both, (3 should be the same for each 
We may, therefore, draw the conclusion that the forces acting on the two kinds 
of atom arc not equal, and that the chlonne atoms are, to speak somewhat 
vaguely, more firmly bound than the sodium atoms 

8 Assuming as before the existence of zero-point energy, we can calculate 
the values of b'ci and Fj,, corresponding to absence of all vibrational energy 
To do this, wo calculate M for sodium and chlonne at 86° and 290° and multiply 
the figures given in Table III of the experimental paper for and Pa at those 
temperatures, by the appropnate values of This gives two curves for Pd and 
tw 0 for FjTg for the atoms at rest The pairs of curves should, of course, coincide 
if the figures are consistent In fig 1 the points mdicated by circles were 
calculated from the values at 29U°, and those by crosses from the values at 86° 
It is satisfactory to find that the two sets of curves agree, for no difference 
spectra of order higher than (556) could be measuretl at room temperature, 
and the values of these spectra for high orders at 290° were calculateil from those 
measured at 86°, using a value of the temperature factor estimated from the 
lower orders From the fact that the curves agree over the whole range, wo 
may assume that no great error was introduced in this way 

The dotted curves m fig 1 were plotted from the values of F at absolute zero 
given by James and Miss Firth The method used by them to reduce the 
experimental results to absolute zero, although not entirely satisfactory, since 
the separate M's were not calculated, is very nearly eqmvalent to assuming 
absence of zero-point energy The figure thus gives some idea of the difference 
lietweon the F curves calculateil assuming presence or absence of such energy 
In Table II the values of F from which the curves were constnioted are 
given 


* Waller, /oe nl, p 30 
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(Sm 9/A) X 10 " 


Kia 1 


Table II -Values of F for Na and Cl for Absence of ^Vibrational Energy of 

the Atoms 


Awnniing PUaok's *oro point 

1 Approumnte vaIuoh nfwtuimng 
awnoe of aero point energy 

•in 9/A y 10 • 

(James and Miss Firth) 
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9 Finally, we shall calculate from the values of M, the mtensities of reflexion 
to be expected at high temperatures, and compare them with the observed 
results, in order to see whether it is possible, from measurements made at room 
temperature and at the temperature of liquid air, to predict the results of 
observations at high temperatures From equations (6) and (6a) the vqlues of 
M;i and M| for a given spectrum at a senes of temperatures are calculated, 
and the ratio + Fje"“*)*T (F,e~“‘ + Fje~“')*a 9 o determined for 

each This gives the ratio of the intensity at temperature T to that at 290® 
Values obtained in this way for the spectra (400), (600) and (800)* are plotted 
in fig 2 The curves show the calculated values and the crosses the observed 



values of the ratio for these spectra at different temperatures The agreement 
IS os close ns can be expected up to about 600° Abs , for higher temperatures the 
decrease in intensity is much more rapid than the theory on which these calcula¬ 
tions arc based predicts Tbs agrees with the results given in the earlier paper t 
Such a departure is to be expected at high temperatures, since it will probably 

* These spectra are called (200), (300) and (400) m the paper on high temperature! (‘ PhU 
.'Joe ct<), beiiig referred to the small cube of 2 814 A. edge 
t WaUer, ‘ Ann. d Physik,’ vol 83, p 153 (1927) 
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no longer be possible to neglect cubes and higher powers of the displaoementa 
in the expression for the energy of the lattice 

On the whole, the values both at high and low temperatures are seen to 
be qmte consistent among themselves, and, up to about 600° Abs, to be m 
quantitative agreement with theory 

It should, however, be pointed out that we have neglected the excess of the 
general radiation which is concentrated in the mterferenco maxima It is 
impossible to calculate this without detailed knowledge of the mosaic structure 
of the crystal, but between the temperature of hqmd air and room temperature 
it may mtroducc an error of a few per cent We hope to be able to investigate 
this pomt later 


Summary 

In a crystal such as rock-salt the contributions of the two kmds of atom to 
the structure ampbtude for a given spectrum are proportional to and 

FiC"** respectively, where and F, are the atomic scattering powers of the 
chlonne and sodium atoms, supposed reduced to a state of rest, and and M, 
arc functions of the temperature which may differ for the two atoms 
It can be shown that, over a considerable range of temperatures, the following 
expansion 18 vabd — 

M. = 87^5!|^{«.+ P.T + Y./T + 8./T»+ }, (7) 

where T is the absolute temperature The term a« is zero if Planck’s value of 
the zero-pomt energy bo assumed, and y, and may be calculated with 
sufficient accuracy from the atomic constants The coefficient depends on 
the mteratomic forces and cannot be deternuned directly, although a weighted 
mean p — (wjPi + w»jp,)/(mi -f- m^), where rwj and rn, are the masses of the 
atoms, can be calculated m terms of the elastic constants 
In the present paper the values of the coefficients ^ for the two kinds of atom 
m rock-salt are determined, using formula (7), from the experimental results of 
James and Miss Firth on the intensity of reflexion of X rays from rock-salt 
crystals at low temperatures The values of p determined m this way give 
p == 6 8 10~“, whereas from Voigt’s values of the elastic constants of rock- 
salt we obtain p = 6 7 10"“ 

Assuming the existence of zero-point energy, the values of M for each atom 
can be evaluated It is found that at corresponding temperatures and glancing 
angles M is greater for sodium than for chlonne The difference m M for the 
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two atoms imphes that equal forces do not act on each, the chlotme atoms being 
more firmly bound 

From the values of M for the two atoms, the root-mean-squarc amphtude of 
vibration at 290° Abs for sodium and chlorme are calculated to be 0 242 A 
and 0 217 A respectively 

Using the separate values of M, the values of F for chlorine and sodium, 
corresponding to absence of all vibrational energy, are calculated from the 
observations of James and Mias Firth, and the curves so obtained are compared 
with those given m their paper, in which absence of zero-point energy was 
assumed 

From the values of M for the two atoms, curves showing the variation of the 
mtensil^ of reflexion of X-rays with temperature are drawn for the (400), (600) 
and (800) spectra of rock-salt, and these arc compared with the measurements 
of James at high temperatures It is found that the observed and calculated 
results agree up to about 600° Abs 

The results of this paper show that Waller’s theoretical formula for the 
temperature coefficient agrees with experiment in the case of rock-salt from 
86° Abs up to about 600° Alw , if allowance is made for the different values of 
M for the two atoms 
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On the Excttahon of PcAarxsed Light by Electron Impact 
n —Mercury 

ByH W B SxiNiTBBandE T S ApptByABD 

(Ciommunicsted by Sir ErneBt Rutherford, P R S —Received September 26,1927 
—Revised October 26, 1927 ) 

§ 1 ItUroducttOH 

In a number of recent papers* descnptions have been given of how the hght 
from atoms excited by a directed stream of electrons is polarised, m the absence 
of any external field of force In particular we may refer to the paper by one 
of the present writers (Paper I), where some of the oharactenstics of the effect 
m mercury were discussed It was found that the different Imes of the spectrum 
were differently polarised, both m magmtude and direction The behaviour 
of the polonsation when a magnetic field is applied to the mercury atoms was 
found to be identical with the effect produced by a similar field on the polansa 
tion when the light is excited by the absorption of plane polarised light, the 
electnc vector of which is parallel to the direction of the stream of electrons 
In this way, the polarisation of the light excited by electron impact was shown 
to bo closely related to the polarisation of resonance radiation, which had been 
mvestigated by Wood and Ellettf and others In the paper referred to, the 
measurement of the polarisation of the spectral Imes was, except m an mdividual 
instance, only quahtative Smee its appearance two papers have appeared 
in which polarisation measurements of the mercury hues excited by electron 
impact have appeared Eldndge and Olsen^ gave quahtative results, and these 
confirmed those which we had given Quarder§ gives quantitative measure¬ 
ments which are also for the most part m general accord The aim of the present 
paper is to desenbe quantitative results, and, as will be seen, these are not m 
all cases m detailed agreement with th<»e given by Qiiarder The second aim 
18 to detenmne the vanation of the polarisation with the velocity of the 
electron stream, a point which has not been previously attempted. 

In Paper I it was shown that the magnitude of the polarisation is mtimately 
* Kossel and Qerthsen, ‘Ann. d Physlk,’ vol 77, p 273 (1920), EUett, Foote and 
Mohler, ‘ Phys Rev ,’ vol 27, p 31 (1926), Skinner, ‘ Rov Soo Proc A, vol 112, p 642 
(1926) 

t ‘ Phys. Rev,’ vol 24, p 243 (1924), Hanle,' Z f Physik,’ vol 30, p 93 (1924) 
t • Pbys Bev,’ voL 28, p. 1160 (1926) 

{ ‘ Z f Physik,’ vol 41, p 674 (1927) 
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oonnected with the dynamics of the colhsion process By the electron impact, 
the atom is raised from its normal state mto an upper quantum state, and by 
its return mto the normal state, or into another state, light is emitted The 
magmtude of the polarisation depends on both of these processes, but the second 
process, the actual emission of the hght, is well understood Polarisation 
measurements therefore give a powerfid means of mvestigating the collision 
of an electron with an atom in the case when excitation of the atom takes place, 
and it Ls in this that their m.im interest lies 

§2 The Electron Tvbe 

The tube used to provide a powerful, directed stream of electrons was the 
same as that described m Paper I, to which we refer for details A stream of 
electrons from an oxide-coated filament is defined m the usual way by shts 
and passes vertically mto a field-free box with a hole cut m the side for observa¬ 
tion A hght trap is provided so that no polarisation errors can come from the 
reflexion of the light inside the tube The only difference from the previous 
tube 18 that the window m the present expenmonts was of clear fused quartz, 
fixed on with hard enamel Tlio ground-gloss ]omt by which the filament 
could bo removed was used dry, being sealed round the outside with wax 
With these alterations it was possible to bake out the tube to some extent 
Smee the tube runs at a fairly high current, the charging up of surface films on 
the electrodes was found to be troublesome, os it prevented precise defimtion 
of the speed of the electron stream It was foimd, however, that these films 
are easily and rapidly removed completely by running the tube at a potential 
of about 2,000 volts The vanishing of the fihns is easily tested In mercury 
the green line starts to be excited at 7 7 volts, and the yellow at 8 8 The 
visual effect of these Imcs together is a bluish white, while if the yellow hues 
are absent the colour is green It was possible to obtam streams of pure green 
colour passmg throughout the length of the observation chamber without 
apparent dimmution of intensity, thus showing that the velocity of the electrons 
was suflleiently constant along the length of the stream 
The definition of the stream can be controlled by choice of the potentials 
apphed to the vanous deotrodes of the tube (see Paper I) It was possible 
to obtam a stream which traversed the field-free observation box jaactically 
without spreading 

For the exact determination of the velornty of the beam, it is necessary to 
take mto account the existence of contact potentials The magnitude of these 
was found m several ways, eg, (1) determination of the lonisataon potential 
VOl CXTII —A Q 
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of mercury, (2) determination of the first critical potential from the mtensity 
of the line X 2537, (3) determination of the critical potential corresponding to 
the green linn X 5161 from the rise of its intensity These methods agreed 
fairly well, the third method proved the most convenient, and by using it the 
contact potential could bo eliminated to within about 0 2 volt 
The filament was of platmum stop and hail a voltage-fall across its effective 
portion of about 0 7 volt The breadth of the electron stream was usually 
about ] or 2 mm , and at the lower electron velocities there was very httle hght 
emitted from points outside the stream with the current used With the higher 
velocities (l(K)-200 volts) the stray light was more considerable, and on this 
accoimt it is probable that the polarisations measured m these cases may be 
a httle too small Plven with these velocities the stream was sharply defined, 
and the mtensity of the hght emitted from withm the stream was very much 
greater than that emitted from outside it 

§ 3 Pdanaatton MeasuretnetUs 

The mcasun meiit of the percentage jwlansations of mdividual spectral lines 
has proved to be of considerable difficulty if consistent results are to be obtained 
In our case the problem is simplified by the feet that we know, from Bymmetry 
considerationB, that the plane of polarisation must lie cither parallel or per¬ 
pendicular to the electron stream, t e, horizontal or vertical In this case 
the principle of the method is very simple With some form of double-image 
pnsm wo split up the light mto the horizontal and vertical polarised components 
which, after passing through the spectrograph, give two spots on the plate 
corresponding to each spectral line The mtensity ratio Ij/Ig of the light 
which has produced the spots is found by the methods of photographic 
photometry The percentage polarisation 11 is then given as 

n=ioo Liii* 

n + 

We take a polarisation with the electno vector parallel to the electron stream 
as positive 

The qiectrograph used is a large Hi^^r quartz instrument (Ei), of the Littrow 
type, f^e focal length of the collimating lens is about metzes A 
dispersion instrument is a great advantage m polarisation measniements smee 
then the hnes can be separated using a fairly wide slit (m our case 0 08 mm) 
An image of the vertical electron stream was projected on to the sht 
For the double-image pnsm we used at first a Wollaston pnsm of oalmte 
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placed between the alit and the collunatmg lens of the spectrograph But 
there is a senous disadvantage in this arrangement The difficulty is that the 
two boams of bg^t, polanscd respectively horizontally and vertically, soScr 
diSerent reflexion losses at the surface of the refracting prism of the spectro¬ 
graph Further, they suffer a different loss at the surface of the photographic 
plate which is incbned at about 60° to the beam 
These differences may give an apparent polarisation of as much as 26 per 
cent, which is very unsatisfactory in itself for the measurement of weak polarisa¬ 
tions Also small uncompensated rotation effects m the quartz units of the 
spectrograph make this correction vary m an extremely comphoated way 
with the wave-length The difference due to reflexion at the photographic 
plate makes the constancy of this correction dependent on the uniformity 
of the gelatme surface of the plate Owmg to these causes it was found difficult 
to obtain very satisfactory measurements using the Wollaston prism 

We really need a prism to replace the Wollaston prism which first spbts 
up the light into the two polarised compouents, and then depolarises it * With 
the Littrow typo of spectrograph, this is easily obtaineil Wo have only to 
replace the internally reflectmg pnsm (of quartz, with the optic axis parallel 
to the slit) by one with the optic axis parallel to the body of the spectrograph 
The bght travels m the prism, first perpendicular to the optic axis f In this 
part of the [lath there are introiluced no rotation effects Secondly, the bght 
IB spbt up by doublo-reflexion at the oblique face (the angular separation is 
about 1 /3°), and it emerges along the optic axis of the quartz In this lost part 
of the path large rotation effects are introduced, and smeo the aperture of the 
pnsm used is flmte, these rotations are different for different parts of the beam 
Hence we have effectively a depolarisation 
The arrangement has the further advantage that by the elimination of four 
reflecting surfaces much bght is saved 

With this pnsm, the correction was always less than 6 per cent It has the 
disadvantage that it doubles the spectra horizontally, and hence one has to be 

* We may hero note that Quaxdor (loe cU) seems to have relied on his quarts ooUunating 
lens (of about 30 cm focal length and 4 cm diameter) to depolarise the bght As numenoal 
oaloulation shows, this would bo quite inadequate He does not state that he has applied 
any oorreotion at all, and it seems probable that some, at any rate, of the disorepauoies 
between his measurements and ours are due to this cause. 

t It was poBsiblo to verify that the fact that the speotrograph takes a cone of lignt of 
finite angle, and that therefore the light is not strictly perpendicular to the optic ans of 
the quarts, did not introduce any error by photographing the epoctrum of a source of light 
oompletdy polarised by on air-separated Nic<d prumi. Chily one speotmm image appeared 
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careful to avoid the overlapping of lines Also on account of the tilted plate, 
one has to sacrifice the sharp foous of the spectroscope to some extent in order 
to get the ti\ 0 images equally m focus But for the problem of determming the 
polarisation, this does not affect the accuracy of the results m the case of 
the mercury Imes In any case, the disadvantages are easily outweighed by the 
great advantage of the small correction 

The correction was determined for every set of exposure by photographing 
the spectrum of an unpolansed source of light We used the photometne 
mercury lamp which is mentioned below This proved to give very nearly 
unpolansed light, and in obtainmg the correction it was only necessary to reverse 
the direction of the lamp (from horizontal to vertical) half-way through the 
exposure 

There remains m this method a trouble which is duo to the position of the 
double-image pnsm The ideal place for this is close to the collimating lens 
of the spectroscope But this position would bo difficult to arrange with the 
typo of double-image pnsm desenbed above, and m our case was anyhow 
impracticable owmg to the large size of the collimating lens Actually the 
pnsm was about 10 cm from the slit This has the consequence that the two 
beams of hght which go to form the two polarised images do not traverse exactly 
the same path between the source and the sht This would not matter if the 
source were sharply focussed on the slit But without an achromatic pro- 
jectmg lens, this condition cannot be exactly fulfilled for all wave-lengths It 
18 nccesary, therefore, to keep the focal length of the projecting lens as short 
as possible so that the length of the “ spectnim ” of images formed by it may 
be as short as possible We used a fused quartz projectmg lens 17 cm m focal 
length, and photographed the spectrum m two halves (1) 2400-3200 A U, 
(2) 3200-4400 A U, focussmg carefully for a mean wave-length of the stronger 
hnos m each case With this arrangement small errors might anse if the 
imago of the electron beam were not symmetneaUy placed about the sht It 
was necessary, therefore, to take extreme care with regard to this settmg of the 
image on the sht It is important also that the electron beam itself shall give 
a symmetrical distribution of hght, and care was taken to ensure this With 
the projectmg lens mentioned, it was found that if this care were taken, it was 
possible to obtam consistent results to within about 3 per cent of polarisation 

In the case of the Ime X 2637 one must work differently It is necessary 
to use the mercury at a pressure oorrespondmg to a temperature of — 16“ to 
— 20° C This would entail a very long exposure if a spectroscope were used, 
but by taking advantage of the fact that with an electron speed between 4 9 
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and 7*7 volts no other line which can get throuj^ the fused quarts window 
of the tube is excited, we can dispense with the use of the spectrograph alto¬ 
gether We therefore used simply a camera with a quartz 
lens and placed a Wollaston double-imago pnsm ]ust in / \ 

front of the camera lens The photographs showed that ^ V. X 
the electron stream remained well defined In this way 
the problem becomes very much simplified 

Wo now come to the photometric determinations, and 
here our practice was a usual one For the purpose of 
determmmg the mtcnsity corresponding to a given density 
on the photographic plate, we have used as standard an 
8-step optical wedge of platinum on quartz * In our cas(> 
it was prepared by sputtering It was calibrated for 
several wave-lengths, usmg a steady source of light (a L •' • 

fikmcnt-maintamed low-pressure mercury arc lampf) and 



Pio 1 —Optical Syetem 

E = Electron tube D1* = Double imago pnsm 

L = Fused quart* lens It P = Refracting priim 

8 = Spectroscopic aUt P P = Photographic plate 


a rotatmg sector of variable aperturej; an image of which was projected on to 
the aperture of the collimating lens of the spectrograph, the absorption of the 
wedge 18 then obtamed by photographic photometry It was found to be 
nearly, but not exactly, mdepondent of the wave-length The error m the 
wedge cahbration is responsible for an uncertamty of about 2 per cent of 
polarisation m the absolute values, for the mote strongly polarised Imes For 


• Dorgelo, ‘ Phys Zeit ' vol 26, p 757 (1025), Morton, ‘ Roy Soc ProoA, vol 106, 
p. 378 (1024) 

t It may be useful to note that the light emitted from a lamp of this tjrpe con be 
enormously increased by applying the magnetic field of a small suitably plaooti electro¬ 
magnet The filament type of lamp is much preferable to the osdinaty meroury lamp 
for photometrio work on account of its steadinees 
t Kindly lent by Mr R W Ditohbum. 
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tbo violet r^on of spectrom it was possible to obtain the calibration more 
directly by comparing the quartz-platintun wedge against a standard wedge 
by means of a microphotometer 

For use, the wedge was mounted m contact with a fixed slit of smtable width 
and was fixeil m place of the usual spectrograph slit Using the mercury lamp 
to give a patch of light on the slit as nearly as possible uniform, a spectrum 
was photographed with the wedge m place Any lack of uniformity of the 
hght spot i^as corrected by photographing the spectrum a second tune with the 
wedge removed 

A series of exposures thus consisted of the following parts — 

(1) Kx|K)3Hres of the light from the electron tube (working at various voltages) 
using the double-imago prism 

(2) Exposure of the mercury lamp using the double-image prism to obtam 
the “ spectrograph correction ” 

(3) Wedge exposiue with mercury lamp 

(4) Further exposure with the same sotting of the optical system as (3) but 
without wedge 

All the exposures of a set were given the same tune (either ^ hour or 1 hour) 
It was found by trial to be unnecessary to perform the plate cahbration^exposures 
J and 4) for each set of plates developed, for plates from the same box, the 
< nhbration could be obtamed with sufficient accuracy onco for aU Subsequent 
exposures were developed under standard conditions (m a tank in which the 
developer could be violently and uniformly agitated) 

The density of the various photographic images was measured by means 
of a photoclcctnc microphotometer In this way the percentage polarisation 
of any Ime could be obtained 

§ 4 Expenmental Re»uU8 

Before describing the results, it is necessary to consider the type of excitation 
producer] m the electron tube One type of excitation, that by collisions of 
the second kmd with atoms, cannot play any part m our case on account of the 
comparatively low gas pressure A Ime may therefore be excited in two ways, 
(a) directly, and (6) by a “ cascade ” effect By this is meant that the hne 
may be emitted as one of a group during the passage of the atom from the 
excited state to the normal state For example, X 2537 (1 — 2 ^i) might 

bo emitted after direct excitation into the 2 level Or it might be enutted 
along with X 4858 (2 *Pi — 2 "ISj), after excitation into the 2 state Smee 
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X 4368 u mtenae, it seems probable that the cascade type of excitation must 
occur for X 2637 For the other lines we have mvestigated, the cascade excita¬ 
tion may also play a part, for high velooitios We shall retnm to this point 
later But for the more important case of velocities only a few volts above the 
ontical potentials for the lines, it cannot play any appreciable part on account 
of the small probability of electrons of these velocities exciting the atoms mto 
the higher statoi Hence we must conclude that, for sufBiciently low electron 
velocities at any rate, the excitation is practically entirely direct 

On account of its considerably smaller critical voltage, the line X 2637 is 
somewhat exceptional m this respect, and this fact is one cause of the necessity 
of mvestigating the bne separately We are practically bmited to the region 
m which no other Imcs except X1849 (1 — 2 are excited'at all (namely, 

4 9 to 7 7 volts) Another probable disturbing factor is the strong absorption 
of X 2537 by the normal mercury atom We found that when X 2637 is excited 
along with the other hues at a relatively high gas pressure, it is nearly 
unpolansed 

Wo therefore mvestigated X 2537 m the restricted region of voltages, using 
a mercury pressure corresponding to —16° to —20° C The current m the 
electron stream was m this case about l/30th ma The remaiuing lines were 
investigated, using a mercury pressure corresponding to room temperature 
(about 1 /] 000th mm ) The current was about I /3 ma The earth’s magnetic 
field was balanced by means of a pair of Helmholtz coils to within loss than 
l/60th gauss A field of the order of the earth’s horizontal component did 
not affect the polarisation m uidmdual coses te8tc>d, but we have not verified 
this for all the lines As other investigators have found, the polarisation 
appeared to be independent of the current m the tube unless this reached a 
considerably higher value than that actually used The vanous disturbing 
efiects connected with arcing may begin to come m 

The hnes X 5461 and XX 6770, 6791 (together) were treated visually, using 
a Babmet compensator, and appropriate light filters, on account of the slow 
speed of panchromatic plates AH the remaming measurements are photo¬ 
metric 

The polarisation of various hues is plotted against the sytiare root of the voltage 
of the electron stream in ligs 2 to 12 The dotted Imes marked by the leth r E 
indicate the corresponding critical voltages The pomts plotted are direct 
measurements and no averaging has been used It was found possible to obtam 
more consistent values for voltages on the high velocity side of the polarisation 
maxima than for voltages on the low velocily side We think this is due to the 
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extreme lapidiiy m many cases of the vanation of the polarisation with the 
voltage for low voltages, it may be that the velocity of the electron stream 
was not sufficiently well defined with the actual apparatus used (^ c, with a 
voltage fall across the filament) to ensure exact consistency Tn some cases 
(eg, "k 2637) a vanation of the voltage by loss than half a volt appears to cause 
a considerable change m the polarisation 

The Imes are polarised m vanous wa)r8 We have established the absence 
of any appreciable polarisation for the lines X4078 (2 “Pj — 2 ^Sp) and X 4108 
(2 ^Pi — 4 ^So) This IS an important point for the theory Some of the lines 
are polarised positively (i e, with the electnc vector parallel to the electron 
stream) and some negatively For high velocities there is m most cases a 
defimte reversal of the sign of the polarisation But the Ime X 3660 (2 “Pj -- 
3 “Dj) IS as seen m fig 4 exceptional, and the hno X 3021 (2 *Pg — 4 sDj) shows 
precisely similar characteristics 

The most sinking features of the curves are the steep increase m the polarisa¬ 
tion with increasing voltage for low velocities and the subsequent maximum 
which are found for all the most strongly polarised hnes The steepness of the 
nse seems to vary, it is greatest in the cases of X 2637 (1 — 2 »Pj) and the 

senes beginmng with X 3660 (2 «P, — 3 »!),) The position of the maximum 
18 also appreciably different foi different hues For X 2637 we obtamed zero 
values of the polarisation for a v oltagc slightly execoding the excitation potential, 
in some other cases one has only to make n small extrapolation in order to be 
able to say that, at the cntical voltage, the polarisation is zero It seems likely 
that the existence of the maximum is a general property of all polansed hues 
Tt was proved in the cas« of XX 6770, 6791 that the ma-ginninn is gtiU obtained 
when a magnetic held of 12 gauss is applied parallel to the electron stream 

In general, hnes of a given spectral senes are polarised to the same extent 
withm the limits of error of measurement, and the polarisation curves are 
similar There is, in some favourable cases, an mdication that the maximum 
on the polarisation curve is shifted slightly to correspond to the vanation in 
the cntical exciting voltage, but the shift is small (about a volt) and we cannot 
be sure of it The curves for X 4347 (2 »Pi — 4 ^D,) and X 3906 (2 ip^ — 5 ^Dj) 
illustrate well the general snnilanty 

The hnes whose curves are given iii figs 2 to 12 ate only a part of those 
measured The remamder show similar features In Table I we give the 
maximum polarisation Hmax and the approximate voltages V,„„x at which the 
maxima occur We have divided the Imes into two classes, (a) the moat 
accurately measurable for which ITm^x should be correct to within 4 per cent 
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Table I 


Line 

Volte 

Par oent polarisation 

Excited 

state 

Senes 

1 

V,. 

V^., 

Qnarder 


P 

Singlet 

2»Pi-3ill, 

2»P,-3»D, 

2»Pi-4»D, 

2»Pi-6‘D» 

2iPj-6»D, 

6791 

6770 

4347 

3900 

8704 

\ 8 8 

9 6 

9 8 

10 0 

14 

16 

16 

(16) 

40 

46 

60 

60 

28* 

86 

33 

(31) 

60 

60 

60 

60 


2»P,-3*Ds 

3663 

8 8 

t4 

-46 

-41t 

-100 


3*P,-4»D, 

3027 

9 6 

(16) 

-46 

(-33) 

-100 


2*Pi-3iD, 

3132 

8 8 

14 

40 

28t 

60 


2*Pi-4»D, 

2666 

9 6 

16 

60 

27 

60 


2*Pi-2»S, 

4078 

7 9 

- 

10 

0 

0 


2>P,-4*S, 

4108 

9 6 

- 

10 

0 

0 

Triplet 

2*P,-3*D, 

8660 

8 8 

11 

16 

18 

60 


2 ^,-4 »D, 

8021 

9 5 

12 

16 

20 

60 


2 *P,-6 ‘D, 

2808 

9 8 

(16) 

16 

(19) 

60 


3*P,-3‘D, 

8666 

8 8 

14 

_ 

-36} 

-100 


2»P,-4*D, 

3023 

96 

(17) 

— 

(-26)1 

-100 


2 •Pi-3 »D, 

3126 

8 8 

14 

20 

28 

60 


2 'P.-A »D, 

2662 

9 6 ' 

16 

83 

23 

60 


2 •P,-4 •Dt 

2664 

9 6 

- 

- 

(-17)11 

-100 


2 •P,-3 »D, 

2967 

8 8 

14 

83 

26 

100 


2 rp.-S *11, 

2636 

9 6 

(W) 

— 

(18) 

100 


2 »P,-2 »S, 

6461 

7 7 

_ 

7 

0 

14 


2 »P,-3 *8, 

3341 

9 1 


7 

0 

14 


2 •P,-4 »S, 

2926 

9 6 

— 

7 

(0) 

14 


2 »P,-2 »S, 

4368 

7 7 

11 

16 

-12 

-100 


2 •P,-3 *8, 

2894 

9 1 

12 

16 

- 6 

-100 


2 »P,-2 *8, 

4047 

7 7 

11 

33 

8 

100 


1 ‘a,-2*P, 

2637 

4 9 

6 7 

-3011 

-30 

100 


Bemarb* 

* A faint line 2 ^F.—3 *Dj la inaeparaUe from A 6791, bat is probably of small efieot It is 
likriy by analogy witb other oases that A 6770 is slightly less polarised than A 6791 
t A faint line 2 *P(—3 is inseparable from A 3063, and the ralne given may be a httle too 

small for this reason 

X The line 2 *Pt—3 is insepataUe from A 3132 Estimating from the intensities of the 
nert members of the serim, it is pcobahle that the valne given is tiM small by about 8 per oent 

very near to mnoh stronger lines, and the polarisation given is probaUy 
II Value for 16 vnlta 

Y Vslne of EUett, Foote and BCobler for 7 volts 
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of polanaation, and (5) the fainter, leas accurately measurable, for which it 
cdiould be correct only to within about 8 per cent The values for lines 
of the second class ore mdicatod by brackets, « g (19) The column Vq gives 
the corresponding critical voltages for the excitation of the lines The polarisa¬ 
tions III, measured by Quarder (Joe ct/ ) for an exciting voltage of 16 volts are 
added for comparison The two sets of values agree m a general way, but there 
are many cases of detailed disagreement A possible cause of the discrepancy 
has been suggested The remaining column P is theoretical and will be 
discussed later 

§ 5 Theoretteal Discwmton 

In Paper I, it was delimtely proved that the polarisation eflects we are 
considering are detenmned simply by the directed character of the electron 
stream A further important property, established experimentally there, 
IS that as far as the effects of an applied magnetic field are concerned,* the 
behaviour of the polarisation of the light excitcil by electron impact is identical 
with the behaviour of the polarisation of the light excited by resonance when 
the electric vector of the absorbed radiation is taken parallel to the direction 
of the electron stream In particular, m both coses, the polarisation is 
unaffected by a field parallel to the electron stream (or electric vector) Now it 
was known that m the case of resonance, correct values for the amount of the 
polarisation were only obtamed on the classical quantum theory in the case 
when there is a magnetic field apphed For the case when there is no field, 
one had merely to assume the effect independent of the presence of a field 
applied parallel to the electric vector 

It was therefore clear that to obtain a corresponding theory of the excitation 
of polarised light by electron impact, the case when the magnetic field is apphed 
parallel to the electron stream must be treated, and that the independence of tbe 
effect on a field apphed parallel to the electron stream must be assumed This 
assumption may be called the assumption of spectroscopic stabiUty 

The theory of Paper I is based on the principle of the conservation of angular 
momentum for the collision Consider first the limiting case when the velocily 
of the electron after impact is zero—* e, the electron has just the mimmum 
energy necessary for excitation Following Ellett, Foote and Mohler {loc oU ), 
we make the assumption that, m this case, the vector change of angular 
momentum of the atom is m a direction at right angles to the initial direction 

* A alight mistake m Fart I of this paper, which deals with the magnetic effects, 
may here be corrected. On pp 652,663, v/Ssfi should be The values given for 

rare correct. 
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of motion of the electron, or, m othw words, the electron cannot carry away 
from the collision any angular momentum Thu assumption may be extended 
to the general case by supposing that if Vq ^ imtial velocity of the electron 
and Au the change in velocity it suffers during the coUision, then the angular 
momentum change of the atom ts at right angles to Av (assumption A) 

Thu assumption imphes a restriction of the type of orbit which the electron 
can describe during the excitation process, as u easily seen by considering 
particular examples But in the case of large electron velocities, when the 
energy of excitation is not sufficient to dimimsh appreciably the energy of the 
electron, assumption A would appear to follow necessarily from symmetry 
considerations In the bmiting case of small fanal velocities, it follows from the 
classical mechames * 

Applied in the limiting case when the electron has only the minimum energy 
neciHsary for excitation, assumption A leads immediately to the following 
relation for the change m the magnetic quantum number »i of the atom, caused 
by the impact - 

Aw = 0 (1) 

Using this, one obtains the polarisation directly from a knowledge of the mtensi- 
ties of the Zeeman components of the line m question For a detailed account 
of the theory, wo refer to Papier I 

It u important to note that the rdalton (1) also follows, for the “ ideal ” case 
when the vdocUy of the election after coUiston %8 parallel to the veloeUy before the 
coUtston This result u independent of the magmtude of Vg, and even of the 
general assumption A For it seems impossible to doubt, on any theory, that, 
in thu particular case, the angular momentum transferred must be at right 
angles to Vg We thus see that there u a oorrdalwn between the magnitude of 
the observed polansatton and the degree to whtch the electrons are scattered when 
the excUatton takes place 

When the energy of the exciting electron u greater than the cntical energy, 
a scattering of the electrons must be expected to take place Thus, Av u not 
necessarily parallel to Vg, and the relation (1) is not necessanly true One 
anticipated that the most probable direction for Av would change from a 
direction parallel to Vg for small velocities, to one perpendicular to Vg for large 
velocities Thus one was led to expect that the percentage polarisation of a 

* We are indebted to Mr P M. S Blackett for pointing out that asBomption A is only 
true olassioally li the law ol force between the electron and the atom vanes more rapidly 
than the mverso third power of the distance between them But since the atom is neutral, 
we must expect this condition to be satisfied 
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given speotram line would dooreaae progressively with inoroasing electron 
velocities A quantitative prediction was not possible, since wo do not know 
how the electrons of a given velocity arc scattered on collision. 

In a recent paper Oppenheimor* has considered the polarisation ellects 
from the standpomt of the new quantum theory Ho has concluded ~ 

(а) That the polarisation of the light excited by a single collision is mde- 
pendent of a magnetic field parallel to Av When the polarisation is 
large the most probable direction for Av is nearly parallel to Vq, and thus 
the independence of the observed effect on a field parallel to Vq is 
interpreted In this way Oppenhoimer has established the assumption 
of spectroscopic stability The effect of a field in a direction inclmexi 
to the electron stream is also correctly calculated 

(б) That the method of calculation by means of the angular momentum 

principle, and in jiarticular assumption A, are correct 
Thus Oppenheimer has shown that the theory of Paper I is nght within the 
limits of his method of calculation 

Actually the experiments have shown that the polarisation decreastm to zero 
from a maximum value as the velocity of the electrons is diminished to the 
cntical value Thus the theory fails defimtely in the one case where it can be 
apphed quantitatively But Oppenhoimer’s method of approximation leaves 
open the possibility of the failure of his conclusions, tn the case of very small 
jmdl declron vdocUtes It is probable, therefore, that this effect may receive 
an mterpretation on the quantum merhamc8,t though it is inconsistent with the 
classical 

For excitation by electrons whose velocity is not too small, we are undoubtedly 
justified m applying the theory of Paper I The large value of jthe polansation 
at the maximum therefore shows defimtely that, at the corresponding velocity, 
a large fraction of the electrons are scattered nearly straight forward With 
this conclusion we may compare the observation of Dymond,^ who showed 
directly that m hehum, with moderate electron velocities, a large fraction is 
scattered nearly straight forward when ezatation takes place 

For excitation by electrons of small velocity, we are on uncertam ground, as 
the experiments have shown that the theory of Paper I is untenable m this 
region. But it seems reasonable to assume, even m this case, a correlation 
between the value of the polarisation and the degree of scattering of the 
* ‘ Z f Phyiik,’ voL 43, p. 27 (1927) 

t Dr J B Oppenheimer has very kindly informed ns of this fact 
X ‘Phye Rev,’ vd 29,p 438(1927) 
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electrons If this is granted, we may conclude that, as the velocity of the 
electrons is diminished from a value corresponding to the maximum of the 
polarisation curves, the electrons are scattered more and more violently, until 
in the limiting case, corresponding to the zero value of the polarisation, the 
angular distribution of the electrons must be more or less uniform 
We are thus led to postulate a probable anomalous scattering of the electrons 
of velocity slightly in excess of the minimum excitation velocity • It is 
interesting to note that the final velocity of these electrons is of the same order 
of magmtude as the velocity of the electrons for which the Ramsauer effect is 
observed Further, that the method of approximation used by Oppenheimcr 
docs not suffice for a theory of the Ramsauer effect 
We now come to the consideration of the relative magmtudea of tho polarisa¬ 
tion for tho various hues, and we shall be dealing with tho case inhere the 
velocity of the exciting electron is sufficiently great for the theory of Paper I 
to be valid If we take the “ ideal ” case when the electron is not deflected 
durmg the collision, we have stated that the polarisation may be calculated 
from equation 1 In this way, we obtain a standard value P for the 
polarisation The actually observed polansatiou will bo less than P owing 
to the scattering of tho electrons, and we cannot calculate how much less 
it will be On the other hand, it seems reasonable to suppose that the 
scattenng will not bo very different m the case of the vanous spectrum linos 
Thus we may compare with the rdattve values of P the relaltve values of the 
polansation observed, for example, at the maxiina of the polarisation curves 
In Paper I, a qualitative compsuuson of this sort (but using the values of the 
polarisation corresponding to a doflmte electron velocity instead of the maximum 
values) was made, and it was found that, up to a point, thero.was good agree¬ 
ment The results are amplified by those of the present paper In Table I 
the values of P are inserted, and it is seen that, m most cases, and especially 
for the hnes for which the excited state is a singlet state, the maximum 
polansation Umax is roughly expressed by the relation 

n.„ax =iP 

In particular we may note the absence of polarisation m the cases of the hnes 
X 4078 (2 »Pi - 2 iSo) and X 4108 (2 iPj — 4 »So) Further, if we extrapolate 
the curves back to the excitation pomts m the manner of fig 13, we obtain, m 
most cases, values not far removed from P 
But as was noted m Paper I, there are several flagrant exceptions to this rule 
* An expenment for the direct venfioatuHi (rf this effect will be undertaken shortly 
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The lines X 2637 (1 - 2 ap,), X 4047 (2 aPp - 2 »Si), and X 4368 (2 »P, - 

2 and a higher member of the same senes are seen to violate it completely 



The first of these hnes is polarised in the wrong direction, as was first observed 
by Ellett, Poote, and Mohler {loc cU ) The others are polarised in the right 
direction but much more weakly than would be expected The hue X2967 
(2 aPp — 3 aDi) and the next member of its series and the line X 2664 (2 *P, — 
4 are polarised distinctly more weakly than would be expected, and it 
seems probable that the hnes of the senes beginning with X 6461 (2 ap, — 
3 aSj) can also be included among the exceptional lines m spite of the low value 
of P 

In Paper I, it was suggested that the reason for this breakdown of the classical 
theory of the effect is that we have neglected to take into account the spin 
of the exciting electron If the direction of the spm axis of the electron 
IS not the same before and after the collision, angular momentum must have 
been transferred to the atom by a process not considered m the theory 
Thus the assumption allows the modification of equation 1 and so provides 
a possibihty of the interpretation of the anomalous results Oppenheimer’s 
calculations have strongly supported this point of view He has pointed out 
that the anomalous lines in question all correspond to interoondnnation 
switches from the normal singlet state of mercury on excitation (t e , the hnes 
are those which correspond to the excitation of the atom into a triplet 
state) He has suggested that the spin comes m as a “ resonance effea ” in 
Heisenberg’s* sense This leads to the assumption that the orbital angular 
momentum of the exciting electron must be separatdy coupled with the orbital 
angular momentum of the atom, its spin angular momentum with the spin 
• ‘ Z f Physik,’ vol 41, p 289 (1927) 
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angular mcmientuin of the atom In other words, m theideal ” calculation, 
the change in the orbital angular momentum Al of the atom on ezcitalaon 
(instead of the vector Aj m the calculation when spm is neglected) must be 
at right angles to the electron stream Since the angle between I and j is 
known, the direction of j corresponding to the excited state is fixed 
In this way, it is possible to estimate the order of the correction which has 
to be applied to the values P for the intercombination bnes And m fact the 
calculation shows that the correction will be greatest for X 2537, as is observed 
The angle between j and I which determines the correction is only considerable 
in the case of the lines for which j is equal to 1 m the excited state, and these 
in fact arc the exceptional lines In the case of lines for which is 2 in the 
excited state the correction will be small, but it is interestmg to note that, 
m an especially favourable case, it is detectable The lines X 2652 (2 "Pi — 
4 *Ds.) and X 2666 (2 *Pi — 4 ^D,) are a close pair, for one of which the excited 
state IS a triplet state and for the other a singlet state Any errors m measure¬ 
ment (but the purely photographic) must be the same for both these hues 
Their polarisation curves are shown m fig 14, and it is seen that 2666 is 



Fio 14—A2666(2*P,-4»D,) X2662 (2'Pi - 4*D,) 


defimtely about 4 per cent more strongly polarised than X2662 Thus it 
seems that qualitatively the theory of the separate couphng of the “ orbital ” 
and “ spm ” angular momenta describes the facts very satisfactorily But 
it should be pomted out that there seems to be a difficulty in applying the theory 
to a non-degenerate system, and hence an exact calculation of the effect of the 
spm on the values P has not yet been made It would seem that m spite of 
th is ^ the case for the necessity of the consideration of the spm of the exciting 
electron in the excitation process is established 

There lemams for consideration the polarisation effects for very high velocities 
of excitation Quaider (loc cU), measuring the polarisation of the total light 
emitted from an electron tube, working with mercury, has shown that for small 
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velocities the bght is polarised with the electric vector parallel to the stream 
(» e, positively) As the electron speed increases the polarisation sinks to 
zero and subsequently becomes more and more negative No spectroscopic 
analysis was used Our curves show the be ginnings of this effect m the case 
of mdividual spectrum Imes In nearly all cases where there is a large positive 
polarisation for small electron speeds, for a largo electron speed the polarisation 
IS negative If it is negative for small speeds, it is positive for large, and if the 
polarisation is zero for small speeds, it remains zero An exception, however, 
occurs in the case of the hnes X 3660 (2 “Pj — 3 »Da) and X 3021 (2 ®Pg — 4 ^Dj) 
These lines show a positive polarisation for small speeds which decreases with 
the speed For large velocities, it still remains jxisitive 

The general hnes of an explanation of this effect are clear and have been 
pomted out by Oppenheimer For moderate velocities of the exciting electron, the 
most probable direction for Aw is nearly parallel to the direction of the electron 
stream For very largo velocities, on the other hand, it is nearly perpendicular 
to the electron stream Hence a reversal of the direction of the polarisation 
for very large velocities is to be anticipated The exceptional effect in the 
case of XX 3660, 3021 is not accounted for, but it is possible that oven m this 
case, the reversal takes place for higher electron velocities 

Oppenheimer has remarked m this connection that this effect would scarcely be 
anticipated, owmg to the fact that one would expect most of the light emitted 
from atoms excited by fast electrons to come, not from direct excitation, but 
from a “ cascade ” effect This view is supported by the work of Pymond 
(loo oU ), who showed that the probabilities of the switches in helium, corre¬ 
sponding to the excitation of the stronger lines, are measurable for small electron 
velocities, but vanish for large velocities If the ** cascade ” effect is large 
m mercury, one would not expect to find any appreciable polarisation for high 
velocities, since a “ cascade ” emission would appear to imply that the 
direction of the electron stream cannot appreciably affect the characteristics 
of the light emitted Hence it seems that we must assume that, m mercury 
at any rate, a considerable part of the excitation is direct, even for high 
excitation velocities 

Summary 

The paper contmues the study of the polarisation of the mercury Imes excited 
by a directed stream of electrons, which was begun m a previous paper Fhoto- 
metno determinations of the percentage polarisation of the mdividual hnes 
ate described, the velocity of the exciting electron stream being varied from 
9 to 200 volts The different Imes show different polarisation characteristics. 
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some being unpolariacd, some polarised with the electric vector m a direction 
parallel to the electron stream, and some polarised m the perpendicular direc¬ 
tion The polarised lines show a characteristic variation of the polarisation 
with the electron speed , the most salient feature being a maximum of polarisa¬ 
tion for an electron velocity corrcspondii^ to a few volts above the excitation 
point A reversed polarisation for high el^ron velocities is found m most 
cases It IS shown that the various polarisation effects may be interpreted to 
give information about the dynamics of the collision process m which an atom 
IS excited by electron impact 

It 18 hoped shortly to give an account of the excitation of polarised light in 
helium 

We had the advantage of discussing the interpretation of the results with 
Dr J R Opjicnheimer, and are much indebted to him for his contributions 
In conclusion, we should like to thank Mr R H Fowler, F R S, for valuable 
discussion, and Sir Ernest Rutherford, P R S, for providing the means for 
carrying out the work and for his constant interest The work was performed 
during the tenure by one of us of a Senior 1851 Exhibition Studentship, and he iT 
greatly indebted to the Commissioners for their assistance 
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On the Effect of Temperature on the Viscosity of Air 
By R S Edwards, A R C S , B 8c , with a foreword by A O Rankine, D Sc , 
Professor of Physios in the Imperial College of Science and Technology 

(Commumcated by H L ( aliendar, FR8 —Received Juno 10,1927 ) 
Foreword 

It appeared that further experiments on the viscosity of air were desirable 
in order to discnimnate between the results of F A Williams* and those of 
most previous observers, and to test his conclusion respecting the validity of 
Sutherland’s law of the variation of viscosity with temperature It happened 
that this could be done easily and cxiicilitiously in the laboratories of the 
Impenal College Mr R S Edwards, the author of the following paper, was 
m the midst of preparations for determining the viscosity of neon at a number 
of temperatures ranging from atmospheric temperature to the normal boiling 
point of sulphur, and at my suggestion diverted his attention to the behaviour 
of air at the same temperatures It is true that this range (about 430 centi* 
grade degrees) is not so extensive as the thousand degrees covered by Williams’ 
experiments, but it includes all that region m whuh, according to Williams, the 
value of Sutherland’s constant displays the large increase upon which 1 have 
cast doubt f 

Edwards’ methml of temperature control and estimation involves heatmg 
by the saturated vapour of selected substances of well-established boiling 
{Himts, and would appear to be more reliable than the electrical heating, and 
particularly the temperature measmcnient by a single thermocouple, as 
employed by Wilhams In the present experiments also, considerable vana- 
tions of the pressure conditions have been made, with consistent results, thus 
proving the validity of the transpiration formula assumed No such internal 
evidence of accuracy was provided in Williams’ experiments 

It will be seen that Edwards’ new data provide a very definite confirmation 
of the work of the observers previous to Williams quoted in my paper (loc ett) 
No evidence has been found of a breakdown of Sutherland’s law between 15® C 
and 444 6® C , on the contrary, further proof of the vahdity of the law is 
provided, and the value of Sutherland’s constant, namely 118, over this range 
is found to be in close agreement with the usually cuicepted value calculated 
• ‘ Roy Soo Proc A. vol HO, p 141 (1920) 
t ‘ Roy Soc ProcA, vol 111, p 210 (1920) 



246 


B S Edwards. 


between the hmite of 0° C to 100® C The effect of Edward*’ experiments is 
thus to render still more doubtful the reliability of Williams’ data 

1 Introduction 

The experiments described in this paper were undertaken m view of the 
uncertainty introduced by the work of F A Williams* with regard to the 
previously accepted variation of the viscosity of air with temperature His 
results wore criticised by A O Rankine,t mainly with respect to the methods 
of temperature control and measurement employed In any further investiga¬ 
tion, therefore, it was necessary to ensure that the various temperatures at which 
meas^ments were taken should be accurately known, without at the same 
time unduly restricting the range 

To satisfy these conditions it was decided to use vapour jackets to heat the 
capillary tube, using only substances which have defimte and well-known 
boding points under atmospheric pressure The two important advantages 
ansmg from the use of vapour jackets are that steady temperatures over a long 
period are ensured, and the actual boiling points do not need measunng, it 
being sufficient to use the present accepted values The use of on olectno 
furnace, os in Williams’ experiments, while allowing a greater range, renders 
both the temperature control and measurement uncertain m comparison with 
the method just mentioned The procedure finally adopted was to enclose the 
air in a fairly large bulb, and to allow it to escape through a capillary tube, 
both the bulb and the tube being surrounded by the vapour jacket, which was 
successively maintained at the various temperatures at which readings were 
taken 

2 Theory of the Method 

The apparatus can be represented for theoretical purposes by fig 1 Considcf 
a bulb of volume V and a capillary maintained at a temperature ©, and suppose 
that at any instant the pressure of the gas in the bulb is f Let the steady 


• ‘ Roy Soo Proo ,’ A, vol 110 p 141 (1926) 
t ‘ Roy Soo ProcA. vol 111, p 219 (1926) 
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external pressure be pg, p being greater than pg We then have, applying 
Meyer’s well-known transpiration formula differentially, 

= Tir* (p> — p„*) dtllGlr,,. 

where, 

dm = mass gas flowing through capillary in time dt , 

R — gas constant, 

6 = absolute temperature , 6 the corresponding centigrade temperature, 
r = radius capillary, I = length capillary, 

T)( = viscosity of gas at @ 

But smce pV = mR@, where wi = mass of gas in bulb at any instant, we have 
Vdp = dmiRQ Therefore, substituting, 

— Vdp = Tcr* (p* - Pg®) (fe/ie/y;* 


(The negative sign is to allow for the fact that p decreases as t increases ) 


Therefore, 


•PiH A. dfi _ 7tf*< 


where (Pi + pg), (P, + pg) are the initial and final pressures in the bulb 
respectively, and t = time flow 
Therefore, 

1 + 

2P« Ul’i + 2?,) M 


The value of t]« thus determined has to be corrected for the slipping of the gas 
over the walls of the capillary tube If ^ is the coefficient of slip at 0, tj» will 
then be given by 


TtrU _ po (I 4- 4^/r) _ 

■ 8iV log, ((P* + 2pg) Pi/(Pi + 2pg) P,} 


The term 7rr®/8{V will be independent of the temperature if the bulb and tube 
are of the same material If, therefore, we write K for this constant term 
we have 



Hence, if the values of K (I-f-are deterimned for two different 
temperatures, say 6] and 0|, by measurements of the four quantities P^, 
P„ Pg and t, we have at once the ratio provided an approximate value 

of the radius is known 
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3 Expenmental Method and Apparatus 
It will be noticed from the above theory that the accuracy of the method 
depends upon the measurements of the comparatively small quantities, and 
P, These were detemuned as follows The mercury reservoir (see fig 2, 
which IS a diagrammatic sketch of the apparatus) was lowered until the 
mercury stood at some convenient level m the bulb L, the tap T, being closed, 
Ti and Tg open was then closed, and the reservoir raised untd the mercury 
stood above the jimotion of the two limbs of the manometer M This raised 
the pressures in the bulb B, and the space between the mercury in the limb 6 
and the tap above atmospheric T, was then temporarily closed, Tj opened, 
and, finally, Tg re-opened * The difierenoe of level between the mercury m the 
two limbs a and b of the manometer then indicated the excess pressure above 
atmospheric of the gas in B The mercury m a was then adjusted to a 
convement level, kept the same throughout the experiments, and when the 
pressure in the bulb had remained steady for some minutes, Tg was closed, 
Tg opened, and the stop-watch started The mercury levels m a and b were 
then noted with a cathetometer which read to 1 /lO mm , and the difference of 
the two readings gave P^ The atmospheric pressure was also noted 
At the end of the run Tg was closed, and the watch stopped simultaneously 
The reservoir was then lowered until the mercury level in b was approximately 
in the position which it was expected to occupy when Tg was opened This 
havmg been done, T, was opened, and the level m a adjusted to the position 
it occupied at the start, and the difference between the levels in the two limbs 
noted This difference, subject to two corrections, gave Pg Finally the 
mercury was lowered until the level was again at some convenient position m 
the bulb L, and the cycle of operations could then be repeated By varying 
the imtial level in L, P^ could be made to have any desired value 
In order that a large temperature range could be employed, the apparatus 
was made of pyrex glass, which does not soften below 760° C The bulb B, 
as shown in fig 2, was made a long narrow cylmder in shape to facilitate effective 
jacketing The connecting tube to the tap T, was made of narrow-bore quiU 
tubing m order to reduce the volume of the exposed portion. To ensure a steady 
temperature for the gas between T, and the mercury level m a and for the 
manometer M, a water jacket, as shown m fig 2, was placed round this portion 
of the apparatus, and a stream of water kept runmng through it A small 
* It was neocuaiy to close Tg temporanly, because otherwise, on opening Tg, the sudden 
ehaage cl pw ssm e above the limb 6 dragged the mercury level in a below the junotioD and a 
violent msh of air from a to h took {dace. 
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opal glass lamp was placed belund the mercury levels to facilitate reading, 
this arrangement was very satisfactory, and the lamp being small the heat 



from it did not disturb the temperature of the bath The limbs of the mano¬ 
meter M were made of 1 2 cm mternal diameter tubing, capillary depression 
effects thus being rendered negligible The apparatus was eichausted and filled 
with pure dry air several times imtially, and the tubes contumng NaOH, 
CaCl 2 , PaO# served to free from CO, and dry the air drawn into the apparatus 
m preparation for each reading by the process described above The whole 
apparatus was mounted on a rigid wooden stand, with an extended arm to act 
as a support for the bulb and also as carrier for the mercury reservoir, for which 
a device was arranged to permit of the necessary fine adjustment The 
capillary used was exammed by a microscope, and measurement showed that 
the bore was circular to withm 1 per cent, and of the same magmtude at both 
ends The following list gives the dimensions of the apparatus — 

Volume bulb = 606 See at 16® C 

Volume portion bulb exposed = 080oo =0 13 per cent of total v<dome 
Volume of tube from capillary to tap T, = 0 90 o o. 

Radius capillary = 0 013 cm (measured by microsoope) 

Length capillary =: 76'7 oms 

Volume from tap T, to fixed level in limb a = 3 86 o c 
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6 Corredxona to Formida 

As mentioned in § 3, the difference of level measured at the end of the run 
does not give Pg directly On opening the tap T„ a volume V at pressure 
(P, + Pfl) and temperature 0 is mixed with a volume v at pressure (P^ + p,) and 
temperature 0', whore v = volume from tap T, to fixed level in hmb a, and 0' 
18 the temperature of the manometer Hence we have, by the gas laws, 

V (P, + P„)/0 + 1 , (P^ + PoW = (Po + P) (V/0 + vl&) 

^ e, 

P, = Pi - «© (Pi - P)/V©', 

where (P + p^) is the uniform pressure attained on mixing and P is the excess 
pressure actually measured Since i;0/V0' was always small, the values given 
in the previous paragraph for v and V were sufficiently accurate for the purposes 
of the correction 

One further correction to the value of Pg thus determined was necessary 
When the tap Tg was closed at the end of the run, the pressure in the connecting 
tube from the capillary to Tg was p^, and a flow of gas took place until the 
pressure was raised to that of the bulb The resultant effect was that the 
pressure in the bulb was reduced by an amount dependent on the volume of 
the connectmg tube and the excess pressure in the bulb Assuming that the 
temperature of the tube was the same as that of the bulb, the correction for 
any given excess pressure was calculated The values were as follows — 
Excess pressure Correction 


2 ems 

0 003 cm 

3 ems 

0 0046 cm 

4 ems 

0 006 cm 

5 ems 

0 0074 cm 

The coefficient of slip has been shown to be equal to 0 85 X, where X = mean 
free path in the gasIf X is expressed m terms of the viscosity, using Enudsen’s 

expression for the viscosity, viz, 

Tij = 0 31vpX, we have 5 = 1 72i(j/\/pp 


Using the gas equation this can be expressed as ^ = 2 913 t)V 0^ In this 
expression p is the mean pressure, which m this case vanes loganthmically with 
time, in the capillary over a run i^/r was, however, always so small that the 
change in p, which was about 6 per cent, caused a difference of only 1/10,000 
in the factor (I -f 4^/r) Hence it was sufficient to take an average value 
for the pressure in the capillary and apply the resultant factor to the mean of the 
readmgs for E/i]« at a given temperature 

♦ Knudsen, ‘ Ann d Physik,’ vol 28, p 76 (1909) 
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4 ConsUtjU Temperature J(uika» Employed 
Headings were taken at five temperatures—viz, 15°, 100°, 184 4®, 302°, 
444 6° C A fast flowing water jacket was utilised at 18° C , and this tempera¬ 
ture was used as the oompanson temperature for the others 
At 100° C a separate boiler was used, and the steam passed mto the jacket 
at A and out at B, as shown in fig 3 (a) The tap T served to dram off excess 
■condensed steam from time to tune 



At 184 4° and 302° C aniline and diphenylamme were used to supply the 
vapour, and the apparatus used is represented in fig 3 (b) The substance was 
placed in the bottom of the vessel, the gas flame being immediately underneath 
An external air condenser was used to condense the vapour At 302° C it was 
found necessary, m order to obtain steady boibng, to place an asbestos cone round 
the lower half of the vessel, shown dotted in figure This device conserved 
the heat and reduced the rate at which the diphenylanune was boiled The 
upper portion of the vessel was jacketed m the usual manner At both tempera¬ 
tures it was important to boil rapidly at first to drive over unpunties, once this 
had been accomplished it was found possible to adjust the gas supply so that 
the vapour just trickled over Under these conditions very steady temperatures 
were attained 
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Tho arrangement usetl at 444 6“ C (the temperature of boilmg sulphur) is 
shown m fig 3 (c) Considerable difficulty was experienced at this temperature 
in heating the whole vessel, but finally the arrangement shown m the figure 
was adopted and proved fairly satisfactory An asbestos cyhnder D was 
placed round the vessel, and the hot gases from the burner at the base passed up 
through the interspace and escaped by the chimney E A coil of composition 
tubing F wound round the top of the jacket, through which a current of cold 
water was circulated, served to condense the sulphur, and the cover G protected 
the bulb from the condensed vapour The bulb and manometer acted as a 
gas thermometer sensitive to 0 06® C, and hence a check on the constancy of 
the various temperatures was provided by the apparatus itself A thermometer 
placed with its bulb just below the lid of the vessel was used to test whether the 
jacket was hot throughout At C the temperature of the water bath was 
measured with a mercury thermometer graduated to 1 /10° C, which had been 
cabbrated by comparison with a standard The other temperatures were 
obtained from boiling-point tables, allowance being made for variation of these 
boding points with pressure 

6 GalcuUUton of Results , 

In order to have a basis for comparison with the results of other observers, 
it was decided to take Millikan’s formula for the viscosity of air at room 
temperatures as standard, and to express the results in terms of this standard 
value Mdlikan* gave 

T), = 0 00018240 - 0 000000493 (23 - 0) C G 8 units 
over the range 23° 0 to 12° C 
Therefore we have tjw = 0 00017846 C Q 8 umts 
Expressed m terms of practical units, formula (1) becomes 

i°i!..((P.+2yJP./(P. + Wr.) = iP^'w.(i + <W ,2) 

Ip. 4 eomin ' ' 

where the pressures are measured m centimetres of mercury at 0° C , and the 
time in mmutes = density mercury at 0° C Hence, 

K = 167rr*^p„/4 606fV (3) 

Fj and P, were measured at O', the temperature of the manometer, and were 
not reduced to 0° C , the slight error thus mtroduced, about 1/16,000 in tho 
term P, (P, -f- 2po)/P, (P, -f- 2po), being negligible 

• ‘ Ann d Physik,’ vd 41, p 769 (1913) 
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7 Results 

Table I gives the senes of observations at room temperature The column 
headed P gives the difference of level in the limbs a and b of the manometer 
at the end of the run The rest of the symbols have the same significance as in 
formula (2) 


Table I 



The last column gives the values of K (I + 45#/r)/if)i corrected to 15® C, 
using Millikan’s formula given above Mean value 

K (I + 45i6/r)/T;i5 = 4 8204 x lO"* C G S units 
The value of (I + 45/f) at 15® C, taking r = 0 013 cm , is 1 0026, therefore, 
K =- 8 6819 X lO-" 

Substituting this value for K in (3), a value for r of 0 0131 cm is obtained, 
which 18 in good agreement with that measured by the qucioscope 
Table II gives the results of observations af the other temperatures These 
have been corrected for vanation of boihng pomt with pressure, assuming the 
rate of change of viscosity with temperature from the results of previous 
observers 
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Table II 



Temp (° C) 

1 100 0 1 

184 4 

302 0 1 

444 6 

(I + ^Ulr) 

1 1 0030 1 

j 1 0046 

1 1 0060 1 

1 0077 


Substituting these factors, the following mean values were obtained for tho 
viscosity — 


Table III 


Temp ('C ) 

16 0 1 

100 0 1 

184 4 

302 0 

444 6 

ij,(X 10*CGS umti) 

1 7846 1 

2 181 1 

2 529 

1 2 964 

3 426 


8 Accuracy of the ResuUs 

As mentioned m § 3, the accuracy of the method is dependent on that 
attamed in the measurement of the imtial and final excess pressures and 
but since they appear m the loganthmic term m tho expression for v), a given 
error m Pj and P, docs not necessanly mvolve a proportionate error in the 
value obtamed for t; If the ratio P^/Pa is denoted by x, it follows from (2) 
that 1 ] 18 proportional to I/log, x Therefore, 
d-fj/Ti oc dxjx log, X 

Consequently, for a given error in x, the error m t] will be greater or smaller 
than this, according to whether x is less or greater than e Since P^ was never 
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less than 1 7 times as great as P,, the error m measuring can be neglected 
in comparison with that of P, to enable the accuracy attained to be estimated 
Pi and Pj were observed by a cathetometer reading to 0 1 mm, and the 
smallest value of P, being 1 84 cms, the error in P, would be of the order of 
0 6 per cent As can be seen from Table II, the values of x less than e always 
corresponded with values of Pj of at least 3 cms (this held for all the readings 
taken), for which the error m measurement was naturally leas than 0 6 per 
cent,, so that to a large extent the two factors in the expression for 
compensated for each other Considering the two extreme cases in Table II, 
we have 


p, 1 

P, j 


j </'?/>? 

6 270 

3 110 

1 07 

1 95 dxlx o 0 65 per cent 

7 MO 

1 842 

4 27 

0 00 dxlx = 0 40 


The values of dai/aj being calculated on the basis discussed above, all the 
other readings taken were withm the range coveted by these two extreme oases, 
and consequently the accuracy of the individual readings may be taken to be 
about 0 6 per cent Since the time of flow was never less than six minutes, 
and was measured to an accuracy of at least one second, any error in t would 
not invalidate the above conclusions On the basis of an accuracy in mdividuat 
readings of 0 6 per cent, it seems reasonable to suppose that the accuracy of 
the means of the groups of results would be about one pert in one thousand 
It will be noticed in Table II that the readings at room temperature were- 
taken in two groups at about 16® C and 10 6° C respectively A comparison 
of the means of the two groups will therefore provide a test of the abovo 
assumptions, for the ratio of the viscosities, as detemuned from the results, 
should agree with the accepted ratio calculated from Millikan’s formula For 
the purpose of the comparison the mean result for each group was taken to 
correspond with the mean temperature of the group This is justifiable over the 
small ranges considered The mean temperatures were 16 03® C and 10 68® C , 
the observed ratio ijis/iiio s was 1 0116 and calculated 1 0122, which agree to 
well withm one part in a thousand This result substantiates the claim made 
above that a group of readings with an estimated mdividual accuracy of 0 6 per 
cent and a group variation of about 0 8 per cent, as can be seen from Tables 
II and III, give a mean value which is accurate to 0 1 pec cent 
The results at 444 6° C are not so consistent, mdividual readings varying 
as much as 1 6 per cent (Table III) These variations were due to changes in 
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the temperature of the bath, amounting to 0 2° C, caused by unavoidable 
fluctuations m the large amount of heat neceasary to keep the bath hot, and the 
formation of iron sulphide inside the vessel However, considered on the same 
basis as the other readings, the mean value at 444 6° C may be regarded as 
accurate to about 0 4 per cent 

9 Dtacuation of EesuUs 

A convement basis of comparison with the results of previous observers is 
afforded by the ratios vjc/Tiit This has been done m Table IV, in which the 
present results are compared with the means of earher observers, as quoted by 
Rankine {he at) and with those of Williams {loc at ) 

Table IV 


vthu 

Mean previous 
obaerveta 

Williams 1 

Present results 


1 230 

1 190 

1 222 


1 420 

1 370 

1 417 


1 056 

1 621 

1 Bse 

VmIVu 


1 009 

1 919 


The present results are thus seen to be in agreement with the work of previous 
observers, with the exception of Williams, and the extended temperature range 
shows that his results are probably still too low at 444 5° C, though the 
discrepancy is smaller Sutherland’s formula for the viscosity of a gas is 
■fit = ifc0‘^/(l 4- C/0), or more convemently for our purpose, tj, = jfe0*^/(C + 0), 
where G = Sutherland’s constant and 0 = absolute temperature Previous 
to the work of Williams, Sutherland’s formula had been accepted as an accurate 
representation of the change of viscosity of a gas with temperature, even though 
the theoretical basis upon which it was founded had been questioned * Conse¬ 
quently the formula can be used as a further basis of companson between the 
results of vanous observers It can be seen at once that 0*^*/T(]f plotted against 
0 as ordinate should give a straight line, and the negatived mtercept on the 
0 axis will give the value of C This has been done, as shown in fig 4 The 
value of C as determined by the present results is 118, which agrees with the 
jffeviously accepted value of 117 Williams’ results and the means of the 
earlier observers’ results expressed m terms of Millikan’s value for v]is have 
also been plotted, and while these latter coincide almost exactly with the 

* Chspmui, ‘ Phil Tnuu ,’ A, vol 211, p 432(1912), Junes, ‘Ptoo Camb Soc ,’ vol 20, 
p 447 (1921), Enskog, < UpMda Dim * (1017) 
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present points, those of Williams show striking vanations The stnct obeyance 
of Sutherland’s formula by the present results exhibited in fig 4, where every 



point fits the mean straight line to within | per cent, enables the conclusion to 
be drawn that C does not change in the neighbourhood of 300® C as put forward 
by Williams Further, since the investigation has been extended into the 
region for which Williams considers the tme value is 172, and no disagreement 
with the formula found, it appeairs that Williams’ results are exceptional and 
inaccurate, probably on account of the method of temperature measurement, 
which A 0 Rankinc (loc cU ) has erihoiseil 

In conclusion, the author would like to express his appreciation to Prof 
A, O Rankine for the advice and encouragement he has constantly given 
throughout the investigation 

Summan/ 

(1) The ratios of the visoositiea of air at various temperatures between 15® C 
and 444 5® C have been dotermmeil, using a coiistaut volume method and 
vapour jackets to obtam definite temperatures 

(2) The results have been compared with the work of previous observers, 
and Sutherland’s formula shown to be strictly obeyeil over the range considered, 
and a value of 118 obtained for his constant 
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Free Motion in the Wave Mechanics 
By Prof C G Dabwix, PBS 
(Received October 26,1927 ) 

The present work is a discussion of a number of simple problems of the free 
motion of electrons and atoms from the point of view of the wave mechanics 
The author has had the advantage of many conversations with Prof N Bohr 
on the subject, and it was composed under this inspiration Bohr* has recently 
published his views on the foundations of the theory, and it would be out of 
place to enter here deeply mto the matter, but some review of principles is 
unavoidable if the technical processes are to bo understood Perhaps the chief 
pomt of the work is to show how a simple, even old-fashioned, technique is 
entirely adequate to deal with these very new problems 

§ 1 Oeneral Principles 

The matrix and the wave mechamcs have both been already developed to 
great lengths as a calculus of stationary states, but they have not yet got so 
far m what we may call dynamics, a description of the progress of events More 
and more comphcated phenomena have been fitted mto the same scheme, but 
not much has been done in making this scheme mtuitively understandable 
One of the most important contnbutions is a recent work by Heisenborg,t 
who develops an “ uncertainty relation ” by showing how each observation of a 
system, say an electron, always itself introduces some disturbance, so that the 
exact state at the beginning of each new experiment is essentially unknowable 
Heisenberg works from the matnx point of view, but Bohr has pointed out 
that the “ uncertamty relation,” exhibited by Heisenberg simply as an expen- 
mental result, becomes quite natural on wave pnnciplcs, and is mdeed nothing 
more than an expression of those prmciples 

The central difficulty of the quantum theory has always been the conflict 
between waves and partmles On the one hand, wo have the theorems of con¬ 
servation of matter, energy, etc , these tell us that matter keeps together, 
and endow a particle or a quantity of energy with mdividiiabty, so that we can 
trace its history On the other hand, we have the theorems of mterference— 
of light and now of matter as well, which as definitely tell us that the things 

* TransaotitMiB of Volta Centonaxy CongreM at Como (1927) 
t' Z f Physik,’ toL 4S. p. 172 (1927) 
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which we before regarded as particles must spread, and so must lose their 
individuality The recent work of Bohr explains, at any rate in outhne, how 
the apparent contradiotioa is to bo reconciled The two Imes of thought are 
not contradictory, but complementary They do not come into conflict because 
they never meet To verify conservation we must obviously have an enclosed 
system, and this excludes observation of what happens m the enclosure If 
nothing IS observable, it is only proper to say that nothing is happemng, the 
system is settled into a spaceless and tuneless stationary state outside our 
mtuitions On the other hand, if we want to observe what happens we must 
make a hole in the enclosure and see what leaks out By the very act con¬ 
servation 18 destroyed, but in exchange we get mterfcrence phenomena, and 
these introduce geometry and so a connection with space and tune This very 
inadequate description shows that we are entitled, when we want to discuss 
happenings m space and time, to make full use of the wave theory and to pay 
no attention to the conservation difficulties, because m fact these do not arise 

It IS almost impossible to deaenbe the result of any experiment except m 
terms of particles—a scintillation, a deposit on a plate, etc —and this language 
IS quite incompatible with the language of waves, which is used m the solutaon 
A necessary part of the discussion of any problem is therefore the translation 
of the formal mathematical solution, which is in wave form, into terms of particles 
We shall call this process the interpretation, and only use the word in this 
techmeal sense 

The general treatment of a problem will then fall into three stages First 
there is the solution of the appropriate wave equation with the appropriate 
initial conditions This gives a Schrodmgor function (m general complex) at 
every time and value of the co-ordinates Next wc multiply this by its conju¬ 
gate When dealing with electrons this quantity is usually called the electnc 
density, but it seems better to have a more general name and one not possessing 
such defimte connotations We shall call it the intemnty, extending the moaning, 
already usual for hght and sound, to cover material waves as well Lastly, 
there is the interpretation, when wo say that the mtensity of the wave is a 
measure of the probabihty that a particle will be observed This stage is to 
be regarded rather as a concession to our ingramed habits of thought than as 
an essential part of the problem 

As long as they were both concerned only with stationary states, jthe matnx 
and wave methods were equivalent and only differed in mathematioal con- 
vemence But when the time enters into the question an important distmotion 
anspB, for the solution of the wave equation suggests, and our t5rpe of problem 
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reqturefl, that we should not merely take a smgle solution of the equation, but 
that we should build up one by superposition of an infimte number of separate 
solutions each of which corresponds to a stationary state It is a great merit 
of the wave theory that it tnvUea this superposition , with matrices the corre¬ 
sponding generalisation does not suggest itself, and has mdeed hardly been 
used • 

Now the admissibility of superposition has important consequences in 
changing our physical outlook In the older quantum theory we made the 
interpretation at the bcgmmng of the discussion, so that a stationary state 
meant an orbital motion and it was therefore axiomatic that an atom could only 
be in ono state at a time But now wo only mak(> the mterprotation when some 
effect IS actually observed, and there is no reason why the atom should not be 
in several states simultaneously, for a stationary state is merely a solution of 
the wave equation that happens to be harmonic m the time We are excluding 
questions of the emission of radiation (though perhaps the most important and 
difficult of the whole quantum theory) and shall take as our guiding pnnciple 
that the interpretation is to be delayed as long as possible For example^ in 
the Stem-Gkrlaeh experiment we do not say that the field sphts the atoms mto 
two groups and then separates these We say that a wave goes through the 
field, and when we calculate its intensity at the terminal plate we find that it 
has two maxima, which we then interpret as two patches of atoms With 
the simple Stcm-Qerlach experiment either way of regarding the matter leads 
to the same result, but expenments can easily bo devised which would dis- 
enmmate between them Consider a stream of silver atoms going along tho 
direction of x These atoms go through a non-umform field whuh polanses 
them along the direction ± y and a sht is arranged so that only tho + y ones 
emerge These then enter a uniform field along x According to the older 
theory this will instantaneously split them mto two groups ])Ointing along ± z, 
and if, after emerging from this field, they enter another non-umform field 
along y, they will again be split into two groups along ± y, and so will produce 
two patches on the terminal plate But when superposition is allowed the 
matter is different, for (as wo shall see in § 9) in tho uniform field the atoms 
simply precess round z at tho same rate as given m classical raechames 
Suppose this field to be so long that the total angle of precession is 180° Then 
on entering the second non-umform field they will all be pointing along — y, 

* Heisenbcfg’s wave packet (be. at , p 188) makes use of it, bnt this is practically a wave 
method. It also perhaps occurs in Dirac's work, but the language is so diifeient that the 
rslatkiiiship is bard to trace. 
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and there will be only one patch on the terminal plate On the principle of 
superposition it is this that we shall expect to observe 

We must now consider the interpretation in more detail, and shall see that 
rather different things are mcluded under the some name The solution of any 
problem takes the following course—one degree of freedom will suffice for 
illustration We first solve the wave equation and find a function iji (q, t) 
which conforms to some uiitial prescribed form, say ij; (q, o)=f {q) From 
this wc construed; the intensity p ( 5 , 0 — I 'I' (?>*)!*• ^ begm 

to think of particles Now when wo think of a particle, wo are almost forced 
to think of a position in spau*, so our most primitive pnnciple of mterpretation 
must be coiinected with co-ordiuat<!s representing something in space, say x, 
the position of a free c led run (or the urntte of gravity of an atom, but not the 
position of an electron in an atom) In such a case we take os our pnnciple that 

the intensity p (x, t) is mterpreted as givmg probability p (x, t) dx p (x, t) dx 

that the electron will be in the range from x to x f dx at the time t It is 
perhaps a matter of taste whether we regard this as an observed rule by which 
the wave theory is verified, or a defimtion of what we mean by a particle, or 
even as a defimtion of what we mean by space 

By making use of Heisenberg’s “ y-ray microscope ” we may include under 
the conception of observable quantities the position of an electron in an atom 
Hence we may extend the relation of intensity with probabiLty to such co¬ 
ordinates, saying that p{q, t) iqj^^ {q, 0<^9 measures the probabihiy of the 

particle bemg m the range dq at q, oven though this co-ordinate is only brought 
into s{)aco by such a highly impracticable process as the microscope A problem 
of this kmd is discussed in § 8 

There is yet another form in which the interpretation has to be made—m 
fact, that which has been most used m the subject—and this is in determining 
the probabihty that the atom is in some one stationary state Compared to 
our previous interpretation this is a cross-classification, and the distinction 
18 best appreciateil by considering the analogy of hght The mtcnsity of light 
can be regarded in two different ways, either by measuring the density of 
electro-magnetic energy at a point and so giving the intensity at that pomt, 
or else by making a spectral analysis, not now at a pomt but m a region of space, 
and determining the distribution of energy in the spectrum The former 
process is analogous to that which we have discussed, and the latter to the 
analysis mto stationary states In the optical case the two methods of analysis 
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are united mathematically by equating together expreasiong for the whole 
energy m the region, one of which gives it as an int^al over the volume, and 
the other over the frequencies of the spectrum, then the element of the volume 
integrand is the intensity at a pomt, and that m the frequency mtegrand is 
the spectral intensity The essential point is that we equate two integral 
expressions and then pick out terms from the mtegrands, and this is the method 
we must pursue here In a system having stationary states the wave solution 
takes the form 

^ (q, <) = S iq) e" ‘ T ", 

where the functions are aU mutually orthogonal The integrated intensity 
will be 

J P (?. «) d? = j ^ iq) iji: (q) e- "“’‘di/ 

by virtue of the orthogonality of the tj»„’s We now pick out the term i oniiected 
with the «th state and say that this is the probability of the atom being m the 
nth state If the <{1 ’s are normalised to unity, we have | P/SI | c, | * Incident¬ 
ally wc SCO why it 18 so convement to use normalised functions for stationary 
states, when considering mtensity at a point on the other hand, normalisation 
would merely consist m multiplying the whole solution by a constant and is 
quite trivial 

In deahng with the mterprctation we have touched on one of the great 
diihculties which have made it hard to gain physical insight into the wave 
theory This is the fact that the wave equation is not m ordinary space but 
m a co-ordinate space, and the question arises how this co-ordinate space is to 
be transcribed into ordinary space It would appear that most of the difSculty 
has arisen from an attempt to apply it illegitimately to enclosed systems, which 
ore really outside the idea of space In most of the problems wo shall discuss 
the question hardly arises, but where it does the correct procedure is so obvious 
that there is no need to deal with it in advance It is tempting to bcheve that 
this will be found to be always the case 

The problems of the present work have been mostly chosen as being the 
simplest possible, and the methods are almost wholly those of the classical wave 
theory As to physical content, there is a very close relationship with the work 
of Diracf and Heisenberg, but the language is so different that it would not bo 
t ‘ Boy. Soo FroovoL 113, p. 621 (1027), etc 
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profitable to trace the connections Following these other methods Kennard* 
has recently solved some of the same problems, and it is hardly necessary to 
say has obtamed the same results 

§ 2 Tie Description of Motions 

Our whole outlook on any problem will, of course, be very different from that 
to which dynamics have accustomed us, and the old habit of thought is so 
ingrained that it may not be amiss to examme the difference more closely Thus 
when we thought of a stream of electrons, we might, for example, have described 
it by assigning at every point a distnbution of velocities, say Maxwellian, 
round a certam mean velocity But now all mdivuluality is lost and we think 
of each electron as itself possessing the whole Maxwellian distribution It is 
thus indifferent whether wo speak of one electron or of a stream f If we attempt 
to contradict this by saying that experiments have been made which prove 
that the distribution is real, m that some electrons are observed to have velocity 
higher than the average and some lower, the answer is that the observmg 
instrument has itself created these different velocities, in just the same way us 
a spectroscope creates coloured hght out of white 

Agam, consider the free motion of an electron As a particle it moves along a 
line, but the wave solution is a sot of plane waves without any special line for 
the motion This is m conformity with the “ uncertainty relation ” which, 
when the direction of motion is accurately given, refuses to define the line of 
motion at all Now in all practical problems some sort of spatial bmitation is 
imposed, and to see how this is to be done here we may profitably turn to the 
analogous case of optics 

It IS often possible to separate optical problems into two parts, which we may 
call the wave problem and the ray problem respectively In the wave problem 
an unlimited wave can be used to give the general features of the result, and 
the question of the limitation of the beam by shts, etc , can be mtroduced later 
in determmmg such things as the resolving power of the instrument This 
second part—sometimes called the “theory of optical instruments”—often 
does not arise or else is very simple and so it tends to be forgotten that it is 

* ‘ Z { Fhysik,’ voL 44. p 326 (1927) 

t If, K^iarded as parUoles, the electrons are so oloae together that they mfluenoe one 
another's motions, then the wave eqnation will not be rednoible to a set of independent 
equations for each of them The system would not bo in space, and the method of observa¬ 
tion must be described before anything con be said about their relationship to space In 
the present paper such very dense streams ore excl n dad. 
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quite aa oeaentiol aa the firat part This ucglcvt la due to the character of the 
C2perimcDta with which optica have been coucornod during the laat centuiy, 
more imiwrtance has come to be attnbuted to the interference frmgea seen through 
a half-wave plate than to the fact that things look double when seen through a 
cryatal Now the wave aspc'ct of matter is a century behind that of light, and 
so the class of exiK^riments that have hitherto been done with electrons have 
not called into play any such compheated interference phenomena For this 
reason the ray problem—depending on the hmitation of beams -is for electrons 
quite os jm{)or<ant os tho wave problem But that is not all, for electrons have 
the compbeation that tho wave velocity depends very strongly on the wave¬ 
length, so that group velocity ta a very important consideration, and tho 
actual motion of rays cannot be directly seen even quahtatively from the 
solution of the wave problem without a proper consideration of the limitation 
of the beam It thus proves more convement not to attempt to separate 
the problem into two parts, but to construct solutions of the wave equation 
which contain tho limitations ab tntito With this method all that remains of 
the ray problem is merely the derivation of the intensity from the amplitude 
by squaring its modulus 

The first attack on a problem of this kmd is duo to SohrSdinger,* who con 
structed a “ wave packet ” for a harmonic oscillator This is exactly the sort 
of thing we require, but his packet is a very exceptional case without general 
appbcation In expenments a beam of electrons is usually limited by passing 
through a sht, but this gives nse to rather troublesome Fresnel diffraction 
formulae and so is not mathematically very convement For the most part we 
shall make use of a different hmitation, which was mtroduced by Heisenberg 
In the language of particles he supposes that the uncertamty of position is 
given by a Gaussian error function, corresponding to this we shall look for 
solutions in which the electron wave is located in a region of space defined by an 
error function The chief reason for its use is mathematical convemence, as 
there is no other form which yields simple mathematical functions for solutions, 
but in many cases it can be justified physically For example, if electrons are 
emitted by a hot filament, their volcKitics should have a Gaussian distribution, 
which will be represented in the wave theory by waves of which the amphtude 
contains an error function Again, if we determine tho position of an electron 
by means of Heisenberg’s ‘ microscope,” we shall make an error in fixing it, 
and may invert the probability and attribute this error to the uncertamty 


‘ NsturwiMenwhoften,’ voL 14, p. 004 (1020) 
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relation, and so adopt the error function for the limitation on the initial posiUou 
of the electron 

In this connection one fcatiurc of the present processes iierhaiis deserves 
mention, because of its difference from what we ore accustomed to in dyuamu s 
There we think of a particle describing a trajectory and can take auy point 
of the trajectory iiidifiercutly as startup pomt of the motion But m the 
wave theory the experimental conditions always mark out some special position, 
say a slit, as starting i>oint, and at other places the waves will have siiroad 
Thus, unlik e the case of dynamics, we do not expect to get a solution in which 
the starting pomt is quite indifferent 

When de Broglie first developed his wave theory he based it largely on the 
help of relativity The fxmmjuimu) is that the wave velocity of an electron 
18 much greater than the velocity of light This is ultimately correct of course, 
but it u an unnecessary complication always to have to consider relativity in 
dealmg with qmto slow motions We shall throughout the present work avoid 

doing so by taking a factor c" * * out of our wave functions, which is done 
by a simple and familiar modificatiou of the wave equation We shall, of course, 
get qmte a different value for the wave velocity from that of de Broghe To 
borrow an analogy from the practice of wireless telephony, we are observing 
our waves with the help of a heterodyne frequency rnc*/A, and when we speak 
of the phase of a wave we mean the phase of the sound heard m the telephone, 
not that of the ssthereal vibrations 

§ 3 Methods of SohUton 

There is no new prmciple in deriving the wave equation If the Hamiltonian 
of our system is H ( q, p, ) we set down as wave (quationf 



In doing this we need not consider the question of the order of operations in H, 
because it does not arise m any of our problems We suppose that iji is given 
for every value of the q'e at < = 0, and the solution of the wave problem consists 
m finding its value everywhere at any other time We next have the ray 
problem We take the conjugate complex quantity iji* and form 

'I' '1'* == P ( ?. *). 

t In praotical woik 1 oan strongly nxxuiunend the oonvenianco of taking A — 2ir This 
was nsed throu^out the present work, saves a great doid of writing, and reduces the use of 
Fonrier integrals to the stuidord form. It is easy to restore k at the end by dunonsioiial 
principles. 
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which IS the intensity, a real function of the tune and co-ordinates Lastly, 
we have the interpretation, when we change our language and speak of particles 
instead of waves and probabilities instead of intensitieB. 

To conn to details, wo will treat of one degree of freedom 
system 

H(*,p) = Jp* + V(®) 

The associati'd wave equation is 

We need as solution a function ij; (x, t) which at time / — 0 is a given complex 
function / {x) The best methods of solving make use of Fourier integrals m 
a variety of ways which we must consider Put 

0 = 4* (X, W) <f> (W) dW, (3 3) 

where ^ (W) is undetennmed The integration goes from — oo to oo Through¬ 
out the paper wo shall imply these limits without writing them in the integrals 
Then (x, W) must satisfy Schroihnger’s ongmal equation 

The functions iJ' W) constitute a complete mutually orthogonal set of 
functions, cither with W arbitrary or having a discrete set of proper values 
We shall chiefly be concerned with the case where W may be continuous and 
shall assume this, though the other case works just as well The function 
4< (x, W) need not bo normalised, but is to bo selected as a contmuous function 
of W The imtial condition is 

/(x) - j4;(x,W)^(W)dW, (3 6) 

and by the orthogonal property we can detenmne 

^ (W) -= 1/(3-) W)dxyjj4; (x, W') (x, W)(AV' dx 

(3 3) then gives 4> (x, t) by wntmg m the value of ift (W) We can then at once 
set down the intensity and make the interpretation 
The functions ij' (x, 0 and 4* (x, W) contain as variables the dynamically con¬ 
jugate quantities t and W and are related together by the Fourier mtegral (3 3) 
A similar process can be applied for any other conjugate pair and is very useful 
For example, set 

4; (x, f) = 4; (p, t) dp (3 6) 


We take the 
(3 1) 

(3 2) 
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Here p has been introduced simply as the variable of a Fourier integral, and 
this IS all that momentum really is m the wave mechamcs, but we can connect 
it formally with the dynamical momentum by considering that 

+ 0 =Je (P.O P dp 

It IS easy to show that (p, t) obeys a wave equation which is obtained by 
interchanging the roles of co-ordmate and momentum in the Uamiltoniau 
More useful than the function 4> {p, t) is the function (p, W) defined by 

W)dpdW, (3 7) 

smee it gives a most convenient way of solving the wave equation m many 
problems If we substitute (3 7) m (3 2) we got 

jje * X ^ (p, W) {H (a, p) - W} dp dW = 0. (3 8) 

an mtegral equation that can be sot down at once from the Ilamiltoman without 
even wnting out the wave equation It is often easy to solve and in many 
cases gives the solution in its most convemont form 
Consider, for example, the case of a free electron m one dimi nsion— 

H =5 Then for each value of p in the mtegral choose W — 

(3 8) will be satisfied This means that we are to omit the W integration m 
(3 7) and write 

(j; (a,/) — ^ (p) dp, (3 9) 

where ^ (p) is arbitrary Wo shall take this as the standard form of the 
solution The verification that it satisfies the wave equation is immediate 
A more complicated example is that of uniformly accelerated motion, say, 

n = ^jP~nyx (310) 

Pursuing the same course we take (3 7) as solution, where now 

(p, W) l^p*—— dpdW' = 0 

We mt^prate the term m mgx by parts, so as to remove the x, and reject the 
mt^;rated term by aHtmwiing that the disturbam^ vanishes for infinite values 
Then we have 
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The factor in brackets vanishes if 

= ( 311 ) 

with )f> (W) arbitrary So wo have 

tj;(r,0 = (312) 

If wc solved for <j< (j-, W) directly wc should find it a troublesome function, of 
whith even th( asymptotic approximations are quite inconvement Wo shall 
SOI' that th( whole problem of accelerated motion can b(‘ treated by the present 
method without any disc ussion of this fimction 
The method is, of course, always available, but does not always lead to the 
simplest solution For example, m the case of a harmonic oscillator fclchro- 
duiger's direct solution for tji (x, W) is just as good, as is evident because, for 
H = \ the* wave equation in the p-spaee will have the same form as 

in the x-space Nevertheless, similar methods are often useful For example, 
m Schrodiuger's onginal solution for the hydrogen atom the substitution 

ij; (r, 0, 4 >, t) = Si (0, ^) »* j e *^ (p, W) dp dW 

leads immediately, by means of one mtegration by parts, to the Laplacian 
method of solution used by Schrodinger himself 

§ 4 Electrons under No Forces, One Dxnvewnon 
The free motion of an electron in one dimension has already been disposed 
of by Heisenberg from the point of view of matrices Ills process does not 
have much direct cognizance of phases, and so can to some extent take short 
cuts by not working out those unobservable quantities, but this advantt^ is 
outweighed by the much more difficult ideas mvolved 

We take ^ ^ P* *^<1 have seen that the solution is m the form (3 9) 

Follow mg Heisenberg, we suppose that the imtial disturbance is given by a 
“ wave packet ’ of the form 

/(r) -= exp j^- i (j5 _ * 0 )* d- » y mi) (* - x^) J (4 1) 

The initial intensity thus is 

p(a;.0) = e-?‘'"*^' (4 2) 

M a kin g the interpretation, this measures the relative probabibties for the 
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poeition of the electron, and we may conveniently express it by saying that the 
electron is at Zg db o The complex part of (4 1) has been chosen so that the 
velocity IS nearly v, as wc shall see 
To determine ^ (p) we have 

pT'* ^ (p) dp = exp [ - ^ (z - zg)» + , ^ mr (r - Zo)| 

and so inverting the Fourier integral we get 

^(p) = ^\/^exp (p-mv)»-»ypTo] (4 3) 

As we shall verify, this is interpreted as meaning that the momentum is 
mv ± A/2tot, using the sign in the same sense as above Substitute in (3 9) 
and carry out the integration and we get 


+ (*. 0 


I _ - 

a , (x —Xo — vt)* , 2n , 

/I 2" '+ 

\ 2Tcm/ _ * 27m 


(4 4) 


It can, of course, be vcrihed by direct substitution that this satisfies the wave 
equation • 

We derive the mtensity by multiplying by the conjugate and have 


P (*. 0 


_ 1 _exp - 

y/ [o* + (hf/27cm)«] ^ o* + («/27w»n)2 ’ 


(4 5) 


so that the electron at time t is interpreted as being at 


®o + ± V T'J* + (A//27rrrm)*] 


Wo eiqilam thw by saying that the imtial position was Zg ± a, and the velocity 
18 V ± A/27«jin, so that at time t the position will be y„ + td i o ± 
and as the two uncertainties are independent they are compounded by squares. 
The product of the uncertainties of co-ordinate and momentum is A/27t, 
which IS Heisenberg’s uncertainty relation Observe how the limitation on 
the imtial position of a stream of electrons of necessity leads to an uncertainty 
in their velocity, and so to their “ strolling ” along the direction of motion 


* The term outside the exponential Is neoeesary in order to satisfy the wave equation, but 
is otherwise uninteresting. It would usually be found oonvoiient and suffloient to drop it. 
In the present work it has, however, been usually retained for the sake of completetaoM 
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We may write (4 4) (omitting the first factor) as 

The imaginary part desenbes the phase For a short time the quadratic 
term will be small and so the planes of zero phase wiU be given by 

J' ~ ifo + 2 ^ integral values of n , that is to say, the phase 

velocity IS half the ray velocity Later the phase becomes more confused on 
account of the quadratic terms, which give a contribution like a Fresnel 
diffraction expression, but there does not seem any point in studying the 
complicated geometry of these phases until experiments are devised to bring 
them into evidence 

The error function with which we started erases to be one in the ordinary sense 
on account of the imaginary quadratic term We may conveniently from the 
mathematical point of view include such complex values of a under the name 
of error fimction, and may if we like regard the motion as starting from such a 
complex value But, as pointed out m § 2, there is one outstanding tune m the 
motion, that when a* -j‘ becomes purely real, which it is natural to 

regard as the imtial tune, because that is where the experimental limitation 
occurs, and where the straggling is less than it is either before or after 
The great advantage of taking the imtial disturbance / (*) as given by an 
error function (m the extended sense) is that only so is it possible to work out 
the integrals completely In the general case we can put down 

4* U^ f ‘ * ^'’7(5) dl, (4 7) 

which gives ij; {r, 0) = / (*) We can then carry out one integration and have 

+ (^, 0 = (48) 

It is now (lear that only when / {*) is an error function is the other integration 
simple 

§ 5 Electrons under No Forces, Three Dimensions 
An exactly similar solution holds for three dimensions If p, q, r arc the 
components of momentum in directions x, y, z, the Hamiltonian is 



Frte Motion in Wave Mechanics. 


271 


and the wave equation u 



The form of solution that corresponds to (3 9) is 

tj/ (x, y, z, 0 = I ^ (/«+w+r— i) ^ 

When the initial disturbance is given we can evaluate (/> by putting < = 0 and 
using Fourier’s theorem, and can then substitute back into (5 3) 

Take as initial disturbance the wave packet 

+ 1 y »n{«(j — JCo) -1- o(y — yo) + »(* — *o) }] (6 4) 

Then 

4, = ^(27cr exp [- i (^'f {p - mu)* + t*{? - mo)* 

+ u*(r — mte)*! — * j (paSo + gyo + »*o)] (66) 

and 

4, = 4^exp I'- S ~ ~ “*>' + + i » - A 

^ <T T U ' L ‘ I O * T * V * J 

+ ty w{u (x - j -0 — |w0 4- t’(y -Vo — vt) 

+ «>(z-Zo-itrt)}], (56) 

where 

o'* = 0 * 4 - ihtlinm, t'* = t* 4- ihtl2nm, u'* = u* -f- tht/^nm 
There is no need for us to write out the intensity, since it too is exactly like the 
case of one dimension We have got the wave representing an electron imtially 
at ®o ± yo 4: T, Zq ± u, and moving with velocity u ± hj2mm, v ± A/Zirrm, 
w ± hj^mm If « = w = 0, we may say that we have roughly represented a 
stream of electrons emitted by a hot filament so as to have uncertamty A/27 r»» 
m their velocity, then rapidly* accelerated to velocity u, and then passed through 
a slit of breadth 2 t and height 2u From the similarity of the expressions for 
o' and t', u' we see that the lateral scattenng of the stream obeys the same 
rule as the longitudinal straggling 

To give a more accurate account of electrons going through a slit, we must 
* R^ridly, beoanso otherwise they would straggle during the aooeleration. 
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makr uso of the Fresnel diffraction fonnulffi This is quite a classical question 
and need be only shortly touched on The chief way in which it differs from 
the diffraction of light arisos from the variable wave velocity, which prevents 
the use of “ retarded ’’ wave functions We ate compelled instead to analyse 
by Fourier integrals 

We suppose that the wave function, together with its differential along the 
normal, is known at every time and at every point on a closed surface S, and we 
have to evaluate it at any point inside S It is best to make a slightly different 
analysis from tha< which we had before, by writing 

(a:, y, 2 , 0 — 1 e * tj; (t, y, z, «) d«. 


and using (r, y, z a) Do the same for ^ t}i (ar, y, s, /) Then (Ji {r, y, z, a) 

g 

and y z, a) are known for every value of a and at every point x, y, z on 

on 

S Tjot a-,, y, «, be the point inside S at which we require and let 


r*=(X - xi)* + (y - yi)» + (* - «i)» 

Then the applicufion of Green’s theorem m the usual way gives 

d e* A " 


<j/(Xi,yi r,,/) fe"'*?sf« 

in 




y,*, «) 


Bn 


This formula raake^ it easy to work out the effect of a slit or grating by 
suitable choice of the surface B We shall not enter into the matter beyond 
noting that, just as for light, so here, when S is a plane, we get a factor » repre¬ 
senting the quarter wave-length«hange necessary to give the Huygheman wave 
construition, and a factor 1 -f- (’Os 0 (6 being the angle of deviation of the 
rays) which < icplains why the wave construction excludes a transmission of the 
wave backwards 

§ d Eledrona under Conatant Electrtc Force 
Our purpose is partly the illnstration of a variety of methods, and so we shall 
treat of the motion of an electron under uniform acceleration in two different 
ways, the first of which is the more general application of principle, but not 
quite so simple mathcinatioally It will mifHoo to consider the motion in one 
dimension, as the three can be treated independently 
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We talce (312) as the form of solution, and (41) as initial disturbance ^ (W) 
18 then determined from 

[je* *'(W) dp dW 

= [- (® - ^o)* + t^mv{x- * 0 )] 


by two mversions (involving; multiplication by e~ * and mtegration for x, 
and by e * and mtegration for q rt'spectively) We get 

JL /w\ r_ 1 




If this 18 substituted m (3 12) the integrations can be carried out in the order 
W, p, q The result is 


+ tW/2i 


I _exp I - J {x-x^-vt- 

iUl'l-Kin L o® + ihtlinm 


+ »^ {wm (x — 050 — li-t — hfft*) + »»Ji’ {J> — (6 2) 


v/[®* + {ht/2Tvjin)*] 


[x — Xp — vt— \q^)* 
a* 4- (lUllTvm)* 


We thus see that the ray goes from x„ ± «y to Xq + v< + ± o ± htj^nam, 

giving the ordinary formula for accelerated motion, and a straggling exactly 
the same as that of iinaccelerated notion The phase obeys a rather com- 
pheated rule, and is of no direct importance, though its various terms are 
required m order that the wave equation may be satisfied by (6 2) If there 
were a grating, placed, say, at 46° to the vertical, and if we wished to know the 
positions of the diffraction maxima after the falhng electrons hml passed through 
it, these terms would have to be considered, but such a case is too remote to 
discuss at present 

Though the above is the most general method of dealing vnth accelerated 
motion, it has the disadvantage that g occurs in the denominator, so that the 
^pansition to the case of no acceleration is troublesome The second method 
18 free from this difficulty, being, loosely speaking, an approximative method 

VOL. oxvu.— A. T 
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which happens to give an accurate solution. We look for a solution m the 
form 

0 == j t) dp (6 3) 

Substitute m the wave equation and we have 

f _ = 0 

Integrating the term m x by parts we get 

and so the equation is satisfied if we take 



of which the solution is 

^ (P> 0 = X(P-»¥) e(65) 
with / arbitrary The imtial value (4 1) at once determines 

y (p) =^V^exp (p_»ir)*-t jpxoj 

We change p into p — mgt m this and substitute in (6 5) and then the 
integration of (6 3) immediately leads to (6 2) 

If the acceleration vanes slowly, either with time or place, a solution can be 
constructed by piecing together solutions for regions within which the accelera¬ 
tion 18 sensibly constant, but we shall not enter into this more complicated 
question If the variation of force is so rapid as to give perceptible differences 
withm the region of the wave packet, the motion will differ from that predicted 
by classical mechanics The approximative method would then fail and it 
would be necessary to find a true solution of the wave equation 

§ 7 Eledrons under Constant Magnetw Force 
In a uniform magnetic field we have of course to show that an electron 
describes a circle with angular velocity twice the Larmor rotation, and for this 
purpose the terms in the square of the magnetic force are essential, just as they 
are m the particle problem Taking p, g, r as the momenta and co as the Larmor 
rotation about z (magnetic force = 2mctale), we have 

H - ^ (p» -1- g* + »^) + CO - yp) -f (0* (x» -f y*), (71) 
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80 that the wave equation is 

s (sT +*’»“*(»'+!«■)+ = - p 2) 

The solution is best found by transforming to rotating axes Put 
r — x' cos t«rf' — y' sm to<' 'I 
y = y' cos <at' + x' sin orf' > > 

t-.f J 

and we get 

and A'=A. 

so that the equation becomes 

The solution separates into products of functions of x', y\ z That of « is like 
the motion without field and represents a gradual spreading of the wave along 
the direction of the magnetic field It calls for no further comment On the 
other hand, the motion m x' and y' differs from those we have so far considered 
m that the proper values are discontinuous Let 



so that 

|iF.(*) = [2*-(2u + l)]F.(a) 

Then our solution can be written as 
*= E A. .F.(*' 
where , are arbitrary 

The most important feature of this expression is that i|i is unchanged if t 
IS mcreased by n/w For consider the point in space At time t -= Tt/cs 

the pomt which overlies it has x' = — ®o> since F„ {— z) = (—)“ F„ (z) we 

shall have 

F.(^ V^,) = (-)•?.(*. 

Similarly for y, and the last factor m (7 6) gives another factor (— I)"'*’*, so 
that altogether ij; (< = Tt/w) = i|i (t = 0) for all values of x, y Thus, unbke the 
case of free motion without field, there is no progressive spreading of the waves, 
but the wave packet returns to its original form m period tc/o The process 
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ma y be described m the same way as it is for particles Sohrddmger has shown 
that for a harmomc oscillator a wave packet can be constructed which, though it 
spreads m the intermediate states, alwa}m returns to its original form at each 
end of the swing In the »'y' co-ordinates we have a harmomc oscillator, for 
which this will be true , but these are rotating co-ortbnates, and when the packet 
has swung across to its extreme position on the other side, the rotation will 
have earned this position ]ust round to the point from which the motion started 
Thus the packet will descnlie a circle with twice the Larmor rotation, and, 
though there will be a change in the form of the disturbance in intermediate 
positions, it will exactly return to its initial form on the completion of the circle 
It 18 perhajis possible to evaluate the A, ,'s for a wave packet of the 
Gaussian type that we have been using, but the work would be an unprofitablo 
piece of mathematics which we shall not attempt We may, however, exhibit 
a special case which can easily be got by adapting Schrodinger’s wave packet 

Put A, , = 0 when « 0 and A,^o = :;^ (" | we find on 

ebangmg over from y' tax, y that 
= exp i _j_ _ 2o€“'"* (x cos orf f y sm (d) 

+ (7 7) 

an expression exactly satisfying the wave equation The intensity is 
p = exp — { (j — o cos* orf)* -f (y — « cos sm oit)* — i®*} 

Thus the locus of greatest intensity is the circle with the points, 0, 0 and a, 0 
as diameter and is deaenbed with angular velocity 2w The packet is, however, 
not a very concentrated one. since &> is usually rather small If we want a 
packet imtially concentrated in a small region, it will during the motion spread 
over a wide region This is interpreted by the consideration that the imtial 
concentration corresponds to great uncertainty m the velocity, and so great 
uncertainty m the radius and tangent of the circle that the electron will desenbe 
The return of the packet to its onginal size corresponds to the fact that all 
these circles are described in the same time 
If we are prepared to give up consideration of more than a small arc of the 
circle, we can treat the problem approximately by neglecting w* Por purposes 
of later reference we shall include the z motion agam We then have m 
x', y', z a problem just like that of § 6 and can take as the solution 

'j' (». y> ~ ^ (>*'+»■+»- ^ ^ ‘^ gj 
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It will make a sufficient illustration if we take a rather simpler initial 
disturbance than (6 4) We take 


y, s, 0) = exp [+ + (7 9) 


= -4(~)“[(j>-«»v)» + g« + r»] (710) 


* <*■ »■ '• + I “ * o’ 


or neglectmg oi* 


" (■?+»At/2ro>ip 


+ t^mu(*'-itrf)] 

^ exD I - 4 (=g + - «<)* + (V - ^to<)» + z‘ 

^ L o* + xht/^Km 


o* + xhtl^mn 
+ »y»nv(® + yco<-4trf)] (711) 


The ray depends on the first term in the exponent The greatest intensity is 
at 

X 4- y<d — vt = 0, f/ — xtJ = 0, z = 0, 
which gives approximately 

X = vt, y = vvtP, ? = 0, 

repKisenting a velocity v and radius of curvature t)/2co, that is, angular velocity 
2{ii) The spread is jiLst what it would be without field It is of interest to 
observe the second term m (7 11), which gives the phase of the wave We 
see that ]ust as the wave velocity is half the ray velocity, so the wave 
angular velocity is half the ray angular velocity In fact, the wave turns with 
exactly the Larmor rotation 


§ 8 ^ Wave Packd. tn an Atom 

We shall next consider a problem that falls into a rather different category, 
because the motion is in an atom and has no very direct concern with space 
Bohr has shown that Heisenberg’s uncertainty relation only applies to a free 
electron, and requires modification for one in an atom, where the olassifioation 
IS by stationary states, not by positions He considers the oonjugacy of energy 
and time m a hydrogen atom and uses an argument from an experiment conceived 
m optical dispersion We require to find in which of several quantum states 
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round about tbo nth the atom la, and the determination will take a oertam 
time to do * If Wj is the precision with which we wish to fix the energy, 
and the time needed to do so, thenW^/i ~ nk, which tends to mfimty for hi^ 
quantum states, whereas for a free electron Wj<i ~ A This theorem is in the 
language of particles and we shall make an inverse interpretation and discuss 
what 18 the corresponding theorem for waves 

An electron is uutially concentrated near a field of force in some sort of wave 
packet For example, we may imagine that by means of Heisenberg’s y-ray 
microscope wo have detected an electron near a hydrogen nucleus in the form 
of a packet like (5 4) with etc , so adjusted that on the older quantum theory 
the particle would describe the nth circular quantum orbit The wave will 
propagate itself in a determinate way, and to work this out wo only require to 
develop the imtial disturbance m a senes of proper functions appropriate to the 
atom and associate with each of these a harmomc time factor The phases of 
the time factors change at different rates, and (apart from special cases like the 
harmomc oscillator of Schrddinger) they will gradually fall out of step, so that 
they will finally be completely discoordmated When this has happened we 
can no longer speak of a wave packet at all, but only of an atom possessing a 
number of stationary states simultaneously Now make the interpretation 
There is a certam probabihty of the atom being in any one stationary state, and 
as the states have different energies, the energy of the atom is uncertain We 
take this imccrtainty for W^ Again, it takes some time for the packet to break 
up, and until it docs so we cannot speak of a single stationary state at all So 
we take for the length of time that the packet takes to become completely 
discoordmated We shall then show that W,fi ~ nh 

We shall only deal with high quantum states, and this makes it possible to 
apply to the wave theory the results of general djmamics We take the case 
of one degree of freedom, a co-ordinate q which is describing a libratmg 

* The signment u bnefly this. Consider how long on ezpenment with a hydrogen atom 
must take in order to decide whether the atom is in the nth or (n l)th state A way of 
deciding would be to observe the dispersion of light of such a frequency that it is below 
the natural frequency of the Ime n -»(n — 1) and above that of (n + 1) -4- n Thus we must 
use hght of which the frequency u snffloiently definite only to have a " toterance ” of 

amount As = R (i* approximately m/n* This 

requires a train containmg at least r/As waves, and takes a time (, = l/As to pass over the 
atom With such a tram we can test whether the energy w RA/»* or RA/(w -hi)*, that is, wo 

can measure the energy with precision ^ approximately 2Rhln* Thus 

WA, ~ ink. 
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moTement, a cydio movement goes m the same way and is rather simpler Let 
H (q, p) be the Hamiltoman and let us suppose that the whole problem is solved 
according to the methods of the older quantum theory Wo then know the 
solution S {q, J) of the Hamilton-Jacobi equation and can use S to define a 
contact transformation This mtroduces the angle variable to, which increases 
by nmty every tune that q describes a hbration H can be expressed m terms 
of J without to as W (J), and if w = 3W/3J, the motion of the system is given 
by to = + c quantum states are given by J = nA 

The solution of the wave equation of H can be evprossed asymptotically in 
terms of S Associated with the proper value W (J) we have 

By substituting m the wave equation* we can detenmne regression formula 
for the terms of / (q) The leading term is (SS/Sj)”*, and this shows the 
limitation on the asymptotic series, for dSjdq vanishes at tho tunung pomts 
of the motion of the librating particle The senes is available well outside 
this region, where tho exponent is real and negative, and well mside 
where the exponent is pure imaginary, but it fails near the tunung pomts 
We shall not investigate this failure, but shall assume that in spite of it 
wo may use as solution of the wave equation Tho sequence of 

proper functions is obtained by putting J = nh, and we shall wnte the typical 
one as e*T®“^** In order that the coefilcients m the expression for intensity 
may represent actual probabilities, the functions must be normalised In the 
present form they arc so normalised with sufficient accuracy, for the modulus 
IS umty withm the range of the particle’s motion and small outside, and the 
ranges are nearly of the same extent for all the states near the nth 
Consider the expression 

Iji (J, 0 - 2 exp [- (m - «)» -1 » f {S« (?) - S. (?„) - W^}],(81) 

which satisfies the wave equation approximately When 1 = 0 every term is 
real at ? = ?o, and so, if a is small, the intensity will be very great there, whereas 
at other places tho terms nearly cut out In fact (8 1) represents a wave packet 
starting at ?o We must sum the senes m order to exhibit the packet, and we 
shall thus be able to see how it spreads until it disappears On account of the 


We may take this to be ^ 0 + V (?) + =. 
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first term m the exponent only values of tn near n contribute to the sum, and 
for these we may wnte 

S« ( 3 ) = P. ( 3 ) + A (m - n) + i A» (»< - n)* , etc 

Thus, writing w, for 3S,/0J, we have 
ill = S exp [- (.« - »)* + t |E js. (,) - S, (q,) ~ W, t 

+ h{m — n) (w, (q) — ( 30 ) — ta, f) 



This (ail now be summed by a well-known theorem of Jacobi,* and gives (apart 
from an urumportant term outside the exponential) 



Here the numerator of the second term is many-valued, and the smallest value 
Is to be taken The intensity is 



We may also express this by saying that the electron is at 


Here q occurs on both sides, so that we ought really to solve the equation to 
determine the limits of the wave packet If, however, A/a is fairly small, we 
can see how the packet will behave without doing so Imagme that we have 
a Y ray microscope, with which we can detect the electron at any moment 
(but in conformity with Heisenberg’s pnnciplc the observation can only be made 
once, as its disturbance will spoil the atom for later use) (8 4) then expresses 
the range in which we shall probably find the electron At first it wiU swing 
to and fro through the range allowed for 3 in the nth quantum state, but the 
size of the packet will fluctuate a little on account of the term 
A / 9w.(3) _ ^,(3o) |^ 

* See, for instanoe, Whittaker and Watson, * Modem Aualysu,’ p 124 
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which for a tibrating motion vanishes twice in every cycle * Thus we should 
locate the electron rather precisely twice m the cycle and not quite so pre¬ 
cisely at other times If we attempted to map out the motion by the study 
of many similar atoms—remember that each may only be used once—we 
should get something very like the orbit of the particle in the nth state, but 
the discrepancies in the various determinations would be just enough to leave 
it open which state near the nth was the exact orbit represented With the 

lapse of time, however, the terra - t grows in importance and spreads out 

the region in which we may hnd the electron This region will tinally fill the 
whole range of q, and then we can no longer speak of a packet at all To fill 
the whole range of q, w must he unc-ertam by unity and this shows that 


¥ 


aj* 


(8 5) 


To find the uncertamty m the energy we return to (8 1) When the phases 
have all become discomrdinated, the intensity is simply S and the 

separate terms represent then the probabilities of the atom being in each state 
To define the uncertainty of the energy we naturally take a mean-square formula 
and have 

(w,)* = s (w« - wj»c-*’(--">’/j: r-*'**—)* 


We write W, h (m — n) for W„ and replace the sum bj an integral 


Then 


Thus 


(W,)* 


1 


WA-= 


1 _ aw, /3»w, 

2\/2 aj / aj* 


(8 6 ) 

(8 7) 


This applies to any system that can lie quantised In the case of a harmomc 
oscillator W = wJ and a®W/aj* = 0, so that the wave takes an infimte tune to 

spread For the hydrogen atom W = —A/2J* and W^t^ = nh A 

similar form holds for any case where W is proportional to a power of J other 
than the first 


* When a non {lenodio motion is trestod bj the present method, these terms do not 
flnotuate but increase, and this prevents the useful apjdioation of the method to such eases 
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We have only treated of one degree of freedom, as other oases are trivial. 
If there are two non-dc^eneratc degrees the spreading will occur mdependently 
with regard to each, and we shall merely have to take the higher quantum number 
of the two for our theorem If the system is degenerate, there is no spreading 
between the degenerate degrees 


§ 9 Atom in a Uniform Magnetic Ftdd 
In considering the motion of atoms we at once meet a new problem m that the 
wave equation is not in ordinary space, while the observations must be inter¬ 
preted m space It will Buihee to consider an atom composed of one electron 

and one proton The wave equation will then be an equation in six variables 

corresponding to the three co-ordinates of each particle, but a transformation 
can be made which replaces these co-ordinates by X, Y, Z those of the centre of 
gravity, and x, y, z those of the electron relative to the proton The observa¬ 
tion of the atom must bo supposed to take place by its producing a scintillation 
like an a-particle, or being deposited on a plate as in the experiments of Stem 
and Gerlach, and this makes it easy to see how the system must be related ta 
space, for wo must obiaously identify X, Y, Z with space and suppose x, y, z 
to be not directly observable We shall avoid irrelevant complications by only 
allowing the atom to be in a p-state (and indeed the p-state of lowest energy), 
it will be clear that this sufficiently illustrates the process Such an atom would 
show a Stcrn-Oerloch pattern of three members, viz 1,0, — 1 Bohr magnetons 
If M IS the total mass and l/m the sum of the reciprocals of the masses of 
proton and electron, the Hamiltonian is 

~ (l” + Q* f R*)-l-^(P* + g» + r»)~^, (9l> 


where « is the distance between the particles, and P r arc the momenta 
conjugate to X z The wave equation is 


r 1 / A A L W * A \ t ^ 3d, 
l2M(27wj ^ 27m‘S«’ 


(9 2> 


where Ax, A, are the usual operators A, referrmg respectively to the 
co-ordinates X, Y, Z and x, y, z Consider first the equation 


i(^)‘ 




( 93 > 


If we limit ourselves to the lowest p-states, we have the following solutions — 
W = W„ i(»=Xi.Xo./-i. 
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where - - 27r* 

zi = (* + *y)/(«). /o = */(»). x-i = (*-»y)/(*) (9^> 

with/(*) = e-* 

As the Stem-Qerlach experiment will show m the next section, Xi. Xo> X-t 
correspond to atoms with 1, 0, — 1 Bohr magnetons We try as solution of 

4* = Xi-^i (X. Y. Z. t) + xo^o (X. Y, Z, t) + (X, Y, Z, t) (9 6> 

and have 



This IS the equation for rectilinear motion, the term in simply giving an 

extra factor e * * There is no need to discuss it further 
Consider now the case of motion m the presence of a umform magnetic 
field When the square of the field is negligible, this simply adds on a term 
<a(xq — yp) to the Hamiltonian, where the field is along z and of strength* 

(i) The wave equation therefore has a term 

e ^ 2m 

Since 



we get on substitutmg (9 6) 

+ #.W,^4 

Pick out the coefficients of Xi, Xo> X-i 
Then the appropriate solution is 

4^ = j® exp . |PX + QY + RZ - ^ (P» 4-Q* + R»)« - Wit} 

X 6 (P, Q, R) {oi«-*^Xi + OoXo + Oje^x-i} ‘iQ (» 7) 
The last factor only contains the internal coordinates which are not observed, 
and the first shows that the motion is rectilinear, just as before 
* Strictly speaking, there are small mixed tonne In x and X which average out, and the 
quantity here is not really m but • where mj, m, are the masses of the particles 
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This IB all that wo can stnctly say about the motion, and it requires a Stem- 
Oerlach experiment to evoke the character of the last bracket in (9 7) But, 
by imagining that the uniform field might be followed at will by a smtably 
chosen non-uniform one, we may be allowed to make an interpretation of what 
18 not actually being observed, and we then say that the atom undergoes a 
uniform precession at rate co about the z axis Consider, for example, an atom 
of which the onginal state is (z -{- %z)f (s), which means that it has one Bohr 
magneton along — y Then this factor must become 

[i (* + »y) 4- *2 + 

= (xcoB oJ + y sin orf -f- iz)f («) 

and this expresses a magneton turning from —ytox, then to 4" y. » with 
angular velocity ei Thus, as stated m § 1, the atom behaves exactly as it would 
in classical dynamics We may note that this gives an explanation, though very 
incomplete, of why the Langevin formula for magnetic susceptibility is reinstated 
by the wave mecharacs, as shown by Van Vleck • 

§ 10 T/ie Stem-Gcrlach Effect 

To exhibit the Stern-Gerlach effect we need little more than a combmation 
of the process of the last section with that of § 6 The wave going through 
the non-uniform field, like light going through a crystal, is resolved into com¬ 
ponents which are propagated differently, so that, if the field is long enough and 
the termmal plate far enough, the components produce separate patches on the 
plate 

We take a pencil of atoms going along the direction of X, in a field of com¬ 
ponents 0, — kY, H 4- kZ This IS the simplest non-uniform field satisfying 
the electromagnetic equations Wo shall suppose that H is so large that near 
the origin, in the region passed by the pencil, the resultant magnetic force is 
nearly along Z, and we shall as usual take the square of the magnetic force to 
be negbgible The wave equation now is 

• ‘ Phys. Revvol 29, p 727 (1927) 



285 


Free Motion %n Wave Mechanxce. 


=rw.f(P 


Wit) 


We follow the second method of § 6 and so take as solution 

I rkV I rtt ^ + Q* + Sr* j 
2M 

X{ 0 i(P,Q,R.t)/i+ % (P.Q.R,t)Xo+ 6-1 (P.Q.R,0(102> 

In substituting in (10 1) we have to make use of (9 6) and also of the relations 

{ Xi Xo 1 

x« = - i(xi + y-i) y 
X-i Xo J 


/, 0 3 


We thus get 


(10 3) 


|^“‘dPdQdRexp t :|E (PX + QY + RZ - 


-w,o 


- kY (OiXo - ifio (Xi + x-i)+e-iXo)] 


Integrate by parts the terms in Y and Z, and equate to zero the coefficients of 
the x’s and we have 




(10 4) 


These equations differ from (6 4) in the presence of the cross-terms (those 
involving Q) This is due to the fact that the direction of the magnetic force 
vanes from pomt to point, so that the x’b do not represent exactly the proper 
functions suitable to each position, and with waves, unlike particles, we cannot 
treat of each position separately It is physically f airiy obvious that this little 
complication will have no effect, but to demonstrate it we must use the fact 
that H is great compared to the vanations of the field m the region traversed 
by the waves If k were to vanish we should have 

01 = ©i' e~*SS\ 0„ = e„', e_i = 0_,' e a««‘ 
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We form the equation for 

A' = 

8 ( 


+ + ‘(s-Sq 


The last expression m this undergoes rapid fluctuations on account of the 
exponential factor, and if we only ask for the average of over the period of a 
Jjarmor rotation, it will be insignificant in its eflect Thus, since we only want 
averaged results, we may drop out from (10 4) all the cross terms, and this reduces 
those equations to the form (6 4), which has been solved In writing down the 
solution we may omit the terms in h*, and have 




1 

Oo = eo“(P, Q. R) 

e_. = e_, (P, Q.K-^-^<)exp r t 1 

^ ^ \ 2oto 2t:M ' L 2»»<; 2mc * M J 

We take as initial disturbance 


(10 6 ) 


4- - («iXi + ao/o + a-iX-i) [” i (f + ? + ^ * f 


which may be taken as a stream of atoms, of arbitrary orientation given by 
<*1 "o a-i. with velocity V ± along the X-direction, passing, roughly 

speaking, through a sUt of breadth 2 t and height 2u By the method of (5 5) 
wo immediately have as imtial values 

Oi»=^rtiS, Oo'' = aoS. 6-1® = 0-1S, 

where 

S =^(27r)'V* exp -J (P - MV)* + ^ Q* + u*R»] 


We change the arguments of the B’s in conformity with (10 6), substitute in 
(10 2) and carry out the integrations The result is 

+= 

X {a.x. »p [-+ .Z)< - i(z + 

+ OoXo exp — i Z*/u'* 

where o'* = o* thtl2rcaii, etc From this we form the intensity by 
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multiplying by the con] ugate and mtegrating over the internal co-ordinates Let 
Jj = |* j l*(la:dy (/*, etc , and wnting «"• for o*-|-(Af/27WTM)*, etc, we 
have 

4- 1 Oo 1 * Jo exp — z*/u"* 

y eK h 


+ 1 o_i 1 * J-, exp 


2mc 2nM 


.)•/..} 


There are thus three rays, one of which accelerates upwards at rate , 

_^ 

^ 2»rtc 27tM 


one goes straight, and one downwards also at rate - 


^_^ 

” 2»n<5 27 iM ' 

This accelera 


CK h 

tion corresponds to a force — acting on a particle of mass M, and as k is the 
differential of the magnetic force, this force would be called into play by 
attnbuting to the particle magnetic moment ~ In fact, we have exactly 

the three components of the Storn-Gerlach effect as it would be observed with 
our atomic model 

§ 11 The /Spinning Electron 


Our last problem will be the motion of the spinning or polarised electron 
The wave theory of this was recently developed by the present writer* for 
motion m an atom, but the case of free motion was deferred In a recent paper 
Paulif has discussed the matter, and it will be well first to consider his results, 
which are rather different from those we shall have here Pauli treats the 
following problem An assembly of electrons are all pointing along and none 
away from a magnetic field The field suddenly changes in direction through 
angle 0 Then he claims that the electrons will divide into two groups, one 
along and one away from the new field, and their numbers will be in the ratio 


In the first place it is very questionable whether it is legitimate to postulate 
a sudden change of field To produce it we should have to construct a set of 
rapidly changing electromagnetic forces These could be analysed into electric 
* ‘ Roy Soo Proo voL 116, p 227 (1927) 
t ‘ Z f Physlk,’ voL 43, p. 601 (1927) 
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waves, and if the change is to be very abrupt, some of these waves will have 
very high frequency It can hardly be nght to make the sadden change without 
considering the Compton effect of these waves, which would be an elaborate 
busmess, and anyhow was not contemplated But even if we admit the sudden 
change, on our present view it will not split the electrons mto two groups, for 
we have seen (with atoms) that in a umform field they will simply precess 
round the axis of the new field It requires a non-uniform field to separate 
them, and in that case Pauh’s result is valid The magnetic moment is imtially 
cos 6, and the assembly is separated mto two parts of moment ± 1, and the 
ratio of the intensities, or the number of the electrons, must bo in the ratio 
(1 -f COB 6) (1 — cos 0) 

The polarised electron has four wave e(][uations We shall take these from the 
paper cited (equations (5 2)), but make the modification that excludes relativity 

This means that we remove a factor e ^ from the wave function, and 
omit terms mvolving 1/c* The interaction between the wave components 
was represented by means of a vector operator U mvolving both electno and 
magnetic forces, but the electnc terms are of order 1/c* and so fall out here 
The equations are only accurate to the first order in the magnetic field, so that 
we must only look for solutions to this degree of precision, we have no right to 
follow an electron round the complete circle m a umform magnetic field 

Equations (31) and (5 2) of the other paper are modified to conform to the 

present usage If the external magnetic field has components u,) <^ 3 } 

and jf the operator D means 




the equations are 

DX.-A».X.-A„PE.+ ^o,.X. = 0 

DX 4 4- ^ «iXi + ^ «,Xj -f ~ coaX* = 0 
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Of the four X's, X^, X,, Xs are the components of a vector and X 4 is scalar 
When there are electric forces, their potential must be added to D m the usual 
way, but we shall have no occasion to do so here 

The wave functions which arc a solution of (11 1) have the peculiarity that 
they are partly mdeterminate, that is to say, a number of different solutions 
will give results that are physically indistinguishable In fact, equations can 
be set down for two fully determinate quantities /, g, and then with any fixed 
arbitrary constants a, ^ (but constants that must be transformed when the 
axes are changed) we can take 

= a/+ Psr. X, = X, ^ — p/4- a^, X* = t^f + tetg (11 2) 

In consequence of these relations the X’s must obey the relation 

X/ + X,« -f X 3 » + X*« = 0 (11 3) 

(not, be it observed | X^ |*, etc ), but os long as complex quantities are retained 
m the wave theory, it is not easy to see a physical meamng m this relation-t 
The use of / and g often abbreviates the mathematics, but if we are to endow 
the wave with any sort of physical reality, we must suppose that some two 
things are being earned by it, /and g are then inadmissible, because they obey 
a rather compheated law of transformation for changes of axes, and we cannot 
suppose that things earned by the wave have a knowledge of the axes we happen 
to be using Nothing m theory os it at present stands compels us to prefer 
any special values of a, p, as all known conditions are satisfied anyhow, but by 
examming a free electron we shall see that a certam special choice is appropriate 
The equations (11 1 ) detenmne the wave amplitudes To determine the 
mtensity we have to form the quantity 

p = XiXi* + XjX,* f X,X,* 4 - X.X/ (11 4) 

This measures the chance of finding the electnc charge at a pomt We also 
have to consider the magnetic moment, which is composed of two parts The 
first IS the magnetism due to the convection of electncity, which we may 
disregard as being unconnected with the spm and fully explained The second 
part IS the mtensity of mtnnsio magnetio moment and its components axe 
proportional to 

(Xi = -»(X3*X3 - X,X,* - Xi^X. + X^X**), (11.6) 

etc These quantities should bear an absolute ratio hfimmo to the electron 
t If we simply separate the X’s into real and imagiiiaiy parts, (11 3) implies that the 
two four veotors are of equal magmtude and perpaadloolar But thu does not get os muoh 
faitiur 
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mtensity, but by aupposing a sutable unit of magnetic moment, we need not 
conuder this 

The mterpretation into terms of particles bnngs m a slightiy different oon- 
oeption from that which we have hitherto had, for we have four intenaitiea 
now, but they are all to bo interpreted as belonging to the same electron. 
We ought, for example, have wave functions such tibat p has a m a x imu m at a 
point A, whereas p has a maximum at a different pomt B There is no dis¬ 
crepancy in this, it means that the particle is most hkely to be found at A, 
but if it iH found there its axis is rather uncertain. On the other hand, the 
electron is less likely to be at B, but if it is found there it is very certain how it 
will be pointing Thus our formula) give just the necessary iiexibihty in 
describing the uncertainty relation for the spmmng electron 
With these preliminaries we may now return to the solution If there is no 
magnetic held, each of the four equations (111) is independent, apart from the 
condition (113) To represent a stream of electrons all having the same 
polarisation, wo only require to multiply the expression (5 6) by four arbitrary 
constants, provided these satisfy (11 3) This suggests the possibihty of giving 
the wave components a canomoal form by a special choice of a, ^ in (11 2) 
In the motion there are two directions which arc of pre-emment importance, 
the direction of the polarisation, and the direction of motion , the latter must 
be mcluded because, as they stand, our equations do not admit of the relativity 
transformation If there is any canomcal form for the vector, it must lie 
related to one or both of these directions Tnal shows that it is best to consider 
only the polarisation, and that any solution can be brought into the form 

Xi-=»liP, X« = P, (116) 

where P is the expression (5 6), and Ig, Is arc real and, m order that (113) 
may hold, fj* -f i,* + fa* = 1 If we substituto m (II 6) we immediately sec 
that the magnetio moment is along the bno of direction cosmos f, f 3 This 

special solution of the wave equations we shall call the canonical form 
We will next apply a uniform magnetic field along z The equation (11 1) 
become 

DXj-H J^iX, = 0, DXj-JiiXa-O 
DX,-^X3 = 0. DX4-f^X, = 0 

«1vw iSTCw 

where D is now 

s (i^)’ +i£[l+“(■^ 4 “ »4)] 
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the operator used, by itaelf, m the last part of § 7 We can form four separated 
equations in Xj ± »X^ X, ± 1X4, and then the solution is so like (7 11) that 
we need only give the result We take as initial disturbance the form (11 6 ), 
in which P stands for (7 9) This represents a stream of electrons polarised 
along the direction 1 , 1 , and projeoted from the origin along the a^axis 
with velocity v Tjet P* represent (711), so that it satisfies DF = 0 Then 
the solution of (11 7) is 

Xj — t (Ij cos tirf — 1, sin erf) P' 

Xi — 1 (/, ox)B ctrf 1 1, sin erf) P' 

Xj = t (^3 cos erf — t sin erf) P' 

Xj = (cos erf ~ tit sm tut) P' 

The associated four intensities are 

p = 2|Fl* 

(Ai = (Ij 008 2erf — Ij sm 2erf) 2 | P' |* 

(i, = (fj cos 2(of + li sm 2erf) 2 ] P' |* 

(*, = /i. 2 iFC 

We thus see that the magnetic moment turns at rate 2e> just as the ray itself 
does, so that the magnets preserve their direction relative to the direction of 
motion of the electrons We also see that a similar principle holds for the 
waves The phase turns at rata oi, as we saw m $ 7, and we now see that the wave 
vector toms at this rate too This is exactly true for the components perpen¬ 
dicular to the magnetic field, but requires quabfication for that along the field, 
since this has an interaction with the scalar part of the wave X 4 If we may 
disregard this compUoation, we may express the magnetic choraoter of the 
electron very simply by saying that m a magnetic held the wave vector turns 
with the wave front at the rata of the Lormor precession From this statement 
all the properties of the spinning electron follow, the ratio of magnetic moment 
to angular momentum is e/ntc and not «l2me, and finally the anomalous Zeeman 
effect IS not at all anomalouB I 

The Stem-Gkirlaoh effect for an electron is rather mote troublesome than for 
an atom, because of the difficulty of devising a suitable non-uniform field, for 
the wave packet will approximately describe a circle and so rapidly pass out 
of the central region of such a held as that used m § 10 It will suffice here to 
•how that it reduces to the same process as for the atom If in (111) the o’s 
are regarded as constant, it is always possible to reoombme the equations into 
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four m separated variables For example, with the force along s the equations 
are to be taken in i; «X|, X 3 ± tX 4 , in the general case the oombinationB 
are given by simple algebra which we need not work out Apply this analysis 
to the non-uniform field, taking as direction for the resolution that of the field 
at the centre of the instantaneous position of the wave packet For simphcity, 
let 118 suppose that this is the z direction Then just as m § 10 we can see that 
the transverse non-uniformity does not matter, so that we can regard <a as 
varying with z and applv the method of § 6 This then shows that the rays split 
into two and wo have the Stern-Qerlaoh effect 
We have seen that an undesirable feature in the present way of treating the 
spinning electron is the ambigmty in the vector and invariant which together 
represent it This ambiguity does not affect observed results, but is un¬ 
satisfactory when we try to make a physical picture of the wave In the case 
of a free electron not acted on by forces, we have seen that there is a natural 
way of resolving it by the mtroduction of the canonical form, and it is much to 
be desired that this form should be extended to other cases I have not 
hitherto had any success m doing this 
One way of attempting it is to take a polarised wave packet starting in free 
space and passmg uito a field of force Then if we start with the canomoal 
form m free space, the X’s are all given initially and the whole solution will 
therefore be defimte It would then be natural to call the solution inside the 
field canomcal (Observe that on this principle there is no reason to behove 
that (11 8 ) IS the canonical solution for a constant magnetic field) But the 
matter is not so simple as this, for if the canomoal form is to have any utihty, 
we must suppose that when the electrons emerge mto free space they will, if 
completely polarised, again have a wave solution m canomcal form For 
example, imagme that we have a non-uniform field, roughly speaking along z, 
and that a stream of electrons pomting along x enters it On emerging there 
will be two streams pointing along z, and these ought automatically to come 
mto canomcal form It seems at first sight very improbable that they would do 
so, but the following consideration perhaps tells the other way Take the simple 
electron of § 7 and send it near the field of a magnet Before it approaches the 
field the wave front is perpendicular to the ray We may presumably imagme 
the field pieced together out of parts each sensibly constant, and m each of these 
the wave front turns at half the rate of the ray, and yet on emergence into free 
space the wave front must agam be perpendicular to the ray, for that is the 
only solution corresponding to reotilmear propagation m free space It would 
be mteresting to see how this comes about, but a cursory examination of the 
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preaent matenal does not help much, because the quadratic term in the phase 
factor (see (4 6)) enormously outweighs the linear and confuses the matter 
In fact, the waves become so involved that it seems impossible to follow them 
through m detail without much more elaborate mathematics If in this case 
we know, without bemg able to prove, that the wave front must return to a 
position perpendicular to the ray, it seems not impossible that m our more 
compbcated process the vector should return to the canonical form If it 
should be proved to do so, we might claim to have a good line of attack on the 
question of finding the general canomcal form But at present we must con¬ 
clude that nothing can be done to remove the ambiguity m the vector wave of 
the electron 

Summary 

Whereas hitherto the wave mechanics has mostly been applied to a study 
of stationary states, the present paper deals with its apphcation to oases whore 
there is a progress of events After a review of prmciples and a description of 
the new way in which motion must be regarded, the following problems are 
discussed - 

The free motion of an electron under no forces 

The motions of an electron m uniform cloctnc and magnetic fields 

The motion of an electron in an atom 

The motion of an atom m a umform nu^nctio field 

The Stern-Gerlach effect 

The motion of the spinning electron 
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The Iaw Spectrum of Mercury tn Absorption Occurtcnoe 
of the “ Forbidden ’* Lme \ 2270 I— 1 *Pj^ 

By Lokb Raylkioh, P R S 
(Recoiv«d November 11, 1927 ) 

[Plat* 17] 

The mercury line I — 1 *P,, which is forbidden by the selection rule for 
inner quantum numbers, has none the less been observed to occur m emission 
under eortam special conditions It has not liccn obsetvcfl in the spectrum 
of the ordinary mercury lamp, but Takaimue and Pukuda* have observed it 
in the spectrum of a “ branched arc ” m which a small fraction of the current 
of a mercury vacuum arc was taken off from a supplementary anode The 
line was very faint compared with the resonance line 1 ’8^ — 1 *Pi or other 
strong; lines of the mercury spectrum 

I have myself observed it in the excited vapour (afterglow) from a low-current 
dischorge of 1/10 milUampere t 

In this case, and also less conspicnonsly in Takaimne and Pukuda’s experi¬ 
ment, it IS associated with the band spectrum, and there has been a suspicion 
in the mind of others, as well as in my own, that there is something special about 
the concbtions in which the transition from 1 ^P, to 1 occurs somethmg 
more, I mean than the accumulation of a largo number of excited atoms in 
the 1 ®Pg state The more atoms there are in this state, the more often will a 
spontaneous transition take place, if such a spontaneous transition has any 
fimte probability of occumng in unit time But this is precisely the question 
at issue It may be that the transition is not spontaneous, but requires special 
extraneous conditions 

The question deserves consideration, not only in connection with the particular 
instance, but with reference to “ forbidden ” transitions in general, which 
appear likely to be of importance in cosmical physios 

Thus B 0 WC 14 has given reasons for thinking that the hitherto umdentified 
bright lines in the nebulso have such an origin, and Mcljonnan, Ruedy, and 
McliCod§ discuss forbidden transitions m connection with the view of Hopfield 
that the green auroral line, due to oxygen, results from such a transition The 
* ‘ Phys. Beview,’ toL 2C. p 23 (1026) 
t ‘ Boy Soo ProoA, voL 114, p. 620 (1027). 

X ‘ Nature,’ Ootober 1.1027 
S‘Traiu.Roy Boa, Canada” (1027) 
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followiiig passage may be quoted from their paper m illustration of the class 
of ideas above referred to — 

“ To account for the ooourrenoe of the forbidden frequences m the spectrum 
of atomtc mercury, it is only necessary to recall that owing to loose coupbng 
the constituent atoms are easily separable, and to suppose that on dissociaticm 
of molecules, at least one of the constituent atoms is left m one or other of the 
1 *P states To account for the transitions 1 “Pj — 1 and 1 *P, — 1 it is 
only necessary to suppose that while the two dissociated atoms are far enough 
apart to prevent their acting as a molecular umt, they may still be close enough 
together for each to be under the influence of the electromagnetic field of the 
other ”• 

It seemed that the subject would bo considerably clarified if the line could bo 
observed in absorption This problem naturally presented itself m connection 
with my experiment on the band-absorption of mercury f 

It IS true that the absorption of mercury has often been examined bcforit 
by experienced observers, and that this line has not been noticed , but it is not 
easy to overrate the importance of knowing what to look for, and it seemed 
possible that after all the hne might be found The most important conditions 
appeared to be the use of large spectroscopio resolving power, and the largest 
mass of mercury that could be used As regards the latter, the hmit seems 
to arise (loc at ) from the apparently contmuous absorption that is behoved to 
start at the resonance hne I — ‘Pj X1849, and which extends progressively 
to longer waves as the moss of mercury vapour is mcreased X 

High resolving power is usually much more important for detecting a weak 
line absorption than a weak hne emission Por m the case of a narrow absorp¬ 
tion hne it 18 essential to avoid the encroachment of the neighbouring part of 
the contmuous background, which masks the effect sought for In the case of 
an emission spectrum on a dork background nothing of the kind occurs, unless 
another bright hne happens by ill-fortune to be very near It is hardly necessary 
to labour this pomt Every experimenter knows bow conspicuous the O hne 
appears in a Bunsen flame, with any dispersing arrangement, however crude 
But to see it well m absorption, in the spectrum of daylight for instance, requires 
a fairly efficient instrument It escaped the observation of Newton. 

* In this qnotatioa 1 have altered the speotrosoopio nototioa to agree with that 

used above.—R. 

t ‘ Boy. Soo. Proo.,’ A, voL 116, p. 702 (1927) 

t It is sot certain whether this is merely a quosUon of tuoss, or whether density mtora 
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The Hilger quartz Lattrow spectrograph was one which I was enabled to 
purchase by a grant from the Boyal Society The dispersion m this region is 
about 0 5 mm per A, and the definition is very good 
The mercury was in a column 46 cm in length, boiling at a pressure of 96 cm 
of mercury It was contained m a quartz tube with plane ends, the arrange¬ 
ments bemg as described m connection with the band absorption.* 

As a source of light, the continuous hydrogen speotrum was used in the first 
experiments, but the continuous sjioctrum accompanjnng the cadmium spark 
was found (with the apphances at hand) to be brighter It is specially good 
in the spectral region near 2270 A small drift duo to temperature change is 
fatal Hence the importance of reasonably short exposure 

With these arrangements a very defimte positive result was obtamedf (see 
Plate 17, A) An iron companson spectrum was used, and the mercury 
absorption Ime is seen to be decidedly sharper than the iron lines This is with an 
absorbmg column 45 cm long, and mercury boiling under 96 cm pressure 
The experiment was repeated with dimmution of pressure At 45 cm length 
and 76 cm pressure the Ime could still be photographed, though much less 
clearly With 5 cm length and 76 cm pressure it was altogether invisiblo 
In some of the experiments sharp dark hnes (clear m the negative) were 
noticed at 2268 00, 2263 06, and 2261 82 These, however, are present in 
the cadmium source when the mercury column is removed J 
In view of the presence of those other dark lines m the cadmium soutoo, it is 
important to remark that the Imo 2270 was first found m absorption with the 
continuous hydrogen spectrum as source As a further check, a mercury lamp 
of “ atmospheric ” pattern was used, «e, with the mercury vapour under 
atmospheric pressure Such a lamp gives a contmuoiis backgroimd, and, as 
already mentioned, the forbidden Ime 2270 is not present m emission. The 
lamp thus affords a substitute for the cadmium spark, for examining the 
absorption produced by an mdopendent non-lunuuous mercury column used 
as before The forbidden line is then obtained iii absorjition as with other 
sources of continuous backgroimd 

1 have not attempted a cntacal deternunatiou of the wave-length of the 
absorption Ime 2270 In the absence of interferometer standards m this part 

* * Roy Soo Proc loc cU 

-f A prelinuuary notice appeared m ‘ Nature,’ August 27,1927 

} The nature ot thece lines is not releront to the preeent inveatigation. It is evident 
on dose scrutiny that the cadmium source is not cootinnous at all parts, but has stmoton^ 
and these dork linee (omission absent) seem to be connected with it 
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of ihe spectnun, it mems premature to do bo Relative to the adjacent iron 
lines 2270 87 and 2269 13, as given by Messrs Hilger on their photographic 
map from their own measures, the wave-length was detenmned as 2269 79 
The term values in Fowler’s Report lead to the wave-length 2269 96 
It IS remarkable that the forbidden hne is very sharp and narrow m spite 
of the fact that it is obtained in mercury vapour of somewhat more than the 
atmospheric density The effective resolving power was not enough to allow 
of any satisfactory estimate of the breadth of the line, but it cannot much 
exceed 0 08 A This statement is made in a general sense only, without 
reference to strict defimtion of breadth 
It was desired to compMe the breadth and intensity with the resonance line, 
as obtained with mercury vapour saturated at room temperature but an 
unexpected difficulty was encountered, for it was found impossible to get rid 
of the resonance hne even when all mercury was as for as possible removed 
The room was well ventilated by opemng ell available windows, and the inside 
of the spectrograph was ventilated with a fan immediately before the exposure 
But even then the resonance line was more conspicuous than the forbidden 
line had been with 45 cm of mercury at 96 cm pressure t* 

However, some exposures were made with the room and the instrument 
ventilated as far as possible, and the 44-cm tube cither tn vacuo (Plate 17, B) or 
in air (Plate 17, C) In air the resonance line is broader tha,n%n vacuo, as is 
known from the work of R W Wood and others The photographs reproduced 
confirm this, but, owing to the presence of extraneous mercury already 
mentioned, the results tn vacuo are not of very defimte sigmficanee 

The breadth of the resonance hne in air was estimated at rather more than 

0 2A 

We may conclude, therefore, that the breadth of the resonance line in 
saturated atr at atmospheno pressure is several times greater than the breadth 
of the forbidden hne in pure mercury vapout at atmospheno pressure, and that 
the total radiation absorbed is also several times greater We may say that 

* I did not pamM the qaestian of where this mecouiy came from. It may have been 
from the metouiy minor m the littrow spectrograph. Evidently this test for meroniy is 
very aensltive The pomibility seggeeta itself of detecting mercury vapour in the opoi air 
of the country in this way I do not know of any experiment made hitherto which puts 
this question to an adequate test. If we amunie, as is probable, that there aie traces of 
merouiy, as of ahnost all other metals, in ordinary rooks, the presence of traces of mercury 
vapour in the air does not seem partioulariy unlikely Dr Aston has leoentfy drawn 
atten ti on to the taot that there ore traces of it in ooaL The method would leml itselt 
very well to a quaUtattve test for mercury in nxfa and minerals. 
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tlM forbidden lute zequitee eometluiig like 10 * tunes M mooli merooij telning 
it mto evidenoe as the resonance Ime requires 
The forbidden Ime 1 ^, — 1 *Po 2606 was first observed in emissum I 7 ' 
Fnkoda* and afterwards by m 3 rselff m the vapour removed from a low current 
low voltage discharge 

It was now carefully looked for m absorption under conditions mmilac to 
those used for observing X 2270 The mercury tube had m the meantune been 
shortened slightly (44 cm ) m putting on new end windows, and good photo¬ 
graphs were taken at pressures of 46 on, 61 cm, and 76 cm. In none of them 
was there the slightest indication of the absorption line son^t In the last 
(78 cm pressure) the limit had been nearly reached, for the general absocption 
starting at the resonance line 2537 expanding towards the red had now senously 
weakened the contmnous background 

As we have seen, this quantity of mercury reveals the absorption of 2270 
definitely, though not to the best advantage. In this region rather denser 
mercury vapour can be used before the general absorption becomes prohibitive 
The attempts to observe 1 % 1 2666, thou^ not strictly quantitative, 

probably justify a statement that nnda equal energy densify of incident 
radiation a transition from the normal to the 1 *Po state has a lees piobability 
than one to the 1 state 

Since the line 2270 appears m absorption, it follows, according to the elemen¬ 
tary prmoiples of black-body radiation as developed by Balfour Stewart (1858) 
and Eirchoff (1860) that at high temperatures the line must also appear m 
emission The only way out of this conclusion appears to be by asmiming that 
ihe Ime is no longer absorbed at hig^ temperatures. It is not likely that this 
ahemative will be preferred, for it would make complete havoc of nearly 
everytiung that has been recently written on the subject of quantum theory 
m relation to black-body radiation. Consider, for instance, Bmstem’s 
treatment of this subject According to this there is a spectfio pxobabQify 
of transition of an atom from the normal state to a given higher state m tune 
£u, proportional to the energy density of the incident radiation of appro¬ 
priate frequency, and independent of the temperature 
We must admit, then, that aheiuption of the forbidden line involves its 
temperature emissum as well, and smoe there does not seem to be muoih room for 
postulating special external conditaons favoured atoms m the absoiptum 

* * nya Obau. Beseacoh Inst, Tokyo, So. Fapaei,* voL 4> pi 171 (1M6). 
t * Boy. SCO. Broo.,* be. I that in this pabUoatteu 1 o m l oohsd the worii of 

ISdcada. 
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j noom , it irtrald ae«a n eee w aty to admit that the emiaDoix ^nxmoi too may 
oooor ^rithoiit aaoli ipeoiany favoorable envuomnent. 

It wonld, no doubt, be deniable to examine whether ma« abaorpftioii of 
X 2270 xemamed nndiminiabed in rare vapour. Unfortooatefy the'ea^periment 
does not aeem praotaoaUe. Ibe sbeorption effect has not been eitabbahed 
without aome difSoulty even for vapour of atmoepheno dea«ty. 

Summcuy 

The forbidden line of meroniy 1 % — 1 •P^ 2270 can be obaerved ai a aharp 
abaorption bne m the unexcited vapour 

The quantity of metoury required appears to be of the order 10’ timee as 
much as for the reaonanoe line 1 % — 1 *Pi, 2537 
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Address of the President, Sir Ernest Rutheiford, OM, at the 
Anntversary Meding, November 30, 1927 

At this Anniversary Meeting we are naturally conscious of the losses suffered 
by our Society during the year These include thirteen of our Fellows and 
three Foreign Members We have also to record the loss of one of our Fellows 
under Statute 12, Edwabd Cboil Guinness, Earl of Iveaoh, elected 1906 
Sir William Augustus Tildbm passed away on December 11, 1926, m his 
85th year He was appomted Professor of Chemistry and Metallurgy m the 
Mason College, Birmingham, m 1880, and in 1894 became Professor of Chemistry 
in the Royal College of Science, he retained this latter position until his retire¬ 
ment m 1909 Much of Tilden’s early work was concerned with the terpenes 
and he was the first to show that the hydrocarbon, isoprene, undergoes poly¬ 
merisation with formation of caoutchouc His Bakerian Lecture in 1900 
dealt with the relation between atomic u eight and specific heat, and he was 
awarded the Davy Medal m 1908 A man of many accomplishments and a 
courtly gentleman, he gamed the affection and esteem of all with whom he 
came in contact 

J J Lister made his mark in the science of Zoology by his important dis- 
oovenea on the hfe-history and morphology of the Foramimfera and by his 
contributions to our knowledge of Mycetozoa During his travels in the 
Pacific Ocean he made many valuable additions to our knowledge m several 
branches of the science and enriched our collections of the organisms that 
construct coral reefs His father and grandfather were Fellows of the Royal 
Society, and his unde. Lord Lister, was formerly our President 

Sir George Gbeenhill, for more than 30 years professor at the Royal Artillery 
College, Woolwich, was a mathematician of distinction and one of the foremost 
authorities on the science of ballistios He especially excelled m the apjdioa- 
tion of dynamics to the practical problems of everyday life, where his interests 
ranged from aeroplanes and ships to spinmng-tops 
Abthub Willum Cbosslet was taken from us at the early age of 58 years 
He was successively Lecturer m Chemistry m the Medical School of St Thomas’ 
Hospitd, and Professor of Chemistry to the Pharmaceutical Society and to 
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King’s College, London, as an accomplished organic chemist he contributed 
much to our knowledge of the hydro-aromatio compounds On the outbreak 
of war, Croesley threw himself whole-heartedly mto the national effort and 
became the first Secretary to the Advisory Committee of the Trench Warfare 
Department, he was given the rank of lieutenant-colonel, B E , and undertook 
the organisation of the newly founded Experimental Station at Porton, a task 
which he performed with conspicuous success After the war he became the 
first Director of the Shirley Institute, hhinchcster, the home of the research 
association dealing with the cotton mdustry The results of Crossley’s marked 
ability as an imtiator of organised scientific effort will long lemam as a memorial 
to a brilliant leader. 

Ebnbst Henby Stablino, who died at the relatively early age of 63 years, 
was the first of the Royal Society’s Research Professors, being appointed 
first Foulerton Professor in 1922 For more than 30 years Starling has been 
reoogmsed as an outstanding figure in Ph 3 rsiology, and the investigations which 
he earned out with energy and enthusiasm have effected a clarification of 
knowledge and a new orientation of ideas concerning a succession of the most 
imi>ortant functions of the body His earliest studies, made like so many later 
ones m co-operation with his great fnend and scientific partner, the late Sir 
William Bayliss, were directed to analysis of the action of the mammahan 
heart 

Though his actmtios were for many years diverted to other problems, his 
mterest m the heart and the factors regulating its function remained with him 
always, and became agam effective m his later years in a senes of masterly 
researches These he carried out, with a succession of able colleagues and 
pupils, on the mammalian heart, isolated by a method of his own devising, from 
the vessels of the major circulation, and performing its function under con¬ 
ditions which allowed the rate at which the blood entered the heart, and the 
resistance encountered in its ejection, to be artificially controlled—the well- 
known “ heart-lung preparation ” 

In the intervening years he had completed and published, largely with 
Bayliss, a senes of researches m which the physical laws governing filtration, 
diffusion and osmosis through membranes were applied to explain the forma¬ 
tion and absorption of lymph There followed further co-operative mvesti- 
gations with Bayliss on the movements of the intestinal walls, their co-ordina¬ 
tion by the local nervous plexuses and then general control by the central 
nervous system, and then—most famous, probably, of all their jomt researches— 
f^ieir work on the stimulation of pancreatic secretion following the discharge 
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of the stomach contents into the small intestme Thu led to the ducovery of 
“ secretm ” and the formation of general conceptions of the ccmtrol of bodily 
functions by chemical messengers or “ hormones,” embodied m Ba^ss and 
Starling's ]omt Croonian Lecture before thu Society 

During the war and the years immedutely following it, Starling gave hu 
whole energies to the service of the State, as director of investigations on defence 
against chemical warfare, as chemical adviser to the army at Salomca, and later 
as chairman of the Royal Society’s Food Committee, Scientific Adviser to tiie 
Ministry of Food and British Scientific Delegate to the Interalhed Food 
Commission 

When hu thoughts and activities were at last free to return to their own 
natural channels, he began a large and exactmg senes of investigations in 
which he combined some of hu earher methods to study the formation of 
unne under conditions artificially controlled and varied These researches with 
many which grew from them, he contmued to prosecute during hu tenure of 
the Foulerton Professorship He enjoyed the assutance and collaboration of 
a succession of able colleagues and of vuiting workers from many cOuntnes, 
eager to learn hu methods and to imbibe hu ideas It might have been hoped 
that the new conditions of freedom from the responsibilities of adnunutration 
and formal teaching would have enabled him to conserve hu physical powers, 
but Starling’s restless energy and burning enthusiasm forbade all thought of 
relaxation, till at length a physique, weakened by illness, broke under the 
strain 

By Starling’s death the Royal Society has lost not only a great investigator 
who has rendered one of its Chairs illustrious by hu brilliant record of research 
as Foulerton Professor, but a Fellow who has been generous of efficient service 
to the Society on its Council and its Committees, who has been proud of its 
traditions and jealous for its fame and prosperity He was awarded a Royal 
Medal m 1913 In and beyond this Society he was a stalwart champion of the 
claims of research and of the interests of hu scientific colleagues Physiology, 
above all, was the central mterest and enthusiasm of hu life In its faithful 
and single-minded pursuit he had always one end in view, this, to quote from 
hu own beautaful Harveian Oration was ” to attam to a comprehension of the 
‘ wisdom of the body and the understanding of the heart,’ and thereby to the 
mastery of disease and pam, whidi will enable us to relieve the burden of 
mankind ” 

Bytibfideath of Q5sta MirTAO-LsnLBB, mathematical science lost one of its 
outstanding figures, one who played a notable part m the great development of 
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the Theory of Funotioos which ooonned in the latter half of the last century 
Even more memorable, perhaps, than his additions to the growth of knowledge, 
was his foundation of the Acta Mathemaltea m 1882, a journal which he con¬ 
ducted with loving care for over 40 jrears to the mestimable benefit of mathe¬ 
matical science He will be long remembered for his cntical studies m the 
history of mathematics, for his activities at mtemational gatherings, and for 
his outstanding personahty 

Henby Biohahdson Pboctbb, who died m his 80th year, was head of the 
Procter Intematioiial Besearch Laboratory of the University of Leeds His 
laboratory, as its name imphes, was built by subscriptions from all over the 
world, to further by fundamental scientific research the advance of leather 
technology, and to commemorate Prof Procter’s unique services m the leather 
industry 

Prof W Bubnstdr was Professor of Mathematics at the Bojral Navri 
College for over 30 years Of much originahty and power as a mathematician 
and distinguished as a teacher, his contributions to mathematical knowledge 
covered a wide variety of subjects, his earlier papers dealing mainly with 
hydrodynamics and waves, a large number of later papers with the Theory of 
Functions, and his more mature work with the Theory of Groups, a subject 
with which his name will always be associated His book The Theory of Groups, 
first published m 1897 and agam in 1909, is a standard exposition of the subject, 
much of it the result of his own researches 

Sir Abthub Shipley was in his early years a well-known contributor to the 
scientific journals on Parasitology, but when appointed to the Mastership of 
a Cambridge College and involved m the administrative duties of the Umversity, 
he devoted his great organising powers to the wider dissemination of scientific 
truths and to the application of biological knowledge to the solution of problems 
in Agriculture and Fisheries 

As a scientific adviser to several Government Departments, as Chairman of 
the Manne Biological Association, and m many other activities, he rendered 
most valuable assistance to the promotion of Science and the welfare of the 
community 

The death of Prof A LiVEBSiDOE,m his 80th year,removes one of the pioneers 
of amentifio education m one of our great Domimons At one tune Demonstrator 
of Chemistry m Cambridge, he was elected m 1873 to the Chair of Chemistry m 
the Umversity of Sydney, and held this post for 35 years He was active in 
promoting scientific and techmeal education m Australia and was llugely 
responsible for founding the Australasian Association for the Advancement of 
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Science, which has been oi signal service m bringing together the widel 7 scattered 
scientdio workers An ardent collector of minerals and meteontee, his scientific 
coninbntiona were mainly connected with experimental mineralogy On 
his retirement he resided m England, whore he had a wide circle of friends 

WiLiiUM Einthovev, for 42 years Professor of Physiology in the Umvcrsity 
of Iieyden, Xobel Laureate in Medicine, was elected a Foreign Member of the 
Society in 1926 His long scientific career was devoted to the invention and 
perfecting of physical apparatus of the greatest delicacy and precision for the 
record and analysis of processes occurring in the living body or having a 
physiological interest ESs string galvanometer, originally devised for record¬ 
ing the fleeting cloctnoal changes which accompany the different stages of the 
beat of the heart, and now m world-wide use m hospitals as well as physiological 
laboratones, has also found application m a wide range of purely physical 
investigations 

The scientific world deplores the loss at the age of 67 of Svantk Abbhenius, 
Foreign Member and Davy Medallist of our Society and Nobel Laureate 
Shortly after his graduation he pubbahed, in 1889, a famous paper in which he 
advanced the theory of lomc dissociation to explain the properties of electro- 
l 3 rtes This theory, and the modification of it proposed from time to time, 
have stimulated an enormous amount of research in all lands, and indeed 
Arrhemus may justly be regarded as one of the founders of modem Phjrsical 
Chemistry A man of wide scientific mterest and almost encycloptedio know¬ 
ledge, he made valuable contributions m many branches of science As Director 
of the Nobel Institute in Stockholm he guided an active school of research, not 
only in problems of physical chemistry but in the apphcation of physico-chemical 
ideas to physiolc^cal and biological problems, particularly to serum-therapy 
Nor must we omit an excursion into the realm of cosmical physics, where he 
brought his wide knowledge to bear in interesting speculations on many subjects, 
such as the cause of variations of the earth’s climate, the ongin of our solar 
system and the dissemination of life throughout the umverse A man of force¬ 
ful personahty, of courageous and original mind, his early death will be mourned 
by a wide circle of friends throughout the scientific world 

Hknby Marttn Taylor was known to many generations of mathematioians 
as Tutor and Lecturer of Tnmty College, Cambridge Failing eyesight restricted 
his activities m middle age, and after his sight was completely lost he devoted 
himself with energy to the preparation and publication of embossed books for 
the blmd Courageous in adversity, he contmned to take an active part m 
puUie affairs and was Mayor of Cambndge and for many years a Magutrate 
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In these notices I should like to include the name of A A. Lawson, at one 
time Leotoret m the Umversity of Qhu^w and later Professor of Botany m 
the University of Sydney, who was a Selected Candidate for our Fellowship, 
but died before the date of formal election His tenure of the professorship m 
Sydney was marked by the erection of a new Botamcal Institute, which was 
opened m 1926 shortly before his death A botanist of distinotion and a worker 
in many lands, he made contributions to our knowledge m cytology and the 
morphology of the gymnosperms, and developed m Sydney an active school of 
research 

Turning to other matters, I would like to say a few words on some events in 
the past year of special mterest to the welfare of our Society In 1926, Messrs 
Brunner, Mond A Co gave a grant of £600 for three years towards the pubbea- 
tion fund In substitution for this grant. Sir Alfred Mond, on behalf of Imperial 
Chemical Industries, Ltd , has this year given a grant of £1,000 a year, untd 
further notice, to help meet the deficit m the pubbcation funds This is a very 
welcome gift to the Society in a direction where help u much needed. Not 
only has the cost of prmting greatly increased smoe the war| but there has been 
a notable morease m the number of papers published by the Society This 
18 specially marked m the ‘ A Proceedings,' where, m place of one or two 
volumes per year before the war, three or four volumes now appear, the separate 
numbers being issued with promptness and regularity 

On the Biological side, where the process of diflerentiation mto separate 
subjects has probably gone further, the healthy and progressive activities of 
the speciabst societies, which the Royal Society regards with pnde as its 
children, has prevented so large an expansion m our published Proceedings 
The expansion on this side of the Somely’s activities is more dearly shown in 
‘ The Philosophical Transactions,’ where the Society is able to do the important 
service to science of issumg large and elaborately illustrated monographs, the 
pubbcation of which would be beyond the scope or the resources of the 
specialist organisations 

Anyone who reads our ‘ Proceeding ’ cannot fail to be impressed m general 
by the great vanety and importance of the papers appearing m them In some 
respects our Society is now the most important medium of pubbcation of 
papers m Experimental and Theoretical Phjwcs and Physical Chemistry m 
this country This development of the Society’s activity owes much to the 
energy and devoted work of the Physical Secretary, Dr. Jeans This growth has 
in many ways thrown a heavy burden on some of the Fellows of our Society, for 
It 18 to be remembered that m general each paper has to be reported on favour- 
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ably by one or two referees before it is accepted for pnbhoatioii. This diffioolt 
work of adjudication has been undertaken nnoomjdaimn^y by our Fdlows, 
and we are grateful to them for invaluable help in this important matter. 

'While the grow^ of the * A Proceedings ’ and their punctual pnbhoation has 
led to a marked increase m the sales, there still remains a deficit, which is m part 
met from the residue of the Government Grant but mainly by special grants in 
aid from the Messel and Mond Bequest Funds In no way can our Society 
be more helpful to the progress of science than by prompt pubhoation of records 
of important original work, and it would be a great advantage if out Society 
could have at its disposal ample funds specially allocated for this important 
purpose 

During the last few years, your officers have given much thought to methods 
of imjvovuig the attendance of Fellows at the ordinary meetings 'While 
special lectures and discussions, and many of the ordinary meetmgs, are in 
general well attended, there are occasions when important and interesting papers 
are read before a very small audience Qmte apart from the painful impression 
left on the presiding officers, the sparse attendance has mevitably a discouraging 
effect on the reader of the paper, particularly, as is often the case, if he has come 
from a distance and spent much time and trouble m order to present the subject 
matter of his paper in an mterestmg way With a view to improvement, the 
Seoretanes m recent years have endeavoured to choose a group of related 
papers of special mterest for reading and discussion at a particular meeting 
While this to some extent has been successful m its purpose, no one who has 
the mterests of the Society at heart can feel entirely satisfied with the present 
state of affairs 

It IB only by the co-operation and goodwill of our Fellows that we can hope to 
remedy this defect m our meetmgs If only a small fraction of our Fellows 
who have a special knowledge of the subject matter of the group of papers to 
be read at a particular moetang, made a pomt of attending, we could be sure of 
an interesting meeting and discussion, profitable alike to all concerned I 
would, therefore, urge on our members the duty of attending as far as possible 
the meetings of our Society, even though it may mvolve some sacnfioe of their 
time and energy, and even of their inolmations 

In the early days of our Society it was customary for members and their 
fneoda to perform experiments of special interest before the Fellows, qmte apart 
from any question of publication of the results We know from the history of 
our Society the importance attached to such demonstrations and their value m 
disaeminating information in various branches of science. Thu ourtom 
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giadiully fdl mto abeyanee, ptobaUy as a result of the ever-incteasing specialisa¬ 
tion of the s o iences , and apart from the Soirees, it is only on special occasions 
in recent years that experimental demonstrations have been made at our 
meetings. 

It has occurred to some of our members that it would be a definite advantage 
to the Society if the old custom were revived, and the members encouraged to 
show experiments of special mterest and novelty during tea-tune, before the 
beginning of the ordinary meeting There can be no doubt that such demon¬ 
strations would add greatly to the mterest of the meetings and might mdirectly 
help to mcrease the attendance during the reading of papers 

In order to give this suggestion a fair trial, portable demonstration tables 
have been placed in the tea-room with connections for water, gas, and electric 
current In every branch of science, and particularly in the biological sciences, 
there must be many sunple experiments and preparations which can readily 
be shown m such an extemporised laboratory—demonstrations that would 
prove of mterest not only to the specialist but to the Society m general I 
trust that our Fellows will not only avail themselves of these facihties but also 
encourage their scientific friends to do so 

In the short tune at my disposal, I would like to make a few remarks on the 
results of mvestigations earned out in recent years to produce mtense magnetic 
fields and high voltages for general scientific purposes In the past our 
laboratones have had to be content with the comparatively weak magnetic 
fields provided by the ordinary electro-magnets and the voltages supphed by 
simile electrostatic machmes and mduction coils In order to push further our 
mvestigations m many directions, much stronger magnetic fields and higher 
voltages are required m the laboratory Scientific men thus naturally follow 
with great interest advances m these directions, whether undertaken for purely 
scientific or for techmcal uses 

By means of modem electrostatic machines, it is not difficult to produce 
weak direct currents at potentials from 200,000 to 300,000 volts, while a large 
well-insnlated mduction coil can give momentary voltages of a unular 
magnitude The wide use of X-rays for diagnostic and therapeutic purposes 
has led to a marked improvement m apparatus for excitmg mtense X-rays 
The requirement of very penetrating X-rays for deep therapy m our hospitals 
has led to the construction of comparatively light transformers, which will 
supply the requisite small currents at voltages between 300,000 and 600,000 

One of the simplest ways of producing very high voltages is by tifie Tesla 
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transformer, m which the oscillatory discharge of a Leyden Jar is passed through 
the pninary of an air transformer In this way it is not difficult to produce 
voltages in the secondary of the order of a milhon volts, and 1 understand, 
as much as five milhon volts have been obtained m the Cam^e Institute at. 
Washington. The striking effects produced by these rapidly oscillating 
discharges from a Tesla coil, and the immumty with which long sparks may be 
taken through the body, are well known to all The rapid frequency of the 
oscillations and the comparatively small energy given to the secondary of a 
Tesla coil has, however, restricted its use for general teohnioal purposes as a 
source of high voltages, although it is now finding an application for the testing 
of insulating materials 

In order to transmit electncal power economically over long distances, there 
IS a continuous tendency to raise the voltage in the transmission bnes This 
increase of the operating voltage has led to the need of very high voltages to 
test the insulating properties of these Imes and their transformers and the effect 
of eleotno surges m them In the course of the last few years a number of 
high-voltage plants have been installed for testing purposes m various countries, 
which give from one to two million volts These voltages may be obtained 
either by a very large well-insulated power transformer or more generally by a 
cascade method employing several transformers in which the secondary current 
of one transformer passes through the primary of a second, and so on, the cores 
of the successive transformers being mounted on insulating pedestals This 
cascade method is very advantageous for the purpose, smoo it allows a great 
reduction m weight and dimensions of the transformers Such a high-tension 
plant m full operation is a striking si^t, giving a torrent of sparks several 
yards m length and resembling a rapid succession of lightmng flashes on a small 
scale Actually the highest voltage so &r obtained by these methods is very 
small compared with the voltage m a normal lightning flash from a cloud to the 
earth, where the difference of potential may be as high as a thousand milhon 
volts 

There appears to be no obvious limit to the voltages obtainable by the cascade 
arrangement of transformers, except Idiat of expense and the size of the bmldmg 
required to install them I am informed that the General Klectno Company, 
of Schenectady, have a working plant giving 2,800,000 volts (max ) and hope 
soon to have ready a plant to give 6 milhon volts 

While no doubt the development of such high voltages serves a useful 
teohniqBl purpose, from the purely scientific pomt of view mterest is inainl]r 
centred on the appbcation of these high potentials to vacuum tubes in order to 
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obtain a copious supply of high-speed electrons and high-speed atoms So 
iax we have not yet succeeded m approaching, much less surpassing, the success 
of the radioactive elements, in providing us with high-sp^ a-particles and 
swift electrons The a-particle from radium C is liberated with an energy of 
7 6 milhon electron volts, t e, it has the energy acquired by an electron in a 
vacuum which has fallen through this difference of potential The swiftest 
P-rays from radium have an energy of about 3 million electron volts, while a 
voltage of more than 2 milbon would be required to produce X-rays of the 
penetrating power of the y-rays 

The application of high voltages to vacuum tubes presents senous technical 
problems, but a vigorous attack on this side of the question has been recently 
undertaken by Dr Coolidge, whom we are glad to welcome as one of our 
Medallists to-day In 1894, Lenard made the discovery that high-speed 
cathode rays generated m a discharge tube could be transmitted into the open 
air through a very thin window, and made manv important observations on 
the laws of absorption of these swift particles The voltage used to accelerate 
the electrons m these experiments seldom exceeded 80,000 volts and the rays 
were stopped m passing through a few mches of air Taking advantage of the 
great improvements m vacuum techmqne and the ease of supply of electrons 
from a glowmg filament, Dr Coohdge has constructed an electron tube which 
will stand 300,000 volts, the rays passing mto the air through a thin plate of 
chrome-mckel-iron alloy about 0 0006 inch thick 

It has not so far been found practicable to apply much more than 300,0(M) 
volts to a single tube, on account of the danger of a flash over, due possibly 
to the pulling-out of electrons from the cathode by the mtense electric field 
For the apphcation of still higher voltages, a number of tubes are arranged in 
senes and commumcatmg with one another, the fall of potential in each being 
about 300,000 volts In these preliminary expenments, a large induction coil 
has been used to generate the voltage So far expenments have been made 
with three tubes m senes and 900,000 volts, giving a supply of electrons corre¬ 
sponding to one or two milliamperes through the thin wmdow in the last tube 
This gives an intense beam of high-velocity electrons, which spreads out into a 
hemisphere, due to the scattering of the electrons in passiug through the metal 
window and the surrounding air, extending to a distance of about two metres 
from the wmdow Marked lummous effects are produced m the air itself and 
m phosphorescent bodies placed m the path of the rays I am informed by 
Dr Coohdge that farther experiments are in progress and it is hoped to extend 
the q^m for still higher voltages 
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While the eaetgy acquired by the individual eleotrons m falhug through 
000,000 voha IS smaller than that possessed by the swifter ^-partades expelled 
from radium, the number emitted from the electron tube is very much greater, 
for example, the number of electrons per second corresponding to a current of 
2 miUiamperes is equivalent to the number of ^-rays emitted per second from 
about 160,000 grammes of radium m equilibnom 

While important progress has been made m artificially producing streams 
of swift electrons, there is still much work to be done before we can hope to 
produce streams of atoms and eleotrons of a much higher mdindual energy 
than the a or ^particle spontaneously liberated &om radioactive bodies As we 
have seen, the a-particle from radium C is initially expelled with an energy 
of about 8 million electron volts So far the a-particle has the greatest individual 
energy of any particle known to science, and for this reason it has been m- 
valuable m exploring the inner structure of the atom and giving us important 
data on the magmtude of the deflecting field in the neighbourhood of atomic 
nuclei and of the dimensions of the nuclei In case of some of the lighter atoms, 
the a-particle has sufficient energy to penetrate deeply into the nucleus and 
to cause its dismtegration manifested by the liberation of swift protons 

It would be of great scientific mterest if it were possible in laboratory experi¬ 
ments to have a supply of eleotrons and atoms of matter m general, of which 
the mdmdual energy of motion is greater even than that of the a-particle 
This would open up an extraordinarily mteresting field of investigation which 
could not fail to give us information of great value, not only on the constitution 
and Btabihty of atomic nuclei but m many other directions 

It has long been my ambition to have available for study a copious supply 
of atoms and electrons which have an mdividual energy far transcending that 
of the a and p-particles from radioactive bodies I am hopeful that I may yet 
have my wish fulfilled, but it is obvious that many experimental difficulties 
will have to be surmounted before this can be realised, even on a laboratory 
scale 

We shall now consider briefly the present situation with regard to the pro¬ 
duction of mtense magnetic fields Electro-magnets are ordinarily ^ployed 
for this purpose and the magnetic fields obtainable are m the mam limited 
by the magnebo saturation of the iron. By the use of large electro-magnets and 
oomoal pole pieces, the magnetic induction can be concentrated to some extent 
For examxde, m the large Weiss electro-magnet, a field of 80,000 gauss oui be 
obtained over a volume corresponding to about a pm’s head, and a fidd of 
about 60,000 gauss through a volume of about 20 cubic mm. In general. 
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however, most experiments have been restricted to fields less than 35,000 
ganss. 

In order to push this method of obtaining magnetic fields to the practical 
limit. Prof Cotton, of Pans, has designed and has under construction a very 
large electro-magnet The cross-section of the iron will be of the order of one 
square metre, and about 500 kilowatts will be required to excite it Such a large 
electro-magnet will not give a much stronger maximum field than existing ones, 
but will produce a field of given intensity through a larger volume No doubt 
this electro-magnet will prove very useful m expenments where steady fields of 
high intensity are required through a reasonable volume 

In order to provide magnetic fields of the order of half a milli on gauss, the 
use of the electro-magnet must be abandoned Some years ago. Dr Kapitsa 
suggested that intense momentary magnetic fields could be obtamed by sending 
a very strong current through a coil for such a short mterval that the heatmg 
effect m the coil is restncted to a permissible value It is well known that 
momentary currents of great mtensity can be produced by the discharge of a 
large high-voltage condenser through a coil Experiments of this kind have 
been made by Dr Wall, m which the duration of the discharge was of the order 
of one-thousandth of a second It is estimated that in this way a field of about 
200,000 ganss may be reached 

In his experiments to obtain intenso magnetic fields. Dr Eapitza at first 
employed a special form of accumulator to send a very strong current through 
a coil for about one-hundredth of a second, the current if necessary being sharply 
broken after this mterval In this way it was shown to be practicable to carry 
out expenments on the Zeeman effect, and in bending a-particles m magnetic 
fields considerably stronger than those obtainable with ordinary methods 
In subsequent experiments, a generator of special design was installed, which 
gives a very large current, of the order of 70,000 amps at 2000 volts when 
short-enremted A heavy current from the generator is passed for about 
one-hundredth of a second through a coil and then sharply broken by means 
of a specially designed automatic break By this means very strong momentary 
currents can be produced 

The mam difficulty m these expenments has been to construct a coil strong 
enough to withstand the enormous disrupting forces which arise when a large 
current is passed through the coil By special attention to the design, a ooil 
has been constxuoted which gives a fidd of 820,000 gauss over a volume of 
about 3 0 without any signs of fracture Measurements have been regularly 
carried out m fields of tTim naagmtude It is antioipated that the present design 
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of ooll will give about 500,000 gauaa before bursting, and that still hij^er fidds 
can be obtamed m cods specially constructed for the purpose An account 
of these experiments has recentiy been published in the Society’s Proceedings 

As the current only lasts about one-hundredth of a second, oscillograph 
methods have to be employed to determine the strength of the current and 
magnetio field There seems to be no inherent difficulty m conducting magnetic 
experiments in these momentary fields, for the shortness of the time available 
18 m many cases compensated for by the magnitude of the effects which arise 
m such intense fields 

The investigations, which have been earned out in the Cavendish Laboratory, 
Cambridge, have been made possible by the generous support of the Department 
of Scientific and Industnal Research, which has defrayed the cost of the 
apparatus and experiments. 

The application of these new methods of producing intense fields opens up 
a wide region of research, where all magnetic properties can be examined m 
fields 10 to 20 times stronger than those hitherto available Such researches 
cannot fail to yield results of great interest and importance and to advance 
our knowledge of magnetic phenomena 

While the apphcation of external magnetic fields of the order of one-million 
gauss will no doubt markedly perturb the orbits of electrons in the outer 
structure of the atom, it is not to be anticipated that it will seriously affect 
the stability of atomic nuclei General evidence indicates that the magnetic 
fields within the nucleus are much too great for such a relatively weak external 
field to cause a disruption of the nucleus In this direction, the bombardment 
by high-speed particles is likely to be far more effective than the strongest 
magnetic field we can hope to generate 

The advance of science depends to a large extent on the development of new 
techmeal methods and their application to scientific problems The recent 
work to which I have referred, on the development of methods of produomg 
high voltages and intense magnetic fields, is not only of great mterest to scientific 
men m itself but promises to provide us with more powerful methods of attack 
on a numbeir of fundamental problems 

The Copley Medal is awarded to Sir Charles Scott Sherrington, 0 M, my 
immediate predecessor m this Presidential Chair 

Sherrington early chose os the special field of his mvestigations the physiology 
of the central nervous system. To this, during some thirty years, he has steadily 
devoted his great skill m experiment, bringing the immense complexities of 
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ita function within the range of objective analysie, and revealing fundamental 
plan and orderly sequence m the reflex actions by which it controls the activities 
of the body, and oontmnously adjusts them to the enviionment The results 
of this work have been embodied m a senes of some two hundred original memoirs, 
presenting a continuous record of progressive investigation The earlier stages 
have been brought under review and treated synthetically by Sherrington 
in his now famous Sillunan Lectures on “ The Integrative Action of the Nervous 
System ” In these he deals with the occurrence and significance of the muscular 
ngidity which appears when the higher brain is removed, with the co-ordination 
of muscular movements by reciprocal excitation and inhibition of antagonistic 
muscles, with the rhythmical, phasic activity which the conflict produces in 
the centres concerned with certam movements, and with the appearance 
of a purposeful character which the integrating action impresses on many 
forms of reflex response 

During more recent years our own Proceedings have borne steady witness 
to the progress made m the finer analysis of the functions of the central nervous 
system by Sherrington himself and by pupils using the methods which he has 
created, and building on the foundations which he has laid 

The influence of Sherrington’s investigations has spread far beyond the bmits 
of his own laboratory and has inaugurated a now era in neurological investiga¬ 
tion throughout the world In this connection we may fittingly pay a tnbute 
to the memory of one of the most eminent among those who have drawn 
inspiration from Sherrington’s work and from personal contact with himself 
Rudolph Magnus, of Utrecht, whose early death in this year the whole world of 
science deplores, found there the impulse to his own onginal and far-reaohing 
investigations, the results of which he embodied in the Croonian Lecture to 
this Society two years ago, on “ Ammal Posture ” In every civilised country, 
in the neurological cbmc as well as m the laboratory of physiology and of 
experimental psychology, the influence of Sherrington’s work is felt, giving 
the clue to the understanding of many of the motor symptoms of nervous 
disorder, and holding out promise that oven the higher functions of the central 
nervous system will not remam permanently beyond the reach of man's 
experimental enquiry 

A Royal Medal is awarded to Prof John Cunningham McLennan 

For more than thirty years Dr J C McLennan has been an energetic 
and enthusiastic experimenter, having published over one hundred papers 
in the principal scientific publications of England and America These are 



814 Anntversary Address hy Str Ernest Rutherford, 

mainly concerned with radio-activity, gaseooa conduction of electnoity, the 
spectra of the elements, and the liquefaction of gases In all these subjects 
he has made substantial and much-used contributions to quantitative know¬ 
ledge, generally of hi|d> accuracy 

Among his works of outstanding merit may be mentioned the measurements 
he has made with his pupils on the fine structure of spectral lines, which are of 
much importance to modem theories of the mechanism of the atom 
Recently he has had a sensational success in tracing to its source the elusive 
auroral Ime X 5677, an extremely difficult task which had baffled the stall 
of many previous investigators This is important not only in itself but on 
account of the information it yields as to the structure of the upper atmosphere 

Apart from his own researches, he has built up a most efficient School 
of Physics m Toronto, and is largely responsible for the present strong position 
of physical science in Canada He has devoted much energy to the establish¬ 
ment of a cryogemo laboratory in Toronto, a heavy task which he has earned 
out with much success 

During the war, he was m charge of important scientific work fpr the 
Admiralty, he developed with great energy the supply of helium from the 
natural sources m Canada and the States, and rendered material assistance 
in connection with anti-submanne warfare, especially m mining operations on 
a laige scale and of novel character 

A Royal Medal is awarded to Sir Thomas Lewis 

From 1911 onwards to the present day, Sir Thomas Lewis has taken a leading 
part in the remarkable growth of our knowledge of the mammalian heart-beat, 
which has been one of the conspicuous scientific achievements of the penod 
m question Until he began his work, nothing was known for certam of 
the relations of the specialised structures known to anatomists with the origin 
and propagation of the beat of the heart Lewis’s researches enabled him *to 
locate the point of ongm of the beat, and to plot out the course of the wave 
of excitation over the ventncles and auricles of mammals By extending these 
observations to the hearts of representative vertebrates, he was able to compare 
the modes of spread of the wave with the special forms of the electrpoardiagram, 
and thus to appreciate clearly the meanings of the several deflections Further 
extension to diseased hearts led to the interpretation of the abnormabtiee of the 
electrooardiagraphio record 

In 1911 Lewis was able to show that, as Cushny had previously suggested, 
certam cardiac irregulanties are due to fibrillation of the aundes, and hu 
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later clinical and expenmental work on auricnlar fibrillation and flutter soggest 
that the irregulantiea are due to the formation of an endless circulating wave 
of contraction in the auricles 

In this special field of phTsiology and pathology, of such great importance 
to medicine, Lewis’s researches have replaced a mass of scattered, suggestive 
observations by a coherent and cstabbshed theory His book on this subject, 
which IS necessarily based, to a large extent, upon his own observations, is 
recognised as authoritative throughout tiie world. 

Quite recently Lewis has published another book which embodies the results 
of investigations of the peripheral circulation, upon which he has been engaged 
during the past twelve years The response to other kmds of stimulus closely 
resembles that mvoked by mjcction of histamme into a puncture, and Lewis 
produces strong evidence that even the response to pressure is due to the libera¬ 
tion m the tissue of a chemical compound, which, if not actually histamme, 
resembles that substance very closely m its philological effects 
In these investigations, which may be taken as models for the application 
of exact methods to human physiology and pathology, Lewis shows the same 
quahties of accurate cxpenmentation and exact reasoning which are so 
conspicuous in his work upon the heart’s action 

The Davy Medal is awarded to Prof Arthur Amos Noyes 
Prof Noyes was the torch-bearer of the modem theories of solution to the 
West, and under his guidance there grew up m the Massachusetts Institute 
of Technology a school of research m physical chemistry which held the leading 
place m Amenca His researches have been chiefly concerned with the pro- 
perties of solutions, m particular of electrolytic solutions Soon after the 
inception of the electrolytic dissociation theory of Arrhenius, it was recognised 
that all was not well with the strong electrolytes Whilst qualitatively their 
properties were accounted for by the theory, there yet existed marked quanti¬ 
tative discrepancies Accurate measurement of the properties of such solutions 
was the first requisite for the attack of the problem, and to this task Noyes 
applied himself His mvestigation of the conductance of aqueous solutions 
up to temperatures as high as 300° forms a classical example of exact physico- 
bhemical measurement executed under conditions of great experimental 
di£Bonlty ^ 

His work on the influence exerted by one salt on the solubility of another, 
on transport numbers and the mobilities of the ions, on the ionisation of pure 
water at different temperatures, is all directed to the same end Noyes showed 
VOL OXVII—A i 
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the importance of the clasaificabon of the etrong eleoteolytes according to 
their valency type, and over twenty years ago attempted to take mto account 
the electroRtatic forccfl between the ions He thus foreshadowed the modem 
theory now so widely developed by Noyes himself amongst other workers 

Outside this field Noyes made many additions to our knowledge of solutions, 
for example, the mass-action theory of acid indicators, velocities of reactionB 
of different orders, and reaction-velocity in heterogeneous systems Noyes 
has exercised a great influence on physical chemistry, not only by the value 
of hiB experimental work, but by his careful analysis of the fundamental concepts 
of the science, and by his clear and logical presentation of their nature and theix 
interrelations 

The Buchanan Medal is awarded to Dr Major Grcenwooil 

Dr Greenwood, Professor of Epidenuology and Vital Statistics, Umversity 
of London (London School of Hygiene), is specially distinguished for the 
statistical study of medical subjects, having applied the statistical method 
to the elucidation of many problems of physiology, pathology, hygiene 
and epidemiology He has been prc-cniment in encouraging and developing 
the use of modem statistical methods by medical laboratory mvestigators and 
in securing the adequate planmng and execution of field mvestigations He is 
almost umque in the possession of both the medical knowledge and mathe¬ 
matical abihty which are essential m these researches Dr Greenwood is the 
author (with Prof B L Collis) of a book on ‘ The Health of the Industnal 
Worker,’ and of numerous biometnc studies dealing with the causation, 
prevention and treatment of disease 

The Hughes Medal is awarded to William David Coolidge, a distinguished 
member of the scientific staff of the General Electnc Company of America 

Science is under a great debt to Dr Coolidge for the invention and production 
of a new type of X-ray tube, called by his name, of great flexibility and power, 
which has proved of great service not only m Medical Radiology but in numerous 
saentific researches In the last few years, he has apphed his unrivalled 
techmcal knowledge to the generation of high-velocity cathode rays, which 
can be passed mto the air through a thm wmdow as m Lenard’s pioneer expen- 
ments thirty years ago Such researches are of great importance to science 
as they promise to provide us with new methods of obtaining a copious 
supply of swift electrons and high-speed atoms of matter for experimental 
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The Speoti'um of Doubly Ionised Oxygen (0 111) 

By A Fowlsb, D So , F B S , Yarrow Reaearoh Professor of the Boyal Society, 
Imperial Coll^, South Kensington. 

(Received November 4, 1927 ) 

Introductory 

In oontmuation of previous mvestigations of the spectra of the lighter elements, 
the present paper gives an account of the spectrum of doubly ionised oxygen 
The Imes have been observed mainly with smtably strong discharges in vacuum 
tubes, and have been distinguished from those of OII by the usual method of 
comparing the mtensities of the linos under the action of different discharges 
Most of the stronger hnes have been measured with considerable accuracy on 
plates taken with a 10-ft concave grating, or with a large quartz spectrograph 
As was expected, the spectrum is generally similar to that of N U,* and the 
terms so far detemuned are m enture accordance with Hund’s theory 

Notation 

It has been found that the system of numeration used for the terms of NII 
IB not convemently adaptable to certain other spectra, and m the present 
commumcation a modified form which seems likely to be of more general apphoa- 
tion, has been adopted In particular, it has seemed desirable to assign the 
same prefix to all terms which arise from the same electron configuration A 
oonvement procedure, which has already been followed to some extent by 
others, is to use the orbital designation of the “ senes electron ” as a prefix, 
with small italic letters for electron orbits, as distinct from the capital letters 
used for terms Thus, 3s ’P, will mdicate that the *P term in question is due 
to a configuration m which the senes electron occupies a orbit Combination 
poesibihti.es are then shown by the application of the ordinary selection rule for 
azimuthal quantum numbers to the electron symbols, m addition to the itiTiar 
quantum number rule apphcable to the term symbols For example, a 2s ^Pj 
mig^t combine with a ip ^Pj, but not with a 3s ^P^ or 3d term In this way 
it becomes unnecessary to “ dash ” any of the term or electron symbols m 
connection with the simpler spectra 

For complex spectra, combination possibilities can be sufficiently mdicated 
by asBigiung undashed electron sjnmbols to the pnmnpal family of terms, and 
* A Fowler and L. J. Freeman, ‘ Boy Soo Pioo.,’ A voL 114, p. 662 (1927). 
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dashed symbols to other famihes, m accordance with the rales for electron 
transitions (Ah =« i: 1 for one electron and Ah = 0 or 2 for a second) When 
there are more than two famihes of terms, they may be distinguished by 
additional dashes to the electron symbols, an even number for what would 
otherwise be undashed terms, and an odd number for the remainder, in accord¬ 
ance with previous usage 

When different sets of terms arise from a given configuration, but with different 
states of the ion or “ core,’* terms of similar type in the same group may be 
distinguished by arbitrary numerical superscnpts apphed to the term symbols 
For example, m the spectrum of Oil there are three 3d*D terms, each based 
upon a different state of the 0 III core, which may be •?, 'D, or'S, these may 
be distinguished by retaming 3d*D for the term based upon “P (the deepest 
term of 0 III), and^wnting 3(i*D^ 3<i*D* for the others Such supersonpte, 
of course, are not connected m any way with the combination properties of the 
terms 

Rydberg sequences are naturally shown by such a siiccession of terms, for 
example, as 28 ^P, Ss^P, 48 ^P 

Preixeted Terms of 0 III 

The spectrum of O III may be considered as arising from the addition of an 
electron to an 0IV core, which has five external electrons This core is 
normally in the *F state (like the neutral atom of boron), and the addition of 
another electron generates a family of singlet and tnplet terms, as shown m 
Table 1 The prefixes for these terms, ns already explamed, are 2p, 38, and 
so on 

Table I Predicted Terms of O III 
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There u a second family of terms, depending upon a state of the 0IV core, 
in which one of the 2^ electrons has already been displaced to a 2, orbit Thu 
oonfigiiration (of OIV) yields the terms *P, *D, ■?, *S, of which the first u the 
deepest, and the addition of the sixth electron gives rise to qumtet, triplet, and 
singlet terms These may be dutinguished from terms of the first family 
by dashing the electron S 3 rmbolB, and mtercombmations may then occur m 
accordance with the usual rules for dashed terms The deepest of the terms of 
tbu second family are indicated in the last row of Table I 
In Table I the electron configurations are shown m two different ways, the 
first of which needs no explanation The second (column 5) u a convement 
way of summonsing the configuration which has been used by Bussell and 
others The two K, or 1^, electrons being disregarded, smee they do not 
contnbute to the spectroscopic terms, the configuration of the electrons m 
uncompleted shells is mdicated by wntmg « for n^, p for n,, and so on, the 
number of electrons of each type being shown by an appropriate superaonpt 
When an electron u m an excited state, the corresponding orbit symbol u 
separated from the others by a dot Thus s* p s, m the table, means that 
two of the electrons in the uncompleted L shell are lu 2^ orbits, one m 2„ and 
the last m an excited % orbit 

Term Valtm 

The occurrence of triplets and multiplets made it comparatively easy to trace 
many of the triplet terms, and approximate values were assigned to them, m 
the first instance, by the application of a simple Bydberg formula to the two *S 
terms which were early recognised While the present work was awattmg the 
identification of singlet terms, most of the triplet terms and combmationB 
were mdependently discovered and pubhshed by C Mihul,* m complete agree¬ 
ment with the writer’s results Credit u solely due to M Mihul, however, for 
the first identification of quintet terms 
Intercombmations between singlet and triplet terms are much less con¬ 
spicuous than m the corresponding spectrum of NII, and were not very readily 
identified A begmmng was eventually made with the following pairs of lines, 
having separations already known m connection with triplet terms — 


3p»D, - Mtp, = 30868 96 (6) 

^ 'D, - SiiPj =» 30732 62 (3) ^ 

8(iip,-4p»D, = 41762 6(6) . _ ,q-„ 

3diPi - 4p»D, = 41869 8 (1) 

* ‘ Oomptos Rendiu,’ V(A 188. p. 1086 (1986), vol. 18< pp. 89, 874, 1066 (1987) 
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With the valnee of the tnplet terms previously determmed, these gave very 
doeely accordant values for Sd^Pi, and there could be httle doubt that the 
identification was correct Using the finally adopted values for the tnfdet terms 
(Table II), it results that 

MiPj = 119859-28 

Next, by comparison with NII, it seemed probable that 3p would be 
somewhat greater than 3p ‘D, and it was accordingly estimated that a strong 
combination with Sd^P^ would be found m a position v> 31000 The hne 
33777 -60 (6) led to a value for 3>p*D, which was subsequently justified by other 
appropriate combinations, including a very faint line representing an luter- 
combination. Thus — 

= 119859 28 dsSPj = 177217 83 

33777 60 (6) = 153636 88 

3p‘Dj = 153636 88 23580 97 

-Observed 23581 1 (00) 


The term 3p^Dj should combine with Ss^Pj, giving a strong line of wave- 
number less than 3s •P — 3p*D,, te <23300 The only suitable hne 
appears to be 17876 56 (6), and, adopting this, the value of 3s is found as 
follows — 

3piD, = 163636 88 

17876 66 (6) 

3siPi = 171613 43 


This m turn would be expected to combme with 3p ^Sg, and the most probable 
representative is 26235 34 (8), giving 

SpiSg = 146278 09 

Other singlet terms were provisionally identified m a similar manner by the 
selection of lines which led to values of appropriate magmtude for them Con¬ 
firmatory combinations were found m some oases, and a general confirmation 
IB afforded by comparison with the terms of NII 
An important contribution to the mvestigation has been made by I S Bowen* 
1^ the dasBifioation of six singlets of 0 III observed by him m the extreme 
ultra-violet, namely. 


‘Fhys. Rev,' T<d. p. 241 (1927). 
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Bowen 

oS- 6 P 
0 D- 6 P 

2 piS„ 

2pm, 

1 1 

X 

697 82 (4) 
625 79 ( 6 ) 

V 

167274 

190190 

A V 

22916 

1 1 

2pm, 

- 38^1 
-3«»Pi 

434 91 (2) 
396 62 (2) 

229933 

262832 

22899 

oS- 3nP 
oD - 3nP 

2 p% 

2 p^D, 

1 1 

365 06 (0) 
328 34 (0) 

281643 

304662 

22919 


Bowen did not aesign values to any of these terms, but 3s*Pi and 
having now been identified, the values of 2p 2p ^S,, and 2p' ^P^ can be deter- 
nunod It thus seems probable that the most accurate term values for the 
whole spectrum will be yielded by the sequence of three p terms These 
are represented with fair approximation by a simple Rydberg formula, but more 
accurately by the formula 

p IDj = 9R/[m + 0 648336 - 0 019«24/»i]*, R = 109737, m = 1, 2, 3 
This gives 

2;) = 424386, 3y»D, :r-163637, = 78869 

As the correcting term is so small, those values ore unlikely to be much in error 
They agree closely with those adopted in the first instance by the appUcation of 
a simple Rydberg formula to the two *S terms 
The 2p ®P terms were derived in the firat instance from the unresolved lines 
X 374 3 and X 306 7, indicated by Bowen os probably representing the com¬ 
binations of these terms with 3<i "P and 3d *D respectively If the unresolved 
hues be taken as the strongest components of the resulting multiplets, wo have 
X V 

2p »Pj - 3s »Pj = 374 3 267165 , 3« »P, = 176961, 2p 8 P, = 444126, 

2;> =>Pj - 3d = 306 7 327118,3d »D, = 117243, 2p »P, = 444361 

The value of 2p 'P, thus mdicated is about 20,000 umts greater than that of 
m good agreement with the theoretical estimate of Fowler (R H) and 
Hartree,* and the identifications of the Unes m question are probably correct 
The separations 2p*P,> — 2 p*Pi = 116, and 2p*Pi — 2p*P, = 193, are 
given with considerable accuracy by combinations between these terms and 
those of the second fanuly ( 2 p' terms), the values of which naturally follow m 
correct relation to those of the first family Further support for the above 


* Boy Soo Pno.,' A. vid. Ill, p. »1 (1988) 
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identifications is afforded by the probable combinations 2p'*P — 6p*D 
(X 668 4) and 2p *F — 3d (X 303*7) noted during the present mvestigation 

Lines of 0 III in Gttseous Ndmlcs 

A 3 X)S 8 ibihty of evaluating the 2p *P terms with greater accuracy is opened up 
by Bowen’s recent important suggestion* that the two well-known green hnes 
in the spectra of gaseous nebulea may represent the irregular, or “ forbidden,” 
combinations 2p»Pg — 2p^Dg, 2p*Pi — 2p^Dg of OIII This possibility 
18 strengthened by the occurrence of a nebular line X 4362 64, the wave-number 
of which (22912 6) corresponds closely with the irregular combination 
2piDj — 2jpiSo The somewhat similar assignment of other nebular hues to 
irregular combinations among the deeper terms of Oil and N II increases the 
probability of Bowen’s suggestion being correct It is therefore desirable to 
examine the consequences of adopting the suggested 0 III origins of the three 
nebular lines in question 

If the interval 22913 mdicated by X 4362 64 be taken to represent the differ¬ 
ences between Bowen’s singlets noted above, it results that 

V Av 
2p*Dj = 424386 

22913 

2p% = 401472 

The assignment of the green nebular lines to O III was based upon the fact 
that for these hnes A v = 193 is identical with 2p ®Pi — 2p *Pj of 0 HI, and 
assunung this to bo correct, the 2p *P terms at once follow Thus — 

X V 

Nebular hne 6006 84 19967 1 = 2p sp, - 2p „ 

„ 4968 91 20160 1 = 2p »Pi - 2p ^Dg 

With 2p ^Dg = 424386, already determmed, and smee 2p — 2p = 116, 
it results that 

2p»Pg = 444362 , 2p>Pi = 444646 , 2p»Po = 444661 

The value of 2p ^g thus detenmned is as dose as can be expected to that 
denved from the unresolved hnes X 374 3 and X 306 • 7, and even if the nebular 

* ‘ Nstore,* voL 120, p 473 (Ool. 1, 1927), kb also A Fowler, ’ Nstnre^’ voL 120, 
pp. 682 and 617 (October 22 and October 29) 
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identifioatioiiii are erroneous, it cannot be greatly in error The values of the 
2p *P terms thus obtamed with the aid of the nebular lines have accordingly 
been adopted in preference to those roughly indicated by unresolved multiplets 
m the extreme ultra-violet 

If this be justified, it is of interest to note that the nebular hues may be 
utilised m this way for a calculation of the structures and positions, probably 
exact to about 0 001 A, of the unresolved multiplots X 374 3 and X 305 7, 
as shown below - 


2p*P, ip*p, 2p»p, 

444852 444545 444451 


3«*P, 


177336 


267808 
A 374 230 


3* *Pi =. 177218 


267134 267327 267443 

A 374 344 A 874 074 A 373 011 


3>*P, 


34‘D, 


176961 


267391 
A 373 084 


A306 824 


A8?3 714 Observed A--= 374 3 


327179 327295 

A 105 648 A 305 535 


34‘D, = 117817 


327035 327228 

A 305 778 A 305 597 


34'D, ~ 117243 


327100 
A 305 708 


ObisrTed A - 306 7 


The terms which have been deternuned os above described are collected m 
Table II The notation of Bowen, and that adopted for NII m the paper to 
which reference has been mode, are mdicated m order to facihtate comparisons 
The quintet terms discovered by Mihul have not yet been found in combination 
with the triplets, and no attempt has been made to estimate their values 
Most of the tnplet, and all of the quintet combinations have already been 
set out by Mihul, and it is not considered necessary to repeat them, except m 
so far as they are shown m the catalogue which follows 
The ionisation potential of O III as deternuned from the deepest term is 
64 88 volts 
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Table II —Terma of 0 III 


Bowen 

1 Nil 


' 1 

1 

Bowen 

NH 


’ 1 

1 

a*P 

X*P 

J!>, >P, 

444661 

116 

4l!*P 

2»P' 

4i»P, 

04484 

116 




44464S 

m 



•Pi 

04600 

268 



•Pi 

444302 




•Pi 

04867 


o'O 

!>».' 

2p‘D, 

424380 


41: >P 

2»Pi' 

4«>Pi 

01712 ! 


a >8 

VW 

2p*S. 

40U72 


4m >D 

3‘D,' 

4}i*D. 

78860 6 


3t*r 

I‘P 

3i»Pe 

177336 21 

116 36 

4m *D 

2»D,' 

78106 60 


4pT>i 



•P, 

177217 86 





107 10 





266 94 




77000 40 




•P, 

176660 01 




•l>i 

77708 46 

207 03 

afc‘r 

l‘P,' 

3i‘P, 

171613 43 


4m *8 

2 *81' 

4i)^Si 

76641 30 


3in<f> 

2*D,' 

3p*B. 

103636 88 


4m >8 

3*8,' 

4p*8. 

740031 


3w»Il 

1«D' 

3p»D, 

160728 24 

lie 14 

4m *P 

3»P 

4p*V, 

74266 8 

89 0 



•IJi 

160601 00 

220 05 



•P» 

74177 8 

108 6 



•U, 

18U371 86 




•Pi 

74060 3 


3m *8 

l*Si' 

3p*S, 

147036 00 


4m >P 

2‘Pi 

4p>P, 

72081? 


3m'P 

2H* 

3p*P, 

144366 20 

82 10 

6 *8 

p*S 

2p' *8, 

- 





144283 10 

130 54 

b*D 

j8»D 

2p' ‘D, 

324633 

-28 



*Pi 

144163 66 




*D„ 

324606 


3m‘P 

l»Pi 

3p‘P. 

130703 43 


6*P 

j8*P' 

Sp'^Pii 

302277 

-16 








•Pi 

30^61 



1*P,' 

S<i'F, 

120138 00 


6>P 

jgip' 

2p'>Pi 

234107 



1*1" 

3«i'P, 

120131 04 










m 70 

6 ID 


2j>'‘Di 





»F, 

110036 26 

178 16 

6*8 

^•8 

2y'^Sx 

247672 




•Pi 

110767 00 





a»*p 

l>Pi'" 

3d‘P, 

110800 88 







3ii*D 

1*1> 

Sd'U, 

117366 06 

49 U 








•I>i 

117316 38 

73 72 








•B. 

117242 60 







Sn'P 

1»P"' 

3rf*Pg 

116126 63 

-114 00 








•Pi 

116011 68 

-61 45 








•P# 

114000 07 








l‘D, 

M'S. 

111816 4 
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Catalogue cf 0 III Lines 

The observations inohded m the present catalogue (Table III) extend from 
the red to X 2228 in the ultra-violet Other observations, extending to about 
X 820 are still under discussion in connection with the probable presence of 
hues representing higher stages of ionisation than 0 III It is possible, indeed, 
that some of the unclassified lines in the present list may be of this character, 
os the experimental evidence for the distmction is not very conclusive 

The wave-lengths (m IA) and mtensities are given m the first column, the 
wave-numbers (tn vacua) in the second, and the classification in the third 
Lines enclosed in brackets have been calculated from miiltiplet structures 
The position of the faint hnes on the red side of X 39C2 have been determined 
only with small dispersion and should bo regarded as approximate Bowen’s 
classified hues m the extreme ultra-violet, with three additions, and Mihul's 
qumtet identifications have been mcluded in the catalogue for the sake of 
completeness 

It should be noted that there is evidence of instability of the wave-lengths 
of certam groups of lines, especially in the *D *P multiplets, and that conse¬ 
quently some of the tabulated wave-lengths are subject to revision by as much 
as 0 1A This question of variable wave-lengths in oxygon and certain other 
elements is under separate mvestigation 


Table III —Catalogue and Classification of 0 III Lmes 


6693 S7 (6) 
6608 11 (1) 
6868 08(3) 
4669 60 (la) 
4666 80(0) 
4688 8 (Oa) 
4684 0 (Oa) 
4639 7 (00) 

4483 78 (la) 
4474 96 (la) 
4470 9 (OOa) 
4461 66 1) 
4468 44 (la) 
4464 00 (la) 
4440 1 (0) 
4486 4 (00a) 

4484 43(3a) 
4480 8 (OOa) 
44US (00a) 
4408 14 la) 
48S9«8 (OOa) 
4886 78(0) 


17876 66 
18160 0 
18977 0 
21878 1 
31946 8 
22036 1 
32049 4 
22070 8 
82301 8 
22340 4 
22360 6 
38407 4 
28488 1 
32446 6 
22616 7 
88689 6 


8i«P,-3j>‘D, 

3i>‘Pj-8<l‘D, 


•4879 66 (3a) 
*4376 18 (la) 

' 4339 6 (00) 
4177 8 (00) 
4136 6 (OOa) 
4081 10 (1) 
4078 90(0) 
8971 2 (00) 
3961 69(8) 
8981 88 0) 


82887 0 
22844 7 
83681 1 
88929 8 


24839 6 
26774 2 
26336 34 
26397 66 


8869 1 (Ina) 

8816 76 (1) 

8810 96(8) 

8791 86 6) , _ 

8774 00(6) 26489 69 

8789 87(9) 36689 06 

8767 81(6) 86607 96 

38696 1 j II 3764 67(7) | 30626 96 

22679 0 8784 80 1) - 

88776 3 3788 80(0i 

88794 8 I I! 8781 18(1) 

BrroMonily entend u list of 0II liaet (‘ Boy Soo FrooA, vol 


3«*P,-3f*Dx 

8i»P,-3p»D, 

8 *»P.-8 b»Di 

8»*P,-3i)*D, 

8 »»P,-8p*D, 

8»*Pi-3i>'D, 

‘D,- 

8j»»P,*3(i>Di 
no, p 481] 
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Table III—(oontmued) 


X 


ClMtiflMtlOIl 

X 


OfaMriOMUon 

3729 70 (1) 

26804 21 


8868 38(4) 

29782 83 

‘P,-‘P,' 

3728 70 (1) 

26811 40 


8366 98(8) 

29780 66 


3726 30 (3) 

26885 87 


8860 90(4) 

29883 83 

‘P,-*P,' 

3721 OS (1) 

26860 02 

‘D,- 'P, 

3860 68(3) 

29886 14 

»P,-'P,' 

3720 86 (3) 

26867 86 

*Di- 

3348 08(2) 

29860 68 


3710 82 (00) 

26876 40 


33U26(2) 

29898 43 

‘P,-‘P,' 

371S 08 (6) 

26909 69 

3/>*P,-3<i'I), 

3340 74(6) 

29924 91 

3('1», Ip'S, 

77U 60(0) 

26913 90 


8836 78(3) 

89960 48 


3714 03 (2) 

26017 30 

8p*P,-3il*D, 

8333 00(4) 

29994 40 

»P,-*P,' 

3712 48 (2) 

26928 64 

*D,-‘P» 

3382 49(1) 

20999 17 


3709 62 (2) 

26960 13 

‘D,-‘P, 

3330 40(4) 

30017 82 

‘Pi-‘Pi' 

7707 24 (6) 

26966 60 

3p*P,-3(«*D, 

3326 16(0) 

30066 08 


3704 73 3) 

26984 88 

‘Di-‘P, 

3312 80(6) 

30181 86 

3^*P,-3p*8, 

7703 87 8) 

26994 77 


8305 77 (D) 

30241 33 

8p*D,-3i‘l', 

3702 76 6) 

26999 30 

3i>*P,-M*D, 

3899 36(3) 

80800 31 

8**P,-3p*k 

3698 70 6) 

27028 86 


3284 67 (4) 

30436 66 

VD,-1rf*F, 

3606 37 4) 

27063 22 

•D,-‘P, 

3881 94(8) 

30461 04 

8p*D,-’W*F, 

3663 00 1) 

27367 0 


3269 04(0) 

30681 23 


3660 70 0) 

27384 2 


3267 31 (6) 

30697 43 

3p*U,-3<i*l<, 

3640 20(00) 

27396 5 


3265 46(10) 

30614 76 

3p*D,-3rf*F, 

3647 70 0) 

27406 8 


3860 98(8) 

80666 88 

1p*D,-3<I'F, 

3646 84 2) 

27413 2 


8268 77(0) 

80677 61 


7646 20 1] 

27426 6 


3267 20 (1) 

30693 39 


3638 70 (3) 

27474 6 


3264 80(0) 

80717 86 


3666 92(1] 

28106 2 


3262 94 2) 

30732 63 

8p»l), 

3631 70 (0) 

28300 4 


3288 67(6) 

30868 05 

Sp'F), -3rf>P, 

[3476 26] 

(28766 6] 


3207 67(1) 

31166 30 


3466 90(0) 

28836 98 


3200 96(1) 

31831 78 


3466 16 (2) 

28842 22 

•D4-»P4 

3188 86(6) 

31910 60 

8p*8,-8i*P, 

7464 20 (In) 

28868 6 


8181 71 (6) 

32084 47 

8p*S,-8<l*P, 

3460 98 (2) 

28893 66 


8116 78(4) 

32086 93 

3p*Si-3<i*P, 

3469 62 (0) 

28897 80 


3088 04(8) 

82878 64 


3466 12 (6) 

28934 12 


8084 76(1) 

32408 06 


3464 90(2) 

28936 14 


8060 80(6) 

82677 74 

At»P,-3p*P. 

3461 33 (1) 

28966 07 

•Dj-'F, 

3047 18 (8) 

32808 26 

ai'P,-3p*P, 

3460 94(4) 

28966 34 

•u.-'P* 

8043 03(6) 

82862 66 

■U»Pi-8p»P, 

t[3448 021 

[28998 71 

*D,-*F. 

8036 48(4) 

32984 70 

3**P,-8p*P, 

3447 22 (1) 

29000 60 

•D,-*F, 

3034 32(0) 

32946 76 

S<l‘D,-4p'l), 

3446 73 (2) 

29004 71 

•Bj-'P, 

3024 67(4) 

33068 96 

3»*P ,-8p*Pi 

3444 10 (6) 

29026 87 

Sp'P.-Si'P, 

3084 36(1) 

33066 86 

3p*D,-8<<*D, 

3440 80 4) 

29068 17 


3038 46 6) 

83066 20 

8»*P,-8p*P, 

3436 42 (1) 

29100 21 


3017 63 8) 

33128 97 

3p*D,-8<I*D, 

3430 60(4) 

29141 09 

SpT.-Sd'Pt 

3008 79(3) 

88280 SO 

3p*D,-8<l»D, 

3428 67 (3) 

29167 60 

8i)»P,-3d'P, 

3004 36(4) 

33275 40 

8p*D,-8J*D, 

3427 41 Sn) 

29168 22 


2997 71 (8) 

38349 10 

Sp»D,-8rf*D, 

3423 42 1») 

20202 21 


2996 61 (3) 

38362 46 

3p*D,-8i»D, 

3416 20 3) 

29271 72 

3p*P,-3(l*Pj 

2992 11 (2) 

83411 61 

3pn),-8d*l)i 

3411 74 1) 

29302 18 


2988 78 (9) 

33604 79 

7p*D,-3<l»F, 

3408 18 1) 

29333 22 

SpT.-Sd'P, 

8983 66(1) 

38606 13 

8piD,-8a*F, 

3406 74 2) 

29363 80 

3i)*P,-3rf*Pi 

8969 68(6) 

83777 60 

8p>Di-3il‘P. 

8403 6Bil) 

29372 43 


2886 34(4) 

36246 36 

Sp*D,-8d*P, 

8394 26(1) 

89463 08 


3818 68 1) 

36467 18 

3p»D,-M»P, 

3384 0614) 

29634 00 


2809 68(3) 

36681 42 

ap •0,-86 •?, 

3383 86 2) 

20643 60 


2798 01(1) 

86717 69 

Sp *0,-86 •?! 

3882>60 3) 

89663 82 


»04 00(2) 

85779 30 

8p»Di-86*P, 

3881 27 0) 

28666 23 


2766 82(1 

saro 9 

5piD,-36b, 

3869 40100) 

80070 88 

ap *81-3(1'Di 

2762 47(0) 

86820 8 

8p‘l>,-36*D, 

8363 83(1) 

29719 61 

Sp'Sj-Sd'D, 

8739 15(0) 

36496 9 



tMMkedbyOll 
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Table III—(oontanued) 


rm u ( 1 ) 

3TS6 95(1) 
ST18 40 2) 
3710 37 (0) 
3708 87 (1) 
2701 05 (3) 
3606 00(3) 
3605 49 (6) 
3893 74(1) 
3691 54(00) 


86*P,-4j)*Di 

8i*P,-4y*D, 


3<J*P,-4p*D, 


8«l*P,-4i»*S, 

3d*P,-4ii*8, 

8<J'P,-4p*S, 


8p *0,-4? *D, 
8p'D,-4p*D. 
8j)*D,-4p*D, 
8i>*D,-4y*D, 


3529 36(1) 
2517 36(1) 
3516 11(00) 
2513 41 (0) 
2507 73 (1) 
>3504 7 (00») 
2501 78(00) 
3409 23(00) 
2403 74(1) 
2493 37 (1) 
2493 2 (0O») 
2489 0 (00) 
3488 3 (OOn) 
3485 27(00) 
2433 24(0) 
3482 60(0) 
2480 73 (1) 
2475 73(00) 
3474 57(0) 
2458 1(00) 
2457 8 (00) 


2454 21 (0) 
2453 54(211) 
2451 91(2f») 
2451 09 (Oh) 
2450 06 (2h) 
2449 88 (2h) 
2448 21(iH) 
2446 93(00) 
1441 72 (3h) 
2441 41(00) 
2U1 06 (2h) 
2438 B3(0«i 
2438 05(00) 
2434 96 (2h) 
2431 69 (Oh) 
2429 65 Oh) 
2429 35 (iH) 
2426 94 2hi 
2426 85 Oh 
2425 93 2h 
2422 84(5h) 
2421 2 (OOh) 
2401 51 (Oh) 
2399 25 (Oh) 
2398 97 (OOh) 
2394 88^ 
2890 44(8h 
2888 20(1) 
2388 82(6h) 


89523 8 
89713 3 
39730 6 
89790 4 
39864 7 
89918 
39959 5 
40000 4 
40088 8 
40094 8 
40113 
40165 
40176 
40224 9 
40257 8 
40268 2 
40298 7 
40379 9 
40898 8 
40670 
40674 


40784 0 
40745 1 
40772 2 

40785 8 


41004 0 
41056 0 
41112 2 
41145 7 
41150 8 
41191 6 
41201 7 
41208 8 


41687 8 
41667 0 
41671 8 
41752 6 
41820 5 
41859 8 
41934 9 


M*Pi-4p‘D, 

34*P,-4p'P, 


3J‘Pi-4p'D, 

84‘Pi-4p*D, 

3(i*P,-4p*D, 

34*P4-4p*D, 

3<i*F,-4p»U, 

34'P,-4p*I), 
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Table JII—(continued) 


A 


Olauifioation 

1 X 1 4 Clawdfleatlon 

2872 81 (S») 

43148 0 

3rf*B’,-4i»*D, 




SMS 08 (Ok) 

42680 6 



Olworvationa by Bowen 

8337 97 (1») 

42942 7 





S88i 83 (On) 

43000 7 

out 

836 288 (9) | 

119710 8 

2p«P,-2p'*D, 

8S19S8(2n) 

43096 1 

Sp'Di-dp'P, 

836 094(3) 

116747 0 

^*P,-2i)'*D„ 

2817 37 (3h) 

43139 1 

3p*D,-4p*P, 

833 741 (8) 

110941 3 

2i*P.-2p'*D„ 

8316 68 (4n) 

43173 6 

8ii*D,-4p*P, 

832 926(7) 

120088 7 

2p*P,-2y»Di 

8SU 76 (8n) | 

43187 7 

3p *0,-41)'P, 




2811 68(2) i 

43247 1 

3p*D,-4p*P, 

703 863 (7) 

142076 1 

2i»*P,-2p'*P„ 

2308 70 (In) 

43301 1 

OUIt 

702 868 (6) 

142268 2 

2p*P,-2p'*P„ 

8306 04(00) 

43361 0 


702 817 (6) 

142884 6 

2p*P,-2p'*P, 

2866 61(00) 

43649 0 


702 327 (8) 

142383 8 

2p*P,-2p'*P, 

3288 36(00) 

43686 9 





8888 18(00) 

43690 6 


*668 4 (0) 

161883 

2p'*P,-8i)*D, 

8287 81 (In) 

43707 0 


*644 169(6) 

166241 

2p'*P„-3p*S, AleoOn 

2386 66(Sn) 

43737 6 


697 82 (4) 

167274 

2p*So-2i)'»Pi 

3386 07(00n) 

43749 


526 79 (6) 

190190 

M‘I>,-8j)'>P, 

2268 84 (On) 

44374 6 


808 180 (6) 

196781 

2p*P,-2p^*S, 

3238 lS(3n) 

44866 3 

3(i>Pi-4p*S, 

607 684(6) 

196973 

2p*P,-2p'*8, 

2132 60 (1) 

46878 6 

S<|fp,-4p»P, t 

607 384(4) 

197086 

2p*P.-2p'*S, 




434 01 (2) 

229933 

2p^-3«»Pi 




895 63 (2) 

262832 

2piD,-8*‘P, 

Xvao 



374 3 (4) 

267166 

2p*P-3a*P 




338 06 (0) 

281643 

8p*S,-3(l»P, 

1916 48(2} 

62179 

3p*8,-4»'P, 

328 M (0) 

304662 

29>B,-M‘P, 

1607 06(1) 

62437 


308 7 (8 

887118 

^*P-3d*6 

1903 89 (1) 

68662 

3p *8,-44 •?, 

•308 7 (2) 

829272 

2p*P-8S»P 


* Suggsitod by preaenl author 


Cmpartson of 0 III vMh NII 

It u of interest to compare the terms of 0 III with those of NII, as m Table 
IV, where the relations between the two are shown in the form of the ratios 
OIII Nil 

As regards the tnplets, there is no ambiguity m the assignment of term types, 
and for these it will be seen that the ratios mcrease contmuously from 1 862 
in the 2p level to a maximum slightly m excess of 2 2S (= 9R/4R) in the 3d 
level The variations are similar to those found m corresponding comparisons 
of other spectra Vor example, m comparing the doublet terms of Al III with 
those of Mg 11,* it may be deduced that the ratios for the deepest », p and d 
levels are 1 89, 2 06 and 2 28 respectively 

In consequence of the absence of extended sequences, it is difficult to assign 
the types of singlet terms m complex spectra with the same certamty as for 
tnplets In the case of OIII, however, there can be little doubt as to the 
correct assignment of the p ‘D, terms, or of 3d ‘P„ and thence of 3d *D,. The 
* A. Fowler, ‘Roy Soo. Ftoo.,’ A, v(A lOS, p. 4S7 (1928) 



Spectrum of Doubly lomeed Oxygen (O III) 
Table IV —fiompanuon of Terms of 0 III and NII 
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Nil 

OUL 

Nn 

om 

0III/N U 

1*P, 

2p»P, 

288S49 

444661 

1 862 

IW,' 

1»S,’ 

2piD, 

228831 

424380 

1 899 

2pi8, 

147H9 

401472 

2 729 

1*P.' 

3«*P, 

89937 

177886 

1 972 


3*iP, 

89608 

171513 

1 913 

2»D,' 

8piD, 

74235 

163687 

2 069 

1»D/ 

I'Si' 

218,' 

3p*D, 

73324 

150728 

2 084 

8P*S. 

69984 

147036 

2 102 

8pi8, 

60573 

146278 

2 415 

2»P, 

3p*Po 

68273 

144365 

2 116 

I>P, 

3p‘P. 

64634 

130792 

2 023 

l‘F,' 

84% 

62168 

120132 

2 302 

1»F,' 

34 *F, 

62334 

120131 

2 296 

1 ‘P,"' 

84% 

51755 

119859 

2 316 

1*D, 

84»D. 

514(te 

117365 

2 285 

I'P,"' 

84*P, 

499091 

115126t 

2 307 

1»D, 

34 IT), 

48726 

111816 

2 294 

2»P,' 

4«»P, 

42306 

94484 

2 234 

2>P,' 

4«1P, 

40987 

91712 7 

2 238 

8‘D,' 

4piD, 

•37046 T 

78869 

2 129 

2*D,' 

4p*D, 

36132 

78107 

2 162 

8*8,' 

318,' 

4p«8i 

4p‘S, 

35314 

76641 

74993 7 

2 170 

8»P, 

8ip, 

4p*P, 

4pip, 

•33036 

74267 

73981 7 

2 249 


* Added to N11 in the oootae of the proeent inveatigetion 
t Inverted terms 


and terms might possibly be considered as mterchangeable, but 

the apparent occurrence of Sp^P^ — 3d (18977) is substantial support for 
the assignments adopted The magnitudes of these terms are also m favour of 
the arrangement shown m the table, since 3p (146278) umtes with 2p ^8„ 
(401472) in a formula with a small correcting term, whereas the substitution of 
(130792) for Sp^Sf, would require a large correotmg term 
There is greater difficulty with regard to the singlets of NII, and the com- 
pansion with 0 III suggests some modification of the original allocations Thus, 
consideration of magmtudes suggests that 1 and 1 ^P'" of NII should be 
interchanged, and since this is in no way inconsistent with the observed com- 
binations, these terms have been interchanged in Table IV With this modi¬ 
fication, the ratios for the singlets are m reasonable agreement with those for 
triplets, except for 2p and 3p which are notably discordant An inter¬ 
change of (60673) and Sp^Pj (64834) would not entirely remove the 
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discordance, and would leail to an irregular combination ’So — ’D, for the Ime 
16908 28 (3) These terms have accordingly been left in their original form 
The terms 2p ^So and 3j) ’So of N11 thus remam much smaller than would be 
expected from the comparison with O III, but they mvolve strong hnes and no 
alternative term values have yet been found 

Summary 

The paper includes a catalogue of more than 300 lines attributed to 0 III, 
of which about one-half have been classified by the author and others As was 
expected, the spectrum is generally similar to that of NII, and the terms so far 
detenmneA-are in complete agreement with Hund’s theory 

The assigned term values are based upon a sequence of three singlet D terms 
The deepest term is of the type and for this the value 444661 has been deter¬ 

mined by adopting Bowen’s suggestion that the well-known green hnes X 6006 8, 
X 4968 9 m the spectra of gaseous nebnlte are due to irregular combinations of 
deep terms of 0 III The corresponding ionisation potential of 0 III is 54 88 
volts 

The author desires to express his thanks to Mr B W If Selwyn, B Sc, 
who, with the aid of a grant from the Department of Scientific and Industrial 
Research, has been able to give valuable assistance m the experimental work 
mvolved in the preparation of the foregoing paper 
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A Vector Loci Method of Treating Coupled CxrtntUe 

By E Mallbtt, D So 

(Commumoated by T Mather, F —^Received November 26, 1926, 

Revised Ootober 4, 1927 ) 

Introduction 

If m the first of two coupled circuits an electromotive force of constant 
ampbtude and variable frequency is introduced, the currents m the pnniary 
and secondary respectively may be written ij = e/Z' and t, = e/Z" where Z' 
and Z" are complex impedance operators. The loci of these impedances as 
a IS vaned have defimte geometncal forms Z" is a parabola and 'll a cissoid 
family If a parabola — (—x)p wh^ p depends only on the inductances 
and resistances of the two circmts is drawn, and a pole 0 is taken a certam 
distance to the left of the vertex a, then OP represents the impedance Z" to a 
certam scale The greater the coupling between the two circmts the longer is 
Oa ' As 61 moreases from a small value, P, starting on the lower arm of the 
parabola far to the left, moves counter clockwise round the parabola If 0 
18 near a there will be a sin^e mimmum value of OP, and a single maximum 
value of the current But if the coupling and therefore Os is larger, there 
will be two minimum values separated by a maximum value, corresponding to 
the well'kiiown double hump ijto curve 

The locus of Z' is the cissoid family of curves The straight Ime of zero 
coupling bulges at the axis as the coupling is increased, and develops a loop as 
the coupling is still further increased Here agam a double minimum impedance 
appears, corresponding to the double hump resonance curves. 

The current loci are the inverse of these impedance loci, and these are drawn 
to scale for a particular case 

When the ououit condensers arc varied instead of u the loci degenerate mto 
strai^t lines and ciroles 

Many properties of coufded circmts are explamed and derived from the 
geometry of the curves, and it is shown that with certam circmt condifaons 
fulfilled, the curves are of the same form for any typo of coupling 

I Magtnetic Coupling 

When an e m f is introduced m the first ciromt of capacity C^, inductance Lj 
and total resistance R^, coupled by a mutual inductance M with a second 

voi, oxvu—A A 
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oixcmt, L,C|B|, the pmnaiy and secondary onirents can be wntten respectively 
%i = e/Z' and =* «/Z" where Z' =» + w*M*/Z„ Z" = j + ZiZ,)/«M 

and Zi = Ri + j (©In — I/ojCi), Z, = B, + ; («L, — l/coC,) 

{A) Cvrowts tuned, so that I^Cj = L^Ca == Z" and tg. 

To find the loons of Z“, we first find the loons of 


I (m — «o*/“). y — (“ “ “o/“)'| 

f L,Ri)*/LiL J {BiBg — *} = p (BiRg — *) J 


( 1 ) 


ZiZ, = RiR, - XiX, +;? (XiR, + XA), 
which in cartesian co-ordinates gives 
X — RgRa — (* 

whence 

y* = {(L,R,+ 

This curve is a parabola (fig 1) with the intercept on the x axis Oa » BiRg 
In the special case where the two cironits are identical, that is where the locus 
isthatofZ*,Oa==R*and06 = ()o = 2R» That 
IS, 0 IB at the focus of the parabola 
It IS to be noted that the locus of Z^Z, depends 
only on the inductance and resistance values of 
the circuits, the condenser values are only used 
m fixing the values of u round the parabola 
As (A increases from a small to a large value 
through b>o the extremity, P, of the vector OP 
representing Z^Zg moves m the direction shown by 
the arrows starting from the extreme left on the 
lower half of the parabola, moving to the right and 
up through a, and then to the left along the upper half 
When M is small as it is in most wireless circuits and the resonance is passed 
through with only a smsU change of co, we may as an approximation take 
as being constant and simply measure off 00 ^ = (o’M* horizontally to 
the left from 0, to give the new polo Oj, such that O^P = w’M* -j- Z^Zg 
Fmally, to multiply by j/uM we turn the whole diagram counter-ciockwise 
through 90° (or take Ob os the new reference axis) and alter the scale 
The magmtude of the secondary current is mversely proportioiial to the 
length O^P As P travels round the parabola O^P at first decreases m size, 
realties a miniTnum at 14 , moreases agam to a maximum at a, decreases to a 
minimum at n„ and finally increases indefimtely If, therefore, tg is plotted 
against u, the well-known double hump curve is produced. If, however, the 
coupling 18 Buffiaently loose, t e, OOj small enough, O^P does not reach a 
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maxiTniim until P lies on a, the double hump disappears giving a single peak 
resonance ourve 

We can find the oouphng at which the double hump just begms to appear 
as that whioh makes = O^a where Oiti^ is the length of the normal from 
Oj to the parabola 
This occurs when Ojo = p/2, % e, 

<o*M« = (L^R, + LaBi)*/2LiL, = iR^R, (A,/Ai + AJA.) (2) 

where A^ and A, are the decay factors of the two oircmts 
When the decay factors are the same this critical coupling is given by 
co«M« = RiR, 

To be exact, the <o at O^a is not quite the same as that at O^n Thus at the 
normal (RjRi — x) = <o®M* + RiR* — p/2, but from equation (1) 

(RjR, - ®) = LiL, (« - Wo*/w)“ 


Equating the nght-hand sides gives 

w (1 - -c*) + 2<e*(Ai« + A,*) 4- V = 0 


where = M*/LiLj 

If the terms containing R are neglected this yields the well-known expression 
u ss Mp/V 1 ± V for the frequencies of the humps, but a closer solution is 
obtamed as 




VT±1: 




V+V \ 

2a)o*T / 


(3) 


The magmtude of the secondary current at the humps is = (eiM/Oiti) e 
and since Ojn* = p (O^o — p/4), 

= cu«MV/[4L,L, (Ai + A,)« - L^L, (A, - A^)*}] (4) 

If the circuits have the same or nearly the same decay factors, so that 
A, — Ai IB O or its square tunes L^L, negligible m comparison with unP, 

then _ 

„., = s/2v'LxL.(A,-f A^ (6) 

This then proves the well-known fact that an morease of coujding beyond the 
ontioal value produces no alteration m the secondary current maxiTmiTn It 
appears, however, to be subject to modification when the decay factors of the 
two oircmts are appreciably difierent 
At ontical coupling given by (2), equation (4) becomes 

= (Ai* -f A,«)e«/2LiL, (Ai + A^*, 


2 A 2 


( 6 ) 
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and this gives the maTiTniim value of the secondary ooirent unth the two 
circuits with sufficient ” coupling An increase of coujding b^nd the cnboal 
value will result in a decrease in the Tnanmnwi amphtude, while a decrease of 
coupling will result at first in an increase of secondary current. When the 
coupling IS below the critical value maximum secondary current occurs along 
O^a, and its magnitude is mt| = MMe/(<i>DP + B,B|) This is a maximum 
when «*M* = RiR„ and is thene/2'\/BiBjwhichia the value given by equations 
(6) and (6) when = A, This is then the maximum possible value of the 
secondary current 

As an example, the parabola of fig 2 is plotted for the case of two circmts 
tuned to a value of Wj = 0 6 x 10 * with Li = 4000 = 1000 pfiE, 



B^ = 20 ohms, ~ 2000 pH, C, ~ 2000 ppF, and R, = 20 ohms, giving 
Aj = 2600, A, = 7600 and p = 3200 ohms* 

From this parabola »,/ u curves were drawn m figure for values of (o*M* = 200, 
GOO, 1000, 2000 and 4000 The second is the value of (o*M* giving maximiim 
secondary current, and the third is the critical value at which the double hump 
just begins to appear 

In fig 3 the vector loci of «| is plotted by mverting the parabola of fig 2 with 
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vanoufl poles and muHijdying by <(>M The reference vector e is drawn 
vertically upwards At &>o the secondary current lags 90° behind the primary 

Kmr 
Fig 

1 0 800X10* 

2 0-602 

i 0-604 

4 0606 

6 0608 

6 0 610 

- 7 0-612 

8 0 614 

Fro 1 —Loci of Unequal Decay Factor* (Scale, 1" = lOiaA/volt ) 
e m f As the frequency is increased from a low value, the phase angle of the 
secondary current varies through 360°, from 90° m front of the primary e mi 
to 270° behind it The phase angle at any particular frequency depends upon 
the couplmg, and curves are readily drawn showing the loci of secondary 
current with frequenry held constant and couphng varied Thus the dotted 
curve IS drawn for an angular frequency of 0 502 X 10', with direction oountor- 
olockwise 08 the coupling is increased 
With very loose couplmg the locus of with varying b> tends to become a 
cardioid, while with very tight coupling it approaches a pair of circles These 
extremes correspond m fig 2 to the pole approaching the focus of the para¬ 
bola, and to the pole being so far to the left along the axis that the locus of 
P IS very nearly straight while the current changes are most marked 
In the case where the coupling is greater than critical, so that two humps 
appear, we shall have no difficulty m drawing the Z" parabola from an experi¬ 
mentally determmed *,/&> curve This parabola is 1/uM tunes the size of the 
Z^Za parabola, but is otherwise unaltered on the assumption of very small 
dhanges of (o If any ray is drawn through the vertex a to meet the parabola 
in a pomt F, smee 0^? is the value of Z" for this frequency, the value of the 
angnlar frequency for the pomt F can be read ofi from the Z"f<a curve If 
now we call the angle PaY ^ we have 

tan ^ = L,^L|(c<) — «o*A»)/(LiBa -j- Lglli) 
whence dco/d tan ^ » Ax 4- Ag 

once coo'/cd^ is very nearly one 
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Evidentiy, therefore, a oonstruotion similar to that of the circle oonstroction 
m the simple resonance carve* will give the sum of the decay factors of the two 
ciromts 

This IB applied m fig 4 to the ijm carve from fig 3 with (o*M* = 4000 We 
suppose that the curve t, per volt apphed to the primary has been obtamed 



experimentally The values of t, are entered against the corresponding angular 
frequencies, and at each the value of Z" is calculated as 1000/t, where t, is m 
milliamps per volt 

The values of Z" are plotted against u on the left-hand side of fig 4 
For insertion in the formula Oiii = Vp'(O^a — p'/^) *<> Sod p' of the Z" 
parabola we have O^n = ^>5 1 and O^a = 72*8, and obtam p' =3 SO 6 ohms 
A parabola with p' = 60 6 ohms is drawn on the nght-hand side of fig 4 
The pole for Z" is found by marking off AOj = 72 8 ohms. The angiiUr 
frequencies for the various pomts P are found by drawing arcs with 0^ as centre 
and Ox? as radii to meet the vertical through in pomts Q and projecting 
horizontally from Q to meet the Z'7<<> curve m the corresponding pomts F 
Here it must be remembered that as the Z'7o> curve is drawn from left to 
right so the parabola is descnbed from A to the left (Only one-half each of 
the curve and parabola is drawn. The other half if symmetnoal) A vertical 
* ‘ J In»t Elect BngTB.,’ vol 62, p 617 
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AB equal to unity to aome suitable scale is drawn through A and a horizontal 
through B The rays AP meet this horuontal m the points T Then BT 
18 the tan ^ corresponding to the u found for P, and the length RT erected at 
this CO on the left of the diagram gives a pomt on the tan ^/co curve The slope 
of this 18 found to bo 10,000, in agreement with the known value of + A, 
Couphng Tight —^When the coupling is considerably greater than cntical the 
pole Oi of the Z'7jcoM parabola is situated far to the left along the axis The 
current locus approxuuatee to a pau of cuoles, while the current resonance curve 
IS composed of two humps becoming more and more like separate sim^ reso¬ 
nance curves further and further apart 
In order to obtam an expression for the effective decay factors A' of these 
humps, we notice that as P moves to the right on the lower half of the parabola 
(or to the left on the upper half) with morease of 0^ also moves to the left, 
owing to the now appreciable change of ci’M* Thus as « is the aiigile the ray 
O^P makes the normal drawn from to the parabola, the movement of 0^ 
causes an morease (or decrease) of tan a for a given change of (>> The move¬ 
ment of Oj IS small and the loons of P nearly horizontal, so that no great error 
will be caused by assuming that So is measured along x and that the normal is 
measured by y Tan « therefore is given by hxjy where is the difference 
from the peak value, and is m part due to the movement of F and m part due to 
the movement of 0^ 

For the first part we have from (1) d (— ») dio = 2LjL,ci> (1 —• and 

for the second part d (— x)ldci = so that the whole change is given by 
d (- x)ld<a = 2LiL,co (1 - o)o*/«‘) - 2oM* 

The exptemon is to be evaluated at the frequencies of the peaks, which are 
given with sufficient accuracy by to == «o/V 1 ± t Smee A' = dafd tan « wo 
obtam 

A' = i(Ai + A,)/(l ± T) (7) 

(6) Z' and —In cartesian co-ordinates the locus of Z' is given by 
® = Ri -f- co»M»R,/(R,» + X,*) 
y = X,-(te«M«X,)/(R,*-f X,*) 

Moving the y axis so that x‘ ~ x — R^ — L^Ri/Li and eliminating 
and X, gives 

the equation to a family of curves (with vanous values of M) such as those 
shown m fig. 6, which is drawn for the example considered previously When 
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um*fR, — LiB|/Ti| 3= 0, (u’M* — 1800), the loop ahnnkiunto a ousp and the 
curve IS a cusoid For smaller values of M the cusp is rounded oil With larger 
and larger values of M the loop becomes larger and larger, but the curves will 
be distorted as the alterations of u m b>*M* will become significant 
The original axis of y was situated a distance + Ji^Ri/L, to the left of 
the final axis, which passes through the cusp. 

The Ime ® or as' = — LtR,/L, is an asymptote to the curves, and is 
the locus of Z' when M as 0, t e, it is simply the locus of Z^. 

It will be noticed that all the points for a given frequency he on a straight 
line passmg through the rusp One such line is drawn dotted through the 
pomts for to =- 0 804 X 10® 

That this should bo so can be seen by chminatuig to“M* from equation (8) 
giving 

*^1 + yB's = 

The hno passes through the cusp and its slope is — Sco/Aj 
The loci of ti are obtained from those of Z' by inversion, and are drawn m 
fig 6 The curves all he within the *| circle obtamod with to*M* = 0 As 
18 moroased the circle flattens, then develops a re-entrant part which m 
turn becomes a re-entrant cusp and a re-entrant loop 
The labour of drawing a separate ray on figs 6 and 6 to find each to point on 
fig 6 was avoided by making luie of the fact that the u Imes of fig 6 mvert to 
circles in fig 6 Since all the lines pass through the cusp C, all the circles must 
pass through the mverted ousp C, and also through the origin 0 of fig 6 Theu 
centres must therefore he on the vertical drawn midway between 0 and C, and 
the distance of the centre from the honzontal is given by — ^OtlAi/Scd 
Frequenoiet of Mamtmm Current —In order to find an expression for the 
hump frequencies of the primary current, we must find the frequency at which 
the ray OP is normal to the curves of fig 6 The equation of ON the normal 
with the origin at the cusp is 

Rj L]B,/La -i- » =3 y tan 8 

where 6 is the angle between ON and the hne drawn vertically downwards 
through N, and is also the angle made with the horizontal by the tangent 
to the curve at N The solution for the normals is therefore given by the 
equation 

®=~v(|)^-(Ri + LiR./L,) 

which yields 

R,*-l-V(<o-o>oVco)* ^ L,(o*M* 


( 10 ) 
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If the leaiBtsnoe temw are neglected the solutions become co = wa/Vl ± t 
as with the same approximation with the secondary ourrent 



With tijht oonplmg, or with very small damping, the denominatpr 
nQ^hand side may be expanded by the Binomial Theorem, leading 


t S. 
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Companiig thu with fomralA (3) for the secondary humps, tt is seen that the 
correction factor on the rosistanceless ciromt frequencies is in the opposite direc¬ 
tion to that m the secondary current case, and Aj A, occurs m the factor instead 
of }(Ai* 4- A,*) If the decay factors of the two circuits are the same the 



nc^cKinj reaisHince 
fndnMLiy & otcondaxy^ 


aceondAiy, 

pnmaiy 



Fio 7. 


correction is the same in magmtude, but it is still oppositely directed Fig 7 
shows the relative positions of the humps with regard to frequency 
Caro must, however, be exercised m using formula (11) In oases where 
the coupling is small we may arrive at a very close approximation by assummg 
that the denominator of the B H.S of (10) is constant and wnting 


/ 2M. 

V ^ ^ L, «*M* 


^ L, io*M* ^ «*M* 


( 12 ) 


Using for cd the value given by the resistanceless theory, a value of k can always 
be found When the coupling is tght and the L H S can be expanded in 
two terms, we have k =< A^ A,, and it is easily seen that the values of to required 
will be very nearly given by replacing A^Ag m formula (11) by the value of k 
found from (12) k may be negative It may also be zero for one value of 
the coupling, m which case the current peak occurs at the actual value given by 
the ideal (resistanoeless) circuits 

CoupUtig Tight —As the coupling becomes closer and closer, the loop of fig 5 
becomes larger and larger and more and more nearly a circle, while the curve 
at the cusp becomes more and more nearly a pair of straight hues, whose slopes 
are given by 



From these slopes we can find the current values at the peaks of the two 
humps For the value of Z'-i. n (R| -|- LjR^fL^) cos p, where ^ is the angle 
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between the line and the vertical and u also the angle between the normal to 
the hne and the horizontal Thus tan (90 — ^) = dyfdx and 

Z'^ = 2Li (+ A.) (l - A,«) (13) 

The slopes of the Imes are also of value in finding the values of the effective 
decay factors of the two current humps which are readily found to be given by 
the same expression as that for the effective decay factors at the peaks of the 
secondary current humps (equation (7)) 

Comparing the primary current humps with the secondary current humps it 
will be seen that the amplitude of the latter is greater than that of the former, 
and the small difference of frequency at the maximum will be noted 
A more striking difference is m the phase angles, which is made clear by 
reference to the vector current loci of figs 3 and 6 The phase of the pnmary 
current, starting with small values of 90° in front of the primary e m f changes 
through 0 to nearly 90° behind as the first hump is desonbed and from nearly 
90° behmd through 0 to nearly 90° m front m going through the trough, and 
finally from 90° m front through 0 to 90° behmd in describing the second hump 
The phase angle thus passes through 180° (nearly) twice, from 90° leading to 
90° logging In the case of the secondary current, however, the phase of the 
current with regard to the pnmary e m f changes through 360° The current 
starts with small to values by being 90° ahead, it then decreases through 0 to 
90° lagging while the first hump is desonbed, and decreases agam from 90° 
lagging through 180° lagging to 270° lagging while the second hump is desonbed. 

The trough between the humps may be of mterest especially when the dampmg 
of the secondary circuit is considerably less than that of the pnmary, when the 
definition of the two humps will be pronounced even though the ooupliiig is 
not very tight An example of this is the quartz crystal oscillator 
The nght-hand region of the impedance locus m this case approxunates to 
a circle, with pole distant -f L^Ba/Li from the circle In some cases this 
may be very small compsured with (>i*M*/B, — L^Bi/Li, m which case the pole 
18 very nearly on the cirole, and the current trough is nearly a straight line 
B Two Cxromts Nearly Tuned —When the two circuits are a httle out of tune, 
and when the coupling is not too tight, so that the frequency over the resonance 
IS not very different from the natural frequency of either mrouit alone, we can 
obtam some useful approxunations, and show that the form of the locus is the 
same, but that the pole is moved away from the axis of iqanmetry 
Let Ui and be the values of l/VLiCj and l/VLjC, respectively 
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Then we have, smoe under the oonditione contemplated, Oi/u wdl not be 
very difierent from (1), 

= 2lii (w — <i>i) 


X, =* 2La(ci> — tii,) 

Hence the locus of Z^Z, is given m cartesian co-ordinates by 

X = RiRj — 4L]L, (to — toj) (to — to,)'| 

r (1^) 

y — 2LiR,(to — toi)-l-2LJRi(to — to,)j 
Now the maximum value of x will be obtamed when o) = J (wj -f w,), 
and then 


»m = ElUf + (toj — toj)* \ 

Vm = (La^i - LiR,) (toi — to,) j 


(16) 


Transferring to new axes x' ~ x — x^y' = y y^, we obtam 
a;* ~ {(<•> i"!* e>*) — 2to}* 


y' — (I^Ra + I'a^) («i + Wa — 2 to) 

and 

V'* = (_ x') 

Henoe the locus of Z^Z, m this case is the same parabola as in the tuned oirouits 
case, but the distnbutiou of to round the parabola is difierent and the position 
of the pole is difierent The parabola is determined only by the R and L values, 
the to positions and the position of the pole depend upon to^ and u,, that is 
on the condenser values 

The to pomts may bo put in by either of the equations (14), and the pole by 
equations (15) In general the polo will be off the axis of the parabola, but m 
the special case of ^ = A, as well as, of course, m the case of 

toj = to,, the pole lies on the axis If tox and &>, are looked upon as variables, 
t e, if the condenser values are altered but all else remains constant, we obtam 
from (16) 

yj = {(L,Rx - LxR,)«/LxL J (- + R^R,} 


Thus the locus of the pole is also a parabola, having the same axis as the Z,Z, 
parabola, and with its vertex distance RjR, to the left of the vertex of the Z^Z, 
parabola When the decay factors of the two oircmts are the same, the para¬ 
bola of the pole of Z^Z, d^nerates to a strai^^t line oomciding with the axis 
Having now obtained the locus ZjZ, and its pole, wo measure off to^ 
honsontally to the left to obtain a new pole 0, such that the rays 0^? to the 
parabola when multiphed by j/toM give Z", which on mversion gives *, 
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Hub oonatruotion u mdioated m fig 8 Thu diagram bnnga out dearly the 
fact that generally the current humps are of different height As to which 
hump, the lower frequency or the hi^er, u 
the larger u determined by the sign ot va. 
equation (15) If such a current curve u 
obtained experimentally, we have the problem 
of finding the corresponding parabola If AB 
and EF are the lengths of the current hump 
maxima, and CD u the length of the current 
trough, and we draw concentnc circles of 
radn = 1/AB, r, = 1/CD, r, = 1/BP, 
we have to find a parabola with axis horizontal to touch the three circles 
Probably the simplest manner of doing thu u to draw out a family of parabolas 
on tracing paper and so find the one that most nearly fits the circles Having 
found the parabola, we can apply the construction of fig 4 to find the value of 

Ai + Aj 

In a similar manner it u readily shown that the lociu of Z' for the untuned 
case u identical with that of the tuned case, but has its pole dejaessed below 
the horizontal axu through the cusp by an amount 2Li(<i), — oii) The 
impedance minima and therefore the current maxima will always be different, 
even m the case when the decay factors of the circuits are the same 
C Condensers Varied, Constant —^Wlmn ce u constant and the oiromt con¬ 
densers are varied, the loci liccome straight lines and curclcs 
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II Direct Cou^ng by Common Impedance 
When the coupling between the two circuits is by a common impedance Z«, 
we have lor finding the primary and secondary currents 

Z' = Zi-Z.«/Z.. 

Z" = (ZiZ,-Z.*)/Z„ 

where Z^ is the senes impedance of Rx Cx and Z, and Z, that of B, L, 
and Zf 

These expressions are of exactly the same form as those for mutual mduotanoe 
coupling, and give the same form of loci When the common impedance is a 
condenser C«, toM m the mutual case is replaced by l/toC,. With couplings 
below the ontical value the maximum secondary current is obtained when 
Xx = X| = 0 or til DJ/IixCxCj = 'V^(Cj -j- C,)/L|0|C«< The 
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oonphiig for wiaTimnw seoondarj ouxrent is that which makes l/o>*C,* = B^Bg 
The ontioal coupling oondenaer value is found from 

1/<0*C/ = RiR. KAg/Ai + VA.) 

If the coupling impedance u a puce resistance B, each circuit will be further 
damped by this resistance 

The pole of Z^Z, will be (Bj + EJ (B, 4- Eg) from the vertex of the parabola, 
and the pole of Z'Ug will bo (B^ + B,) (R, + R,) — R^ = RjR, + (R^ + R,) R. 
from the vertex So that the condition for a double hump to appear becomes 

R^R, + (Ri + R.) Eg > {(Lg (R, + R.) + Lg (Rj + Re)}/2LiL,. 
a condition which cannot be fulfilled It appears therefore that a double hump 
resonance curve for the secondary current cannot be obtained with resistance 
oouphng 

III Direct Coupling by Impedance not Common 
In the case where the coupling is by an impedance Z* not common to tho two 
oirouits, we obtain 

Z" = - <o*CiCgZ, (LiZg/CiZg + L,Z,/CgZg + Z^Z,) 

Z' = Zi + lW(WCgZg4-Zg) 

When the coupling impedance Zg is a condenser Cg and the primary and 
secondary circuits are tuned Z" is given by 

jc^A ' /C, "" (o,-«o«/<-)*-«Cg(LJ.,/(.\ + L^Lg/Cg) (co - 6i„Vto)* 

4- j {(LiRg 4- LgRi) (<o - a>o«/<o) «Cg (L,R,/Ci 4' LgRi/C,)} 

An examination of this expression shows that tho locus of Z" jjtxsGjCJC, is a 
parabola y* = p (— *), that the value of p is the same as m the case of magnetic 
coupling, but that the position of the pole is determined by tho expressions 

- =3 BjBg + i«*C,*LiL, (1A 4- 1/C*)» 

yp = - oiC. {LiL,( Ag - Ai) (1A - 1/Ca)} 

In the magnetic ooupUng case we had for the distance of the pole from the 
vertex — aip = RgEg 4- Comparing this with the above, we see that 

M IS replaced by Viiitj {1A 4- 1 /Cg) In tho magnetic case the parabola 
IB to be multiphed by j/ioM to obtain Z", whereas with the capacity coupling it 
IS to be multiphed by ^biCiCg/Cg. M therefore in this case corresponds to 
Cg/<o^iCg, and it is only when C^ = C, and therefore = Lg that these two 
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quanti t iea which replace M in difierent parts of the expression are equal, and 
that a real paralld can be drawn between the two cases This appears also 
from the expression for y,, which is 0 when = Cg In the magnetic case 
y, 18 always 0 when the circuits are tuned 
It appears that y, is also zero when — Ag, and we conclude therefore that 
in the case of capacity coupling, when the oircmts are tuned and the coupling 
condenser is large enough for two humps to appear, that these humps will only 
be of equal size if the decay factors of the circuit are the same, or if the con¬ 
denser’s values are the same In all other cases the pole is displaced from the 
axis of the parabola, and the current humps wiU be of unequal height 
The distribution of u round the parabola is most convomeutly done from the 
expression 

y = (LiRg + LgRj) {o - 6>„Vei + ioiC. (1/Cg -f- 1/Cg)} (16) 

It IS seen that at the vertex of the parabola, t e, at or near the trough of the 
current curve, when y = 0 

<o»-6ioV{H-iC.(l/Cx + l/C,)}, 

and that unlike the magnetic coupling case, the ci> distnbution is altered when 
the coupling is altered 

Making our usual approximatioiis and writing 

(1/Ci -f- 1/Cg) — Wg, 

so that <i), IS the difference of the frequency at the vertex of the parabola from 
Wq, we have 

y = 2 (LjRg 4- LgRj) (« — a>„ — w.) 

So that to find the frequencies m the case of capacity coupling we simply 
substract from each of the values found for the Z^Zg parabola 
The frequencies of the current hump maxima and of the trough minimum 
can be determined by using exorcise 11, p 214, of Salmon’s Como Sections — 
“ The co-ordinates of the pomts on the curve (y* = px), the normals at whidi 
pass through a given point x'y' are given by the solutions of 

2y8 4.(p2-2?«')y = p*y'” (17) 

Substituting the values of x, and y, for x' and y', y from (16) and p, and 
sdvmg we obtam the three solutions (on neglecting the effect of the resistances) 

<0 = a)„/Vl + C. (1/C, + l/Cg), 

b> = Uq/Vi + JC# (1/^1 + 1/Cg) 
and 

CO = COg, 
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which detonmne the frequenciea of the lower hump, the trough and the higher 
hump 

If the efEeot of resutanoe is to be taken into sooount the best way is to draw 
out the parabola and hnd the pomts graphically 


IV Combined CapaeUy and Mutual Coupling 
A case of considerable interest in all high-frequency circuits is that of com- 
bmed capacity and mutual coupling, owing to the general impossibility of 
avoiding capacity coupling when only mutual is mtended 
In addition to a coupling condenser 0^ not common to the curemts the induc¬ 
tances are imagined to be coupled with a mutual M, and we obtam 

^ _ {(i+§;+§;).s..+2M^} + {(^z.+bz.),„c. + za} 
j<oM(i + a+a)+^^ 


We note that the whole of the vanables arc contained m the last term of the 
numerator, which is the parabola 7 /'of the case of capacity coupling 
only 

So we may write 


Z"{-,»M(l+S.+a)_, 




Ci>GjC2 


+ 2M 


Cg I /the capacity\\ 
CiC, ' parabola ))' 


from which by constructing the capacity parabola, and findmg a new pole 
(1 -|- Cg/Cj + Cg/Cg) m*M* + 2MCe/CiCj to the left of the ongmal, the left-hand 
side can be found for any frequency, and finally Z" by multiplication by 

l/{- jtoM (1 + Cg/Ci + Cg/Cj) - jCg/coCiCg} 

For the frequencies of the humps and troughs wc have for substitution in 
equation (17) y from equation (16), p as before, and 

= RjR, -t- i«*C,*LiL, (l/Cj + 1/C,)* 

+ (Cg/C, + Cg/C, -f 1) coM* + 2MC,/0iC„ 
y' = y, = _ coCg {* (LiR, - L,R,) (1/C, - l/C,)}, 
giving as solution for the trough (on neglecting terms with R) 

= «o/Vl + iCg(l/C,-f-l/C.) 

as before 


VOL oxvn.—A. 
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The two remaining Bolntiona (for the humps) are to be obtamed from 

VL,«{(co - + ieiC.(l/Cj + IW 

= {iio*Ce*L,*L,*(VCi + 1/C,)« + L,L,m*M*{ 1 + C,/Ci + C./C,) 

t- 2MLiL,C,/CiC^ 

This affords in general no neat solution, but when the rapacity coupling is small, 
as m the case of stray capacities, so that Cc(l/C, + 1/C|) may Iw neglecteil 
m comparison with 1, and when also Cj and Oj are nearly equal so that 
J (Cj 4 Cj) — VCiC,, then the equation becomes 

(to - «„*/«) + JeiC,(l/C, + 1/0,) = ± {ioiC.Cl/Ci + 1/C,) + «M/VW 
Taking the positive sign gives w — Wq/V 1 — t for the higher frequency, t e , 
the higher hump coincides with the hump for mutual alone, provided M positive 
Tf M IS negative, co = Wo/V 1 4- t and the lower hump with mutual alone is 
not moved by the presence of the capacity coupling 
Taking the negative sign we have 

w - Oo/Vl + 0,(1/C\ + l/Cj) + T 

If M IB positive the frequency of the lower frequency hump is still further lowered 
by the capacity coupling Tf M is negative the frequency of the higher frequency 
hump IS lowered by the presence of the capacity These effects are indicated 
in fig The effect of the capacity coupling in the c.) distribution is to make 
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to' and ca" = Wq/VI T t unsjmmetnoally placed on a parabola The polei 
for M positive and M negative are as indicated, with the resulting resonance 
carves 

V Summary and Condunons 

Z" can be obtained from a parabola y* = p{~x) by drawing rays to the 
parabola from a pole y„ and dividing each ray by a vector A. The distribu¬ 
tion of (0 round the parabola is found &om 

y = 4LiL, (Ai -h A,) (« — too -f to.) 

and in all oases 

p = 4LiL,(Ai+ A,)» 

When the circmts are tuned the values of A and coa for various types of 
coupling are as follows — 

(i) Magnetic couphng— 

— as, = BiB, + to*M* 
yp = o 
A = — jtoM 
w« = 0 

(This 18 couphng my mutual mductance If the coupling is by a common 
mductanoe 1,1 replaces M in the above expressions and and Zo refer to whole 
circuits composed of Ci I and L, C, I with their total resistances ) 

(ii) Coupling by a common condenser— 

- = BiB, 4- 

A — — j/wCe 

to, = 0 

(Here again and Z, must compnse the whole circuits LjCj and Ce, and 
L, Cg and ) 


(m) Coupling by senes condenser C, between circuits- - 

- r, = B,B, + ito*C.*L,L, (l/C^ + 1/C,)* 

- yp = «C. {* (LiB, - L,Rx) (1/C, - 1/C,)} 
A = — jCff toC^C, 

Wa -= i«C,(l/Cx + 1/C,) 
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(it) Combined magnetic and clectrostatio ( (i) and (lu)— 

- a!p = R^B, + <o*M« (1 + Oe/Ci f- Cp/C,) + 2MC,/CiC, 

+ i(o«Cp*LiL,(l/Ci + l/CJ« 

- V, - i (L,R, L^,) (1/Ci - 1/C,) 

A — — jfoM — jCp/wC^C, 

-- itoC. (l/Ci + 1/C,) 

It IS scon that in the brat case, that of magnetic coupling, 

- Ip - RiR, = - A* 

and that thw condition is also fulfilled in the second case This, in fact, may be 
taken as one criterion for an exact parallel existing between any type of ooupbng 
and magnetic coupbng Another essential is that s= 0 These conditions 
arc seen to be not fulfilled in general in cases (iii) and (iv), but in case (m) if C^ 
IS not very different from C, and/or the decay factors arc nearly the same, 

Vp = 0 and - Ip - RiB, --= = - A», 

and the conditions are fulfilled 

And if in case (iv), in addition to Ci and C, and Aj and A, bonig not verv 
different, C* (l/C^ -f 1/C») can bo neglected compared with iimty 

- Ip - RiR, = {«M + Cp/o)CiC,}» - A» 

With these circuit oombtions understood therefore, and they are conditions 
very often fulfilled in wireless circuits, we may say that all types of coupling 
are exactly similar m their effects to coupling by mutual inductance, and that 
all expressions for the case of mutual inductance can be converted to expressions 
for other types by replacing wM by l/coCj m ease (u), Cf/wCiC, m case (m), 
and ((oM + Op/coC^C,) in case (iv), with the additional provision in the last 
two cases, that the o distribution must be altered by 

It seems reasonable to assume, therefore, that all of the work in Section I, 
including the effect of slight distuning of the circuits, and the drawing of Z' 
loci, can readily be adapted to any type of coupling 
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The Ultra-V%olet Band-System qf Carbon Monosulphide and its 
Relation to those of Carbon Monoxide {the “ ith Positive ” 
Bands) and Silicon Monoxide 

By W Jkvonh, D Sc , F Inst P, Lecturer in Physics m the Mihtsry 
(^oUego of Science, Woolwich 

(Communicated bj Prof A Fowler, F R S —Received October 8, 1927 ) 

1 Introductory Previous Observations 
In 1913 L C Martin* discovered an idtra-violet band-system in the tube 
discharge through carbon disulphide vapour and m the carbon arc fed with 
sulphur, and ascribed it, on experimental evidence, to the CS molecule The 
bauds are degraded towards the red, and the majority of them are double 
headed Martin arrangeil all but seven of the observed bands mto seven groups 
(A, B, 6) each formed by closely neighbouring bands The present com¬ 
munication records the quantum analysis of the band-heads, and the sub¬ 
stantial similarity of structure between this CS system, the ultra-violet system 
of SiO and the “ -Itli Positive ” system of CO 
A brief oxaininatiou of the photographs reproduced by Martin and of the 
wave-numbers derived from lus tabulated wave-lengths leads to a Deslandiea 
scheme for the band-heads and to a plausible assignment of the initial and final 
vibrational quantum numbers, n" In this scheme each of Martm’s seven 
groups 18 a sequencol of hands corresponding to a constant change of vibrational 
quantum number, n" — n', except that groups B and C together with one 
band of group A form only one sequence, n" — — 2 It further appears 

that of the pair of heads (bracketed in Martm’s table of data) of each double- 
hooded band, the less refrangible head is formed by a Q branch, the 
corresponding P branch having, of course, no head, and therefore remaimng 
undetected with the dispersion employed by Martin (about 7 8 A /mm at 
X 2420 to 13 7 A /mm at X 2860) 

Though there seemed bttle doubt as to the correotuess of the above couclusions 
* L. C Martin, ‘ Roy Soc Proo ,’ A. vol 89, p 127 (1913) 

t The term " sequence ” is now widely used for what Prof A Fowler and several former 
workers m his laboratory have called a “ group ” See, for example, ‘ Roy Soc Proc ,’ A, 
vol 70. p 609,1907 (TiO), vol 86, p 112,1012 (CN), voL 88, p 127,1913 (CS), vol 110, 
p 366,1926 (SnCl), and vol 112, p 407,1926 (CN) In Tables n-VIof thepzesent paper 
the data for a sequence of bands appear along a diagonal downwards from left to n^t. 
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from Martin’s data, there were oertam di£B.oulties, two of which may be men¬ 
tioned here Firstly, it was necessary in some cases to discard Mortm’s pairing 
of the heads in order to secure regularity m the Deelandres schemes of B and Q 
heads, e ^, the head nt X2819 29, though the less refrangible head of a bracketed 
pair, iH the B head of the 4,G band, and the more refrangible head X 2818 37 
in the same bracket does not, apparently, belong to the same band, nor mdeed 
to the same system Secondly, the 0,0 band, which should be one of the most 
strongly developed bonds of the system, does not appear m Mortm’s table 
Near its expected position (about X 2676) Martm records a strong head X 2679, 
which, hoi^ever, does not belong to the same band-system, as is clear from 
Martin’s observation that its appearance vanes greatly imder different con¬ 
ditions , thus, it IS the strongest of all the bands in this region m the sulphur- 
fed carbon arc where the whole CS system is weak, but it is relatively weaker 
m the CS j tube discharge where the CB system is strong Martin further states 
that in the latter source the head in question “ is evidently superposed on 
another group with a fairly strong band near 2573 ” The group and band here 
mentioncil are evidently the ~n' = 0 sequence and the 0,0 band respectively 

2 New Data Afistgntnent of Vihrattonal Quantum Numbers 

These and other considerations showed the necessity of new observations 
As the quartz spectrograph accessible to me at the time of writing has too smaU 
a dispersion for the purpose. Prof A Fowler kmdly lent me the excellent spectro¬ 
grams of the CS, discharge taken by Dr, Martm, who readily concurred m my 
re-exanuniiig them m the light of knowledge gained smee ho discovered this 
band-system 

In the best spectrogram (the one from which strips 1 and 2 of Dr Martin’s 
Plate 6 were reproduced) the bands are much more distmctly recorded a few 
millimetres away from the edge of the Fe arc companson spectrum than they 
are where the two spectra overlap In the new observations, therefore, the plan 
adopted has been first to measure against Fe wave-lengths the best defined 
heads m the overlap, and then to measure all the heads detectable away from the 
Fe spectrum, using the previously determmed wave-lengths of some of the heads 
as standards In this way more heads have been measured and greater relative 
accuracy obtamed (at the expense, no doubt, of absolute accuracy) than would 
have been possible by measuifng directly against overlapping Fe Imes The 
difference in the methods of measurement is responsible for the fact that the 
discrepancy between Martm’s wave-length and the wnter’a for the same head is 
sometimes rather large {eg,0 3 A for the B head of the 2,2 band) 
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Table I gives fcbe positions, intensities and classification of the heads as 
given by Martin, and the corresponding data resulting from the re-uxamination 
The data for the R heads arc shown in romans and those for the Q heads m 
itahcs, and Martm’s brackets for his pairs are retained The substantial 
agreement of Martin’s empirical classification with that resulting from the 
jircsent investigation and the few modifications and additions mode in the course 
of the latter are at once obvious 

The wave-numbers tn vaetto (from the newer measurements) and their 
first drfferenoes are arranged in Doslandrcs schemes of vertical («') and 
horizontal (a") progressions in Table II, (a) and (6 ) vqim»i 'I’ll*' 

observed sciiarations of the two heads (vRhiuj - vgueud) arc similarly arranged 
in Table III 

On brief inspection of Tables II and III, considorahh* irregularities, far 
exceeding the smaller irregularities resulting from observational errors arc 
easily seen m cuiuiectiou with the foui liands of the horizontal progression 
n' -- 1 Thus in Table II (b) it is cleat from a consideration of the horizontal 
rows of first difierences that their Q heads are displaced to the red, relatively 
to the other n" progressions , and, further, from Table II (o) their R heads arc 
relatively displaceil to the further ultra-violet Correspondingly, the separations 
of the R and Q heads in Table III are much larger for these four bands than for 
the rest of the system All these four bands are particularly dithi ult to measure 
on account of lack of sharpness of their heads This is especially true of the 
1,0 band, m the neighbourhood of which the spectrograms show some half- 
dozen features which may be heads , the selection of two of these as the R and 
Q heads is rather uncertam In Table T six measurements made m this region 
are tentatively given, together with identifications of the R and Q heads which 
were suggested by companaoii with the 1,1, 1,2 and 1,3 bands of the same 
progression We shall refer agam to the n' = 1 progression in sections 4, 5 and 
6, but for the immediate present we will omit them from our discussion of 
the structure of the system 
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Table II —Wa^ e-numbers of CS Band-heads arranged in »i' and n" Frogresaio 
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NOTES TO TABLES 

t ~ indiatinot (in Hnrtin’a data) 
n ^ nebnloiu 
7 » doubtful bead 
( - line like 

I —Head nut inolnded in C8 eyatem m^on in Table TI 

(а) Meoanred by Martin only 

(б) Bleoanied by the writer only 

(c) Measured by Martin and the writer 

II —Ware length giren in Martin’s table as A2460 07, but was probably intended to be 

A 2460 70 which is a more bkely valae 

III -May ho the edge of Hg lino A 2630 02 

IV —^Tho wave length given in Martin’s table is A2669 34, which is clearly 1 A too low 

V —From the very low intensity of the 0,S band it is expected that the 0,0 band (v^ 37380) 

would be far too weak to be fleteotable The band shown in Table 1 near this position 
IS of much too high intensity, as well as of slightly too low wave number, to be the 0,0 
band, and is therefore excluded from Tables II (o), IV end V This is m agreement with 
Martin's non allocation of tho band to his group K 
M -A probable head (mt 2) was measured at A 2744 91, v 36420 3, which is near the Q hood 
of the 6,0 band It was not oonsidered certain enough for inclusion in the tablee, but 
may account for the large discrepancy between Martin’s and tho n riter s measures of 
the R head 

\u—From a conaidoration of the uitensitiee (section 6) the 1,4, 2 6 and 3,6 bands of 
scquenoe 4- 3 may bo expected to be Resent, their observation would probably be 
hindered by the occurrence of the sulphur bands m this region 
vui —^The 6,8 band (vj^ 30000) may be present, but hidden bv the sulphur bands A 
doubtful band was roughly measured at A2866 4 v 3601I, hut was too imeertam to 
include m the tables 

i\ —Tho 7,6 band (v^ 37113), if present, would be masked by the 2,3 band In any case 

it shonld be too weak to be doteetable (see section 6) 

V Tho 6,6 band (v^ iiesd probably present but hidden by uvcrlying 1,1 band 

XI —^The 7,0 band (v^ 38307) may be present but luddeii by the overlying 2,2 band 

zii — Though theory (sec section 3) indicates a diminution of intensity in these parts of the 
system, it shonld be noted that the sensitivity of an ordinary photographic plate is also 
diminished in this region The 0,6 band (v^ 413061 and still oarlier bands of 

sequence 4, and the 4,1 hand (vk iwa4 soquenee — 3 might perhaps bo 

recorded m a long exposure with an oiled or a Sohumann plate 


>m intensity oolnmns 
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Table III —Intervalfl between B and Q Heads 

(VBhakd — VQhMd ) 

0 1 2 3 4 S 0 7 

16 0 20 0 23 2 23 S 

33 2 3A 8 33 4 3tt t 

10 S 11 0 10 4 18 4 IS 0 

10 2 12 7 13 3 IS n 23 8 

7 7 8 0 13 3 

7 2 9 0 

n 8 

3 Intervals between R and Q Hauls Represental%on by Fonmda 
Kven though none of the bands is adequately resolved for measurements of 
Ime structure, there is considerable justification for ascnbmg the two heads of 
each band to its B and Q branches, it is mainly to be foimd in a companson 
of the observed variation of the interval between the two heads with n' and n" 
with the vanation of the interval vb imid — vq bead indicated by the quantum 
theory of band structure 

Considering the n'n" band and using as far as possible the notation of the 
recent report of the National Research Council,* we have for the Q head - 

VQu«ai = V, I n' (1 - rV) - co„ »” (1 - t ",/'}, (I) 

and for any line of the R branch - 

vk — Vq hi'wi = f- 3B„/ m -f- (B,/ — B„ 

* ‘Mat Res Council Bulletin, “MoleouUii Bpcotra m Gases” (Washington, 1926) 
Nolatum —For convenience, the significance the sjmboU used is ijuoted hero — 

' ami ' represent Uie more and the less excited states (npper anil lower energy levels) 
n vibrational quantum number 

m ^ effective rotational quantum nmnlier = (mw lear angular momentum for less 
excited state) 2w/h 

«• - frequenov of vibration of inftmtcsimal amphtude for rotationless molecule 
B, -= A/8ir*l„ where I, =• moment of inertia of vibrating moloeiile ami 
Ba and To similarly apply to the vibratioiilesH mnleonle 

*^\2^2* 2^ 4 / I where u = A/4ir*Jo«o> *wid h *n<l r are constants 

3 j of the law of force assimied 

«^^(l + 26+ )*,«• I 
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For the R head 


/«^vb 
' dm 


B« - B„ ’ 
B, B, 


B, - 


where z — B^./B*. which la leas, though often not much leaa, than unity for 
bauds which are degraded towards the red (I» > I, ) aa these are, hence 
Mr head — V<j head = B„ (1 d* 2 + 2 * -I- 2 * + ), 


a alowly convergent series 

Putting = Bo — a'«', B, = Bq < — %'n", and Bo-/Bo-. = 2o> expanding, 
and onutting small terms in n'®, n"*, «'*»", nV'*, and higher powers, we 
arrive at the form — 

VAheaU — Vg head -= K l^V -p Yj'w'* + C’w” + T )"+ 0w'«" (2) 

where 


K = 

(1 + *0 + *0* + *0® + 

) Rq 

c - 

-a' (1 + 22 o f l2o“ 

) 

1 :" - 

«" (2o* + 2 * 0 ’ + W 

) 

7)' = 

a'* (*o + ^* 0 * + 

)/Bo 

V' 

«"* (2o“ + 3*0^ + 

)/Bo* 

0 = 

-2a'a" ( 2 „s + .V + 

)/Bo 


Hence, adding (1) and (2), 

Vk head == (v, + »<) + (Wq* + K')^' — (“0 •*' — ~ (Wfl " ^")n'' 

+ (<<>0"®" + (3) 

Now Birgo* and Meokef have pomted out that for all systems so far an&lysed 
a' and a" are positive J Smee also Bq', Bo" and therefore 2o »re positive, we 
* B T Birge, ‘ Phys Rev ,’ vol 26. p 240, aba 23 (1026) 
t R Mecko, Z f Phyaik,’ vol 32, p 823 (1026) 

{ This observation w equivalent to the Jlirge-Meoke rule that, without known exception, 
the freqnenqy of vibration of a molecule increases as its moment of inertia decreases, and 
vtee veran Por, from 

- B, - an 

we have 

h/aw*!, =» fc/8sr*I, - on 


l/I, = l/I, - 8»»an/* 

Thus if a IS positive, I. decreases as n inoresses and therefore as increases This corre¬ 
sponds with the general rule that in any given sequence n' and n" inereone in the direction 
in which the bands are degraded, • e , in the {msent ease towards the smaller wave-numbers, 
as is clear from Table II 
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have, for bands degraded to the red, positive values for k, XJ‘, vj' and t\" and 
negative values for X' and 0 Further, since »' and a" are small compared with 
Bo, these coefficients are clearly of three different orders of magmtude, k being 
relatively large, and X," smaller, and ■»)', 8 and ■»)" still smaller The implica¬ 
tion of equation (2) is, then, that the interval v# ucas — vq i,c»u of the v',n" band 
(i) decreases from band to band m an n' progression as n' intreases, and (u) 
increases m an a" progression as «" increases 

Table III shows that, apart from the anomalous bands of the progression 
11 ^ 1, the obscrvwl separations of the hoods vary exactly in this wax I’he 

observations, therefore, show at least qualitative agreement xxith the theory 
it the assignment of n',u" values and the attribution of the heads to K and 
branches lie as shown in Tables 1, II and III 
The evaluation of the < ix'fficients in equations (1) ainl (1) from the observed 
wave-numbers is somexxhat uncertain on account of the displai ements (noted 
oil p 353) of th(‘ bands of the progression »' - I (and, ns will appear present!), 
of other a" progressions) Omitting the «' -= 1 bands, the following expressions 
liax e been derived - - 

1 I 1070 2 («' I J) 10 11 (»/ -I ’)* 1282 0 (n" -| J) 

^ (. l‘2(i/" r 4)* 0 21 (»' -h 4)(«'' I 4) (1) 

Voi„«.i i«002 5 I- 1072 2 (>,' ]) 10 (»5 («' + •)* 

1282 6(«" r 4) H- 0 00 ("" t 4)* (5) 

and thin fore 

VKhr,.,i - vo,,«,i IH 0-20 («' , \) - 0 !*(.(«' . ir 1 0 >(n" i >) 

f 0 42 U>" + i)^ - 0 24 (a' 1 4) (a" -r 4) (0) 

riu addition of 4 to the integral values of the vibratiuiml quantum niimixrs 
IS incbcated by the new xiuantum iiudiamcs and is adopted here* , other¬ 
wise Piiuations (4), (5) and (b) are of the same forms as (3) (1) and (2) rea|H‘etively 
The aiiuraey of the present observations is not suth as to demand this use of 


• Altomatiielx «e imiy luavt eq^uations (1), (2) (3) unaltered and xivf half latognil 
values to n'niid n", HA won done earlier t>v Mulhkenm the rase erf BO (‘Phx8 llc\ \oI 36, 
pp 1111 and 2r>U (11126)) t'or demniptiX) juirpoecu it Heemit more cunvomrnt to retain 
the mU-^nd values of n' and n“ (ns shown m all the tables of the piresent paper), and odd } 
in deriving the energies, ai has reo* ntl> been done by Perguson ( Nature,’ vol 120 p 298 
(1927)) in the ease of AuCl, thus wo may still speak of the 0 U band, tlic 9 7 liand et , 
instead of re designating them the IsmkI, the 94,7| boisl, t1«. 


VOL OXVII—A 
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half-quanta for the vibrational energies * The R head data definitely show 
the need for a factor m n'n", or (»' 4- i) («" + J), in equation (4) but do not 
satisfactorily settle the value of its coefficient 0 , the estimated value 0 = —0 24 
IS judged to be about the best obtainable from the data 
Formula (4), (6) and (G) arc rcadilj convertible into — 
viitoiti-38H14 i-l-lOW) 0«'-10 llw'«~1275 7 h" + 6 42n"*-0 24nV', 

(7) 

vgh™u - 3H7y6 S 4 1(162 in' - 10 ((Gn'* - 1276 tin" 4- 6 OOn"*, (8) 
vai.r».i - V,, =. 17 9 - i iit' - 0 06w'^ 0 tin" 4- 0 42w"» - 0 24n'n", 

(9) 

which involve whole quanta of vibrational energy, and are identical m form 
with (3), (1) and (2) respectively It may be noted here that while equation 
(8) in n', n" gives for the system-origin, v, == 38796 3 cm (the origin of the 
0,0 band), equation (6) m «' b J, n" -f J locates it at 38902 6 cm which is 
very near the origin of the 9,7 band Further, the frequencies of very small 
vibration of the noii-rotatuig molecule in its initial and final states are 

Wo •= 1062 2 (m w,, — 1276 6 cm according to (6), and 

Wo — 1072 2 cm Wo - 1282 6 cm according to (8), 

the projiortional increase (wo — (>>o )/<<>o mean is 18 3 jiet cent from (5) and 

17 9 per cent from (8) 

Companng equations (2) and (6) we find that the signs obtained for the 
(oellicieuts k, X,', ■»)” and 0 are those required by the theory, and that, in 

fiuiiher accord wtli the theory, k (-- 18 6 cm ~^) is much greater than the 
other cocfiicients, uhosc values, however, are less trustworthy, as may be seen 
by companng the order of their magmtudes with that of the expressions given 
imder equation (2) Only f\' is wrong in sign The discri'pancies are not 
surpnsing m view of the facts next to be considered 

4 Perttirbaliona of Vibr<d%onal Energy Levels %n the InUxal State 
The differences between the observed and calculated values of vahead, 
vg head and vn ikiki — .ig iHud which are shown in Table TV arc m many cases 
• Muiliken {loc ott) has pumted out that aucumte meoauroment of on isotope effect is 
the only prattical means >rt knoun of deciding with cortomty botwoon whole and half- 
quanta ot vibratiozud onorg> Tbo present spoctRxUunis show no indjoation of the sulphur 
isotope effect, as might lie expected from the great preponderance erf 8** over S** and S** 
found by F W Aston (‘ Nature, vol 117, p 893 (1026), and ‘ Roy Soc Proo ,’A,vol 116, 
p 604 (1927)), vw , S**/(8* + 8**) — about 97/8 It was, m fact, Dr Aston’s announce¬ 
ment of the S isotopes that directed the writer’s attention to the 08 band sjntem 



Ultra-Violet Band-System of Carbon Monosulphule. 365 

well outende the linuts of observatioiial errors A study of this table of residualB 
brings out certain anomalies m the distribution of vibrational energy levels 
for the imtial state 

(i/ In Table IV, (a) and (6), there is a distinct tendency for the residuals 
m an n" progression (i e , a horizontal row) to be of the same sign and often 
of very roughly the same order of magmtude, while in an n' progression (t e , 
a vertical column) they show no such tendency Thus the means of the residuals 
in most of the n" progressions are laige compared with the means m 
all the n' progressions, omitting the anomalous bands having »' = 1 
(seep 3B3) The inference 13 that the distribution of some of the lower vibrational 
energy levels m the imtial state (particularly n' = 1, but also m' = 4, 2, 3, 6) 
differs appreciably from the regular distribution given by a smooth formula 
of the type (1) which generally applies in other band 8 - 3 rstem 8 , in the imtial 
state we evidently have “ perturbed ” vibrational levels, while in the final 
state no such irregularities arc appreciable 


Table IV —^Residuals 

(a) R Head, Vgi,, — Vu,i, (Table II (o)- formula (4)) 
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Table IV—(eontmued) 

(6) Q Head, Vob» — Vout (Table II (6)— formula (6)) 
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Sotf — 111 taking tlio mean aaiduitlH slKfAii nt tlio foot of («) aiid (ft), for the » protCTeMlonH, 
th« »' -= 1 banilH ba\c boon omittod 


(<) A*- Q Interval, Av„i* — Av.*), (Table III —formula ((i)) 


I » -10 

-0 fl -11 


(u) Taking any one «" progrestuon for which there are nuihcient Q head data 
and comparing the mrana of the residuals for the R heads in Tabic IV (a) with 
those for the Q heads in Table TV (6), it is noticed that m general they are of 
the same sign and of very roughly the same magnitude, that is to say, in general 
each band as a whole shows roughly the same displacement as its ongm Thu 
u m accordance with the fact that the differences, shown m Tabe IV (o) between 
the observed and calculated values of the interval vs bwd — vq boMi are not 
much greater than the errors of observation This is true of the progressions 
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n' = 0,2,3, 4 and 5, but does not apply to the progression n' = 6 (which can be 
disregarded since it involves only one measured Q head) nor to the progression 
of anomalous bands, n' = 1 It is not true of the n' progressions 
The inference is that for the mitial state of the molecule the rotational energy 
levels tend to show the same perturbation as the vibrational energy level 
with uhich they are associated, but the vibrational level n' = 1 is abnormal in 
this respect It has already been noted (p 363) that the heads of some of the 
n' = 1 bands are difficult to identify, if the identifications shown in Tables T 
and II are correct, it would appear from the opposite sign of the residuals for 
the R and Q heads that the rotational levels are perturbed in the opposite sense 
to the vibrational energy level n' = 1, with which they are associated From 
the remarks at the end of section 2 it appears that the abnormally big intervals 
lietween the heads of the w' = 1 bands may alternatively be interpreted by 
supposing each of these bands have an R branch m addition to the three branches 
(P, Q and R) occurring in the other bands of the S 3 r 8 tem, and that the measured 
R head is formed by the additional branch 

5 ItUetmttex 

On account of the rapid variation of the plate sensitivity from one end of 
the system to the other, the estimates of photographic blackemng permit of 
only a rough discussion of the distribution of mtensity amongst the bands 
In Table V the mtensities of tho R heads, which we may take as indications of 
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the intenRitieB of the baudH themselves (apart from the n'=l bands), are arranged 
in the some way as to the wave-numbers, intervals and residuals in Tables II, 
III and TV The table shows that the distribution of intensity is of the 
commonest type,* which is now known to bo characteristic of a small change 
in the moment of inertia and in the vibration frequency of thi emitting molecule. 
Thus, (i), in sequence 0 there is a maximum at the 0,0 band (one of the strongest 
three bands of the sjstem) a somewhat smaller intensity at the 1,1 band, a 
regain of intensity at the 2,2 band (which is os strong as the 0,0 band), followed 
by a rapid fall (ii) In some, at l«‘ast, of the other sequenexis there is a maximum 
not at the first (t e , lowest n',«") band, but at a banil of higher n',n" values 
further along the sequence , etj at the 3,2 band m sequem o — 1, at the 5,3 
band in sequence — 2, and at the 8,6 band in sequence — Sf, siradarly, 
sequences |- 1 and 2 have maxima at or near the 2,1 and the 3,6 bands, 
but also at their first bands 0,1 and 0,2 respectively (m) In progressions with 
relatively high values of n' or n" there are two mtensity maxima, one on either 
side of the band of sequence 0, which is weak or missing, eg, in the n' pro¬ 
gressions having n" = 4, 6, 6 and 7, and the n" progressions having n' = 4, 6 
and 6 As n' and n" diminish to zero the two maxima converge towards the 
greater maximum at the 0,0 band 

These observations are in quahtative agreement with Condon’s theory,! 
accordmg to which the mtensity maxima are distributed along a parabola-like 
curve having sequence 0 as its axis, and the 0,0 band as its vertex, provided 
that the change in moment of inertia is small, with increasing change in 
moment of mertia both the width of the parabola and the interval between its 
vertex and the 0,0 band increase The locus of the maxima for CS, roughly 
indicated m Table V, is much wider than that given by Condon for the 
*S->*S system of SiN (proportional decrease (I^ — Iq )/Ion««> = only 1 6 
per cent), about as wide as that for the •S-^^S system of AlO (decrease 
of lo = 6 0 per cent), and distinctly narrower than that for the “ 4th 
positive ” bands of CO (decrease of I„ = 14 8 per cent) We may conclude 
that the proportional decrease of moment of mertia for the emission of the 
CS system is of the same order as for the emission of the AlO system 

We amvc at roughly the same conclusion from a consideration of the 

* The foaturca this “ normal ’’ distribution have been dosoribed by MuUiken (' Phys 
Rev,’ vol 26, pp 10 and 333 (1925)) and Burge (Report, pp 129, 134-138, 140 and 
248 

t But see note (xh) to Ublos, p 360 

J E. Condon, ‘ Phys Rev,’ vol 28, p 1182 (1026) 
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vibration frequencies of these molecules, thus, for the 08 system the pro¬ 
portional increase (mq — <Oo)/Moimw — ^ P‘’'' ®cnt from (6), whirh is 

between that for the AlO system (116 per cent) and that for the CO ’* 4th 
positive” system (36 2 per rent from (11)), but very miuh nearer to the 
former From Mecke’s correlation of the proportional changes in moment 
of mertia and vibration frequency,* we should therefore eiqicot the decrease 

(Iq/ — Iq 1/In _ for the CS system to be slightly greater than that for the 

AlO system but much less than that for the CO “ 4th positive ” system 

This qualitative agreement of the observed intensity distribution with theory 
leaves no room for reasonable doubt as to the correctness of the n',n" assign¬ 
ments shown in the tables 

Having asoertamed that the moment of inertia changes by an ordinary 
amount, we turn to the relative intensities of the two heads of each band, and 
can say at once that they are m accordance with the view that the heads belong 
to the R and Q branches—a view which has already received strong support 
in section 3 from the study of the vanation of the interval between the two 
heads In general the less refrangible (Q) head is the less intense, as would 
be expected from the fact that the Q head is a confluence of the earliest (t e , 
lowest j-value) bnes of the branch, which are very weak except at very low 
temperatures, while the lines forming the head of the R branch have higher 
j-values and are probably not far from the maximum intensity of the branch 
at ordinary discharge-tube temperatures In the next section wo shall see 
that the bands are probably of a type (H*-^ *8) m which the Q branch as a whole 
has twice the mtcnsity of the R branch as a whole t This is, of course, qmte 
compatible with the observation that the Q head is weaker than the R head 

The bands of the progression n' — 1 are abnormal in this respect, their R 
heads being less, instead of more, intense than their Q hcarls This may be 
m accordance with the abnormally big mterval between the two heads of each of 
these bands, for the R head will be formed of bnes of abnormally high j-values, 
perhaps some distance from the maximum mtensity of the branch On this 
view the R head would not only be relatively weak, but also rather ill-defined, 
which 18 actually found to be the case 


• See Birge, Beport, p 233, for a disounion of Meoke’s correlation (‘ 55 f Phyaik,’ 
voL 32, p 823, 1925), and pp 230-232 for the I, and «, data foi the SiN, AlU and CO 
syatems 

t B S MulUken, ‘ Phys Rev ,’ vd 29, p 391 (1927) 
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0 The Ultra Violei Batul Systems of C8 and SiO tn Relation to the “ Fourth 
Pomtive ” (I »P-> 1 »8) System of CO 

In fw’ctions 3 And 5 the presence of u woU-deflned Q branch has been 
estabbshed entirely from a study of the data for the C'S heads In Martin’s 
speitrograms the heads appear to lie single but none of the liands w 
Hiifriciently resolved to permit of observations on the band-bnes >\hich 
would indicate whether each branch is reallv single CS being an even 
molecule, it seems liholy that these bands, with a strong and apparenth 
single Q branch, corrcsiiond to an electronic transition ^8 >- ’P or »ioc vei so 
and that they may be the CS malogue of either the Deslimdres Lyman " 4th 
(xiHitive ” bands or the Angstrom-Thalfin bands of CO (an even moletule with 
eight less extra-nuclear electrons than CS) 

Birge* has ascribed th<‘ former of these CO systi'ms to the electronic transition 
1> I ^S and the latter to thi transition 2’S 1 ’P, where 1 '8, 1 'P and 2 ‘S 
ilesignate the normal second ixntcd and third excited electronic states 
respectively of the neutral CO molecule, the first i xiiteil Ir vil being the tnple 
1 ®P Till se transitions ha ve received support in Mullikeirst detailed iliscussions 
of bnnd structure and electronic states of molecules Mullikeii and Birge have 
given electronic energ> level diagrams showing the remarkably close parallel 
iK'tween the relative jiositions and multiplicities of the knowm electronu levels 
of CO (and (’0'') and those of the comparable atom Mg (and Mg') This 
parallel has, of course, been used as a guide in the desigmition of the CO levels J 
Bv analogy with the “risonane-e hne, l*P->1^8, of Mg m the ultra-violet 
at > 2852 n, V 36051 4 we may speak of the ultra-violet (‘ 4th jiositive ”) 
system us the ‘ resoii.iuce system of CO, while the visible (Angstrom) system 
18 the CO counterpart of the Mg line 2 bS — 1 *P m the infra-red at X 11828 f?, 
v8461 7 

Now the atom coinuaiable with (’S (22 elei'trons) is Ca (20 electrons of 
which two are valence electrons , and singlet and triplet spectroscopic terms) 
The Co ‘ resonance lino ” 1 ^P ► 1 ‘S is the well-known “ flame line ’ in the 
• R T Bilge,* Vstiire ' v<il 117, pp 220 and 300 (lOifl), l'h}« Hev vol 28, p 1167 

(lose) 

t R S Mulliken, * Ph>'s Bev vol 28, pp 481 and 1202 (10*26) 
t The numersls preceding the term type letter and multiplicity prefix are those in oommon 
usage in investigations of atomic spectra, and are less by x than the total qaantum number 
fot the term m the speotnun of the corresponding atom, where x 2 for S and F terms of 
Mg (m the esse of GO) and x => 3 for S and P terms of Ca (m the cases of CS and SIO) 
The numerals do not necessarily carry any implication as to the total quantum number of 
the eleotronio terms of the mideoular spectrum 
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violet, X 4226 73, v 23662 4, while the 2 I transition gives the infra 
red line X 10345 0, v 9664 2 It seems natural to suppose that the ultra¬ 
violet CS sjrstem corresponds to the former Ca line rather than to the 
latter, that is to say, it is probably the CS “ resonance,” or 1 ^P -► 1 ^S, system 
analogous to the CO “ 4tli positive' system, rather than the CS counterpart 
of the CO Angstrom system There seem to lie three argiunents in favour of 
this interpretation 

Firstly, the “ 4th positive ” CO baiuls, like the (JS bands are degraded to 
the red, x e , have cog less than eig , while the Angstrom bands aie degraded to 
the violet ((Og > oig ) Birge (Report, p 241) points out that while it is no 
longer held that, as he once supposed, the relative values oF to,, are a criterion 
for the identiheation of electronic states of all molecules, it still appears to be 
true that in a molecule hke CO the S states have higher values of cog than the P 
states For the CS bands (wg < <ou ), the initial state should, therefore, bo 
a P, and the final an S state, rather than mce versa 

Secondly, Birge* has given for the 11 heads of the ‘ 4th positive ” CO sjrstem 
the (revised) formulat 

^jii,.^.i = 04737 + 1497 28w' - 17 2t»'» - 2149 7la" f 12 7l)3«''3 (10) 
which in conformity with the new mechanics may be converg'd to 

VBhrtMi = <>8962 + 1614 52 {n' (- J) -- 17 24 (n' ( J)* 

- 2162 44 (»” f J) -1- 12 703 («” + 1)* (11) 

From (11), V, -1- K — 66062 (m ’ (see equation (3)) For the present purpose 
V, -4- a will suffice instead of the system origin, v„ which is a few units less than 
66062 cm but cannot be located as thi re arc no data for the Q heads The 
ratio of corresponding transitions 1 *P 1 *.S m CO and Mg is very nearly 
given by 

(v, f #r)(o/vju =- 65062/36061 4 ^ 1 856 

To compare with this we have the ratio of the constant term m equation (4) 
for the R heads of the CS system to the 1 1 *S line of Ca , namely 

(v, + K)i s/vt, -- 38921 1/23662 4 = 1 646 

The proximity of these two ratios suggests that the CS system is the analogue 
of the 1 ^P — 1 'S (“ resonance ”) system of CO 

* ‘ Phys Rot vol 28, p 1167 (1928) 

t Stn^y, equatioiia (10) uid (12) shouM have a term m nV, and (11) and (13) a oone- 
Bponding term in (h' + (a' )- i)i a> h> equations (8). (7) and (4) For the available 

data snob twins can be negleoted 
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Thirdly, we have seen in section 4 that the initial state of the molecule is 
characterised by appreciable perturbations of some of the lower vibrational 
energy levels, esjiecially the n' = 1 level (for which the abnormal mterval 
vr head — vq i,o«.i may mdioate either the presence of additional R branches or 
perturbations of rotational energy levels) When these vibrational perturbations 
were found, it was thought that they were without parallel in other spectra, the 
writer having overlooked Birgo’s description of a similar displacement of the 
vibrational levels n" = 1, 2, 3 relatively to n" — 0 m the final (1 ^P) state 
for the rO Angstrom system * The evidence for the perturbation is found m 
the following results of measurements by Jas84t on the 0,0 and 1,0 Angstrom 
bands 

(i) The R heads of the 0,0 and 1,0 bands are displaced towards the violet 
by 6 2 and 6 4 cm from the positions calculated by Birge usmg other R 
heads of the same two n" progressions (n' = 0 and 1) 

(u) The interval between head and origin (written as vr i>cmi — vq hmci m this 
paper) is about 2 cm greater for the 0,0 band than for the 0,1, 0,2 and 0,3 
bands as measured by Hulthdn ij; 

(m) The 0,0 band has not only the singlet P, Q and R branches similar to 
those m the other bands (analysed by Hulth4n), but also what appear to be 
additional branches P' and R', which give the same band-ongin as P, Q and R 
Since the vibrational levels ^ 0,1,2 of the final (I ^P) state for the emission 
of the Angstrom system are n' = 0, 1, 2 of the imtial (1 *P) state for the 
emission of the “ 4th positive ” system, sufficiently precise measurements of 
the n' - 0 bands of the latter system should reveal anomahes like those quoted 
above for the »" = 0 Angstrdm bands There is a considerable similanty between 
the anomalies here indicated for the “ 4th positive ” bands and those described 
in section 4 for the CS bands In both cases it is the imtial states which have 
the perturbed lower vibrational energy levels In both cases the separation of 
the R heads of the n' = 0 bands and the n' = 1 bands is abnormally big (com¬ 
pare (i) above with Table II (o)) In the CO progression n' = 0, and m the CS 
progression n' — 1 the interval between the R and Q heads is abnormally big 
and additional branches are suspected (compare (ii) and (ui) above with the 
latter part of section 4) 

• Prof R S Mulliken kindly drew the wnter’s attention to this (‘ Phys. Rev ,’ vol 28, 
pp 1170-1172, 1026), in the rniinie of a very helpfni discussion of sections S and 6 of this 
paper 

t 0 JaB84, ‘ C R , V(A 182, p 602 (1026) 

I E Hulth«n. ‘ Ann der Phys ,’ vol 71. p 41 (1023) 
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To sum up, thru, throe proportiea in common to the two systems suggest u 
common electromc transition (1 -+ 1 ) (o) degradation to the red (» e , 

<>>o' ^ (•> 0 ' )> (b) roughly the same ratio of wave-numbers of system-origin and 
resonance line of comparable atom, and (c) perturbations of low vibrational 
energy levels in the imtial state 

We will now consider the molecule SiO which, hke (38,* has 22 extra-nuclear 
electrons and gives the ultra-violet system of bands (degraded to the red) dis¬ 
covered by de Gramont and de WatteviUe and mvostigated later by del Campo,t 
by Porlesza.J and by the writer § This system has property (a) and, as will 
now be shown, property (i) m common with the 1 ^P -► 1 bS systems of CO 
and CS, and probably corresponds to the same transition, as Cameron|| has 
already comjectured The available data do not reveal property (c), but 
suffice for the demonstration of (6) - 

From the writer’s olassiiication and empirical parameters n and p Kratzer,^ 
Mecke** and Bugeff have each asigned n',n" values (n' = 77 — n, n" —103 - p) 
and given an approximate formula for the R heads Kratzer’s, for example, 

IS— 

VHiK*.! = 42644 4- 842 66n' - 6 46n'» - 12.H 64n" + 6 96n"*, (12) 

which when converted into the form of (4) and (11) becomosft — 

VRhe»d =■ 42840 1- 848 1 (»' + i) - 5 46 (n' + i)» 

- 1240 6 (n" 4-i)-f-5 % (n"-f-i)* (n) 

As m the case of the CO “ 4th positive ” bands, data for the Q heads are 
lacking, and v, k from (13) must be used instead of v, to get the approxi¬ 
mate value of the ratio of the SiO system-ongm to the 1 ->■ 1 line of the 

* The fact that CS and SiO happen to hate exactly the same molecular weight, namely, 
44 06 (CS ^ 12 00 -f- 32 Oe, SiU 26 06 -f- 16 00) has no bearing on the relations die 
cussed m this section, which me a matter of extra-nuclear electrons (22 in CS and SiO 
and 14 in CO , 2 being less firmly bound than the rest in each molecule, like the 2 valence 
electrons in the atoms Ca and Mg), and of the relative strengths c4 binding 
t A. del Campo, ‘ An Soo Esp de Fis y Quim ,’ vol 13, p 06 (1013), A. del Campo 
and J Estalella. thuf , vol 20. p 686 (1022) 
t 0 Porlesza, ‘ Atti aooad Lincei,’ v<d 31 (ii), p 613 (1023) 

IW Jevons, * Boy Soo Proc ,' A. vol 106, p 174 (1624) 

II W H B OameroD, ‘ Ilul Mag ’ (7), vol 3. p 110 (1026) 

% A Kiatier, ‘ Phys Benohte.’ vol 6. p 1308 (1026) 

«« K Mecke, * Phys Zsvol 26, pp 231 and 236 (1026) 
ft' Beport, pp 130 and ^ 

See footnote t P 
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comparable atom Ca Hence, to compare with the values 1 *866 and 1 646 
for the CO/Mg and CS/Ca ratios already given (p 371), we have 
(v, + <f)sio/vo» ^ 42840/23652 4 == 1 811 
This implies an even closer resemblance between the CO and SiO than between 
CO and rS, a result which is amply supported by the intensity distnbution and 
the vibration frequencies for SiO 

The intensities of the SiO heads, as shoivn m one of the wnler’s small dis¬ 
persion spectrograms of the uncondensul discharge through a mixture of 
Sidj vapour and oxygen are set out in Table VI * The distribution is of the 


Table VI — Intensities of R Heads of SiO Bands 



* Bidden bv 1,0 liand 


“ normal ” t)pe ns in the case of CS described in section 5, but the width of 
the parabola along which the intensity maxima he m Table VI is greater than 
that for CS (Table V) and of the same order ns that given by Condon for the 
('0 “ 4th positive ” system 

Agam, the proportional increase of vibrational frequency (wp — _ 

of SiO from equation (13) is 37 6 per cent which is very near that for CO 
(35 2 per cent) but greater than that for CS (18 3 per cent) Both the intensity 
distribution and the vibration frequencies, then, pomt to a proportional decrease 
of moment of inertia of SiO in the transition 1 1 ^S of the same order as 

that m the lase of CO, but greater than that m the case of C8 
With a view to further confirmation of the assignment of the transition 
1 ip -+ 1 to the ultra-violet systems of CS and SiO, the wnter hopes to 
investigate the structure of one or more of their bands by means of a large 
Littrow quartz spectrograph now being constructed through the aid of a recent 
* These intensities are listed in Table 1 (rf the writer’s 1924 paper They are now arranged 
in exactly the same way os the wave numben of the B heads of SiO in Table n of 
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grant by tbe (Government Grant (Committee of the Royal Society In the course 
of Buoh work it is also mtended to search for further CS and SiO systems 
analogous to the Angstrdm and other CO systems A consideration of CO/Mg, 
CS/Ca and SiO/Ca ratios, such as those given on pp 371 and 374, should serve as 
rough guides in the location of predicted systems Some of the bands recorded 
by Cameron may indeed belong to one or more of such SiO systems 

7 Summary 

Martm (1913) discovered a band-sjrstem m the region X 2837 — X 2436 m 
the CS, tube discharge and ui the sulphur-fed carbon arc On experimental 
evidence ho ascribed it to CS The author has made rather more extensive 
measurements of the heads in Martin’s spectrograms and assigned vibrational 
quantum numliers n',n" 

A study of the variations of the interval between tbe two heads of each double- 
headed band with n' and n" shows that the two heads belong to the R and Q 
branches respectively The bands are probably of the smiplest type, with 
single R, Q and P branches 

Observed anomalies m the bands having n' — 1 show that the vibrational 
level n' — 1 of the imtial state is displaced from its normal {losition, its distance 
from the n' — 0 level is abnormally large compared with that indicated by the 
spacing of the other a' levels Himilar anomahes have previously been described 
by Birgo for the hnal state of the CO Angstrom (2^8 ^ I ^P) system, which is 
also the imtial state of the CO ' 4th positive ” (1 *P 1 ^8) system 
This IS one of several points of similanty between the latter and the C8 
system In certam other respects the ultra-violet systems of SiO and CS 
(each of which molecules has 22 electrons, and has Ca as its comparable 
atom) both resemble the ‘ 4th positive” system of CO (14 electrons, com¬ 
parable atom Mg), thus the bands of all three systems degrade to the red, 
and each of the three system-ongins (v,) has roughly the same ratio to the 
1 ip 1 ig line of the comparable atom The SiO and CS systems are 
therefore attnbuted to the electromc transition 1 *P 1 ^S, where 1 *8 is the 
normal state and 1 ^P the second excited state of the molecule 
The CO and 8iO systems are more nearly alike than the CO and CS systems as 
regards (a) the ratio of system-origin to comparable atomic line, (6) the 
proportional increase in vibrational frequency, and (o) the intensity distnbu- 
tion, and, therefore, the proportional decrease m moment of mertia 
The writer has much pleasure in thanking Prof A Fowler and Dr L 
Martm for the use of the CS spectrograms, and the Government Grant Com¬ 
mittee of the Royal Society for the Hilger micrometer used m the measurements 
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Spectrophotomelric Obsei'vations on the Ghowth of Oxide Films 
on Iron, Nickel, and Copper 

By F Hubn Constablk, M A, Ph D (London, Cambridge), Fellow of St 
John’s College, Cambndge 

(Coiuniiiimatid by T M Lowry, FIIS —Received October 8, 1927) 

A detailed study of the colours shown during the oxidation of activated copper 
films supported on (hina clay* has shown that the primary cause of the colour 
sequence producixl is the interference of the incident light in a thin layer of the 
highly refracting oxide covering the individual grains composing the film 
There are, however, a number of secondary factors which produce modification 
in the colour sequences TIicso are the dispersion of the metallic oxides, 
their specific absorption, and the variation in the intensity of the bght absorbed 
by the metallic reflector at the back of the film with the wave-length of the 
incident light The growth of the oxide films was studied on thin films of iton, 
nickel, and copper supported on china clay rods, and also on massive rods of 
these metals, in order to throw light on the part played by these secondary 
factors Comparative spextrophotometric observations wore made of the 
character of the reflected light at frequent intervals during the oxidation. The 
apparatus useil has already been described {lor nt, pp 676-676) 

The Production of Thin AiAivaled Ftbm of Nickel and Iron on 
China Clay 

Cupne oxide films may be strongly igmted yet contmue to adhere to them 
8upi>orts Strong ignition of an iron or mckel film results in its destruction, 
since the oxide forms large and rather hard crystals, which brush off the rods 
very easily 

Pure green oxide of mckel was very finely ground m an agate mortar, and 
made into a stiff paste with partially oxidised oleic acid The paste was gently 
rubbed into the chma clay rod, which was warmed to drive off the oleic acid 
When the deposit had become quite hard, it was rubbed with an oxide coated 
china clay rod to remove the larger crystals from the film, and to make the deposit 
uniform iii colour Two similar coatings of mckel were given to the rod, till 
the whole presented a uniform dull grey colour 

Iron films were producetl similarly, but using both ferrous oxalate, and feme 
♦ Hoy Soc Pioo A, vol 116. p 570 (1927) 
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oxide mixed with the oleic acid These iron films were also of a grey colour 
The copper films were prepared as previously described {loe cut, p 673) 

Reduction and Activation of the Ftlnm 

Pure hydrogen was used for the reduction, but owing to the varying speeds 
of reduction with the nature of the oxide, difiorent temperatures were used in 
each case It was always found possible to activate the films by alternate 
oxidation and reduction, and in each case a terminal condition was attained 
very rapidly, which state was characterised by a much brighter surface 
The rate of oxidation increased in each case after the first few oxidations 
and reductions, but not afterwards 
In the same way the catalytic 
activity of the films approached a 
maximum at the third or fourth 
reduction, after which a slight 
decrease was noticeable 
The spectrophotometnc observa¬ 
tions of the light reflectiMl from the 
surface of films of iron, nickel, and 
copper duruig activation by alternate 
oxidation and reduction are shown 
in fig t The temperatures at which 
the alternate oxidatio'ns and reduc¬ 
tions took place arc shown on the 
figure Curve A shows the intensity* 
of the reflected light after the first 
reduction, and the succeeding curves 
show that the reflecting power of 
these metallic films increases to a l-Inorewe in Kefleoting Power of 

Metallio VilmB on Aotivation (China Clay 
maxunum Standard) Ordinates represent log,, 

It was noticed (except in the case »nd abscigste wave-lengths m k U 
of iron which oxidised too fast) that 

the colour sequence shown dunng the oxidation of the reduced metals brightened 
very considerably durmg the activation. Slight variations were observed to 
occur in the colour sequence as judged by the eye, but very httle difference 
could be traced in the curves obtamed by means of the spectrophotometer 
* Loc cU, p 578 It IS most ounvoment to measure and plot the logarithm of tjhe 
reciprocal of the intensity of the reflected light against the wave longtli Tlio higher the 
cur\e on the figure the duller the colour 
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The increase m the brilliancy of the colours occurs as the metal increases m 
reflecting power The coarse structure of the surface is preserved in the film 
of omde covering it, and the reflecting power of the film of oxide formed 
on the surface never increases much beyond that of the onginal metalhc 
surface Thus if the original surface is dull, the whole colour sequence 
shown during oxidation is dull, while if bright, the whole sequence is bright 
We have thus obtamed the explanation of the bnghtemng of the colour sequence 
that follows on activation, the increasing brightness being the result of the 
greater reflecting power of the activated metal underlying the film of oxide for 
all wave-lengths 

Observations with a metallurgical mioroscopc showed that the original structure 
consisted of very coarse grams, which weie progressively broken down during the 
first three oxidations and reductions, fiiiull} attaining an approximately uniform 
sixe considerably smaller than the original The removal of the coarser 
inequalities in the surface causes a considerable improvement in the reflecting 
capacity, the nature of the reflected hght being unaltercil 

Experiments conducted on the oxidation of a metallic copper rod, which 
was composed of surfaces of burnished, sand-papered, and electrolytically 
deposited metal, showed that the composite nature of the reflected light was 
approximately independent of the irregular nature of the surface, only its 
intensity being altered The r«>8ults are shoun m hg J A sand-papered rod 
of steel was used as the standard of comparison 

The suffix 1 indicates the curves obtained from burnished copiier, 2 from sand¬ 
papered metal, 3 and 4 from two different surfaces of electrolytic copper Both 
specimens of electrolytic copper were deposited from copper sulphate solution, 
with a current density of 0 058 lunp per square centimetre for 2 and 16 imnutes 
respectively The curves lettered A are the intensity curves for the metal 
surfaces, B is for a red-brown oxide film, C for a dark blue, D for a silVery 
greemsh grey, and E for a yellow oxide film The colours shown on the burnished 
copper were the brightest, while those formed during the oxidation of the 
elec trolytic copper were very dull indeed The brightness of the colour sequence 
m these coses is directly caused by the moreased power of reflection of the 
metallic surface on which the oxide layer is formed, the mtensity curves for 
each colour sequence being the same m type as the wave-length changes, the 
senes of curves being shifted upwards the duller the metal surface on which 
they are formed. 

The oxide films of thickness corresponding to silver grey and yellow have 
the same order of reflecting power for light as the original metal surface 
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It i« very fluggestive tliat the maxima of absorption liecomi* equally feeble 
in these three cases as the wave-length increases towards the red, this being 



Fig 2 —.SpectrophotomctTu. Analysis of the LiKbt from Oxidwcd Surfaces of llunusbed, 
Sand papered, and Electrolytic Copper (Metallic Iron .StnniUrd ) Onlinatcs reim 
sent loHj, and abw issto waie lenKtha in A U 

evidence that the enhanced intensity of the reddish ooloura of the sequence on 
metallic copper is assisted by the strong reflection of red light by the copper 
backing of the hlins The absorption in the cupnc oxide fllm itself is fairly 
general and does not extinguish any one wave-length any more than any other 
When the light from the thin film of ciipru oxide is (.omparctl with that from a 
similar rod of metallic copper, the light absorption at the maximum is approxi- 
noately the same for rod and blue films, suggesting that the slight departure 
from Newton’s scries of colours is m this case wholly caused by the selective 
reflection of red light from the back of the oxide film The same behaviour was 
observed with the films formed by a mixture of hydrogen sulphide and air on 
metaUic oopper Owing to the black colour of copper sulphide imifonn absorp¬ 
tion would be expected, and hence the probability is strengthened that the 
VOL oxvn—A. 2 n 
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oxide film on activated copper ib onfxic and not ouprous oxide, which would 
show strong specific absorption The experimental results are shown m fig 3 



Flo 1 —Cupric Oxide Films on Activated Copper, Cnprous Oxide, and Sulphide Films, 
on Metallio Copper (Metallic Copper Standard ) Ordinates represent log,, di/dt> 
iind abaoiaste wavelengths m A.U 

Curves A, B, and G arc for an activated film, showing red-brown, violet, and blue 
colours respectively on oxidation The curves arc very similar to those obtained 
at room temperature by the action of a wet mixture of hydrogen sulphide and 
air on metallic copper, G, H, I, J, and K The oxidation of massive copper at 
286° C , however, gave the curves D, B, and P m which there is a more marked 
absorption in the violet, and in this case the film must be almost completely 
cuprous oxide 

This observation explains why the intensity of the deep blue colour of the 
sequence on metalhc copper is vanabie with the conditions of oxidation We 
have, therefore, obtained a practically complete explanation of the deviations 
of the colour sequence shown during the oxidation of copper from that shown 
by thin air films 

The Coloura shoton dunng the Oxidatwn of Act%vated Thxn Films of Nichd 
and Iron on China Clay 

The experimental method used has been previously desenbed A china clay 
standard was used for the mckel film, and a reduced iron standard which had 
been fully activated for the study of the colour sequence shown by the activated 
reduced iron 
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Table I —The Colours shown by Activated Reduced Nickel (fig 4) and 
Activated Reduced Iron (fig 6) 


A—Qmy mokel (fig 4) 

B—Faint brown 
C!—liight brown 
I)—Very dark brown 
Violet 

>—Very dark blue 
O—Lighter blue 
H—Green grey 
T—Yellow 
I- Full brawn 
K—Violet 
Lr Blue 

M—Greenieh final cnlonr of nirkelnna 


A—Metallioiron(fig 6) 

B—Light atraw 
C—Brownjih yellow 
D—Bed brown 
K—Violet 
F Intense blue 
G—Steely blue green 
H—Yellow 
I—Yellow 
J—Yellowish brown 
K—Dirty orange 
L —Orange 
M—Bed brown 
N-Grey 

O -h inal steel grey colour 



Fta 4 —Oxidation dolours of Nickel Filroa on Fio C — Oxidation Colours of Iron Films on C%ina 
^China Clat, 6.50° C (China Clay Standard) Qay, 380° 0 (Bodnoed Iron Stwidard ) 
Ordinates represent log,, absclssw wave-lengths m A U 

The oxidation of the iron rod was allowed to proceed for 22 hours at 386° C 
The surface was covered with an easily removable layer of feme oxide, which 

2 D 2 
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was the (auso of the curve P On wiping oi{ the oxide by means of a clean bneu 
rag the surface appeared a steely grey colour and showed the spectrum illus¬ 
trated by curve O It is evident that the colour sequence after the first blue is 
completely distorted by the strong specific absorption of the ferrous feme 
oxide niixturo, the dispersion of the oxide, and the tendency of the oxide to 
form a detaihcfl coating over the surface 

Tfw Study of the Ondatton Colourjt of th Maumve Melaht, NtekeJ, lion, atul 
Copper 

A burnished iron ro<l was substituted for the china clay rod at F (foe at, p 
hg 1) as the standard of cnmimrison for the coloured hlins on the massive 
metal The diameter of the iron, nickel, and copper roils used was 0 29 cm 
in each case luirnishing the metallic steel standard, and the rods before oxida¬ 
tion produecil a very great increase in the amount of light travelling through 
the photometer to the Hilger spectrometer, making the expnmental adjust- 



Fio 6 —The Oxidation Colours on a MetaUio Steel Rod at SBO" C A, yellowish brown 
B. rod brown C, purple D, violet E, blue F, lighter blue G, still lighter 
blue green H, silvery green I, yellowish J, brown K, rusty brown caused by 
all-night exposure to 660° C L, steely blue-grey colour left on wiping off the feme 
oxide from the surface. 
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ment of the tnjdy divided eye-piece very much easier In addition, the longest 
wave-length that could be studied was increased from 6600 to 7000 A U 

The results for metallic copper have already been given (fig 2), the results for 
iron are shown m fig 6, and the results for mckel were very similar to those 
for activated reduced nickel (fig 4) The progressive movement of the absorp¬ 
tion band is marked m each case, and is followed by the appearance of a 
reflection band, and followed again by another absorption band Thus the 
interference mechanism of production of the colours is established for the three 
metals 

The ComparwoH of the Cnlonr Sequencen ahoun by Oxide Ftlma on Iron Nickel, 
and Coppet 

While the red colours predominate m the films proihiccd on copper, and the 
deep blue colours hardly appear at all, on nickel no reds were observed, their 
place being taken by browns The blue colours were very strongly accentuated 
The interference maximum was far less marked in the red region of the spectrum 
than m the blue, while on mckel the mtensity of the absorption slowly increased 
08 the wave-lengths lengthened When the reflection maximiun shows up on 
the curves for copper it is feeble at the blue end of the spectrum, but rapidly 
increases in mtensity towards the red end The same is true for the activated 
reduced metal {loe cU , p 678), but this metal seems to oxidise to cupric oxide 
making the blues more intense than is the case on massive copper when cuprous 
oxide IS formed The specific reflection at the back of the oxide film enhances 
the red colours 

Metallic mckel and iron reflect the visible waves nearly equally and hence 
modifications in the colour sequences are produced by the mrreasing specific 
absorption of the eontmually thickening oxide films In the cases of both 
nickel and iron the absorption increases in intensity as the film thickens, and 
the wave-length of the absorption baud mcreases from violet to red Thus the 
blue colours are very mtense The absorption shown by the iron film was very 
strong indeed The behaviour corresponds roughly with the known absorption 
of the oxides The final colour of the mckel film was green, while that of the 
iron was steely blue-grey 

Evidence of Dispersion 

The second order colours m the case of mckel show the presence of only a 
single absorption or reflection band, confirming that the dispersion of mckel 
oxide (NiO) is comparatively small Spectrophotometnc observations of the 
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films on copper and non, on tho other hand, show very distinctly that a con¬ 
siderable dispersion exists in the oxide film Kundt’s values for blue and red 
light have been used to evaluate the constants m Cauchy’s formula, giving the 
following results for the vanation m refractive index with wave-length, X being 
expressed m A U 

(1) For copper oxide (nCu,0 + mCuO) 

|i = 2 21 + 17 9 X 10*/X*, 

(2) For nickel oxide (NiO) 

(1 = 2 02 -f 6 83 X 10*/X», 

(3) For iron oxide (n Fe,Oj -f- m FeO) 

f4 = 1 35 + 18 8 X 10«/X*, 
from which the curves in fig 7 are drawn 



h lu 7 —The Dispersion of Iron, Nickel, and Copper Oxides 


The nature of the oxides obtamed by Kuudt is not stated m his paper, but 
smee they were obtained by igmtion of the metal m an it seems probable that 
these values may be reasonably used to calculate the thickness of the oxide 
film corresponding to the various colours The use of these values of the 
refractive mdex for the more complicated second order colours found with 
copper and iron confirm that a considerable dispersion exists and causes further 
modification in Newton’s senes of colours 
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Table III —^Dupecsion m Copper Oxide Films BhQvrmg Second Order 
Colours 


Wavo-length of 
xefleotion 


Wave length of 
abaorption 


1 Thickneaa of 61m 

Maximum ^ 


Maximum K. 


3A./4/1 

Xrlill 

6280 A U. 

6600 

2 67 

2 64 

47C0A V 

5260 

3 02 

2 86 

1 16 X 10-‘ 

1 26 X 10-» 

1 17 X lO-» 

1 38 X 10-‘ 


Dispersion in Iron Oxide Fdms showing Second Order Colours 


tIOOO M 2 20 1 60 x 10-* 1 62 X 10-» 


The thicknesses of homogeneous films of a given colour have been worked out 
from the graphical data given m this paper It is necessary to remember in 
applying these results that in practice the film may crack considerably and thus 
IB composed of overlying portions of different colours and thicknesses 


Table IV —The Colour and Corresponding Thicknesses of Copper Oxide Films 


Order of colour 

Colour of Aim by 
rcAectad light 

Thioknew of homonneous 
61m of same ooMur 

■ 1 

Dark brown 

Bed brown 

Very dark purple 

Very dark violet 

Dark blue 

Pale blue green 

0 38 y 10-* oms 

0 42 

0 46 

0 48 

0 BO 

0 83 


Pale silvery green 

0 88 


Yellowish green 

0 97 


bull yellow 

0 98 


Old gold 

1 11 


Orange 

1 20 


Bed 

1 26 


Table V —The Colours and Corresponding Thicknesses of Nickel Oxide Fdms 


0 49 X l0-» 
u 64 
0 67 


Very dark violet 
Very dark bine 


Silvery Kieen 
Ydlo with green 


II 


Yellow 

Straw 

Yellowiah brown 
l^rk brown 
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Tabic VI —The Colour and Correaponding Thicknesses of Iron Oxide Films on 
Steel (up to blue) 


Ordpr 

CJoloiir 


Straw 

1 

Kedduh jrellow 
Brownuh n>d 

Purple 

Violet 


Blue 


The sequence beyond blue is very dull liecausc of the great absorption of the 
oxide, and the great dispersion, so that the eorrelation of the apparent colour 
with the thickness w ould lie of little practical value on account of the difficulty 
of recognising the colour in any particular case 
The chemical composition of the film in the case of nickel m practically that of 
mckelous oxide, but in the case of copper and iron, mixed oxide films are formed 
The effect of this mixture is not very marked upon the refractive index, but is 
verj’ serious, if it is desired to cstimato the quantity of oxygen contamed m a film 
of given thic kness The error produced m an estimation of the mass of oxidised 
metal in th$ film is smaller These tables were applied to the study of the rate 
of oxidation of the three metals at such temperatures that a rapid cxilour 
sequence, that was easily timed, was produced Slow oxidation rates were 
avoided for they gave anomalous results, due to the fact that the oxide attamed 
a terminal thickness, corresponding to a definite colour, which increased very 
much more slowly than would be expected from the parabolic law of oxidation 
If a be the thickness of the oxide film at tune t and S be the surface area of the 
oxide and p be the density of the oxide Then the parabolic law becomes 

p*S*o>--I< or jl = p»S»oa/« 


where A is a constant, characteristic of the rate of oxidation of the metal, and 
variable with the temperature In each CAse the first red colour was observed 
and the time required noted When, owing to the rapidity of the growth of the 
oxide film, this time was too short to bo convemently measurable, a second order 
red was taken, but these results would not fit in with the first owing to the 
marked departure from the parabohe law 
The results show that iron oxidises at a rate intermediate between that of 
copper and mckel, and thus the order found by Pillmg and Bodworth and by 
Dunn IS changed at still lower temperatures 
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My thanks are again due to Prof T M liowry, F R S, for the continued 
loan of his spectrophotometer 

Summary 

A spectrophotometnc study has been made of the light reflected from thin 
films of oxide of successively mcreasmg thickness formed upon cylinders of 
metallic iron, mokel, and copper The same observations have lieen made for 
thin films of these metals supported on china clay rods 

It was found that the reflecting power of the metallic films increased con¬ 
siderably on activation, and that this increased power of reflection at the back 
of the thin film was sufficient to explain the brightening of the oxidation colours 
consequent upon the activation of the metal Ckilours whose brightness varied 
over a wide range were simultaneously produced upon a cylinder of copper, 
the surface of which was divided into four equal portions The first was 
burnished, the second sand-papered, and the third and fourth were electro- 
lytjcally deposited under different conditions The brightness of the respective 
(Xilour sequences varied in the same w'ay as the brightness of the metal surface 
on which they were produced 

The colour sequence on copper showed the red colours very strongly, while 
the blues were variable m intensity, but alwa}'8 much more feeble This was 
due in part to the strong specific reflection of red light by the metallic copper 
The sequence on mckel was remarkable for the absence of red colour, only 
browns being visible The dark blues were of remarkable intensity This 
effect was attributed to the strong specific absorption of mckelous oxide 
The colours on iron were normal, but after the blue colour had been reached 
the colours became rapidly duller owing to the strong absorption of the oxide 
film, compbeated by considerable dispersion Using Kundt’s values for the 
refractive indices, and Cauchy’s formula, tables of the absolute thicknesses 
of the oxide films corresponding to vanous colours were calculated 
The tables were used, with observations of the rate of formation of the 
colours, to show that between 300 to 600° C the order of the velocity of 
oxidation decreases from copper to iron to mckel 
The curves obtamed from the spectrophotometnc observations wore in all 
cases sufficient to establish interference as the mam cause of the colour sequences 
showm by these metals on oxidation 
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The atabihty of a viscous hqnid contained between two coaxial cylinders 
which are capable of independent rotation has been investigated by G I Taylor * 
At low speeds of rotation the motion of the liqmd is two-dimensional, each 
particle of liquid rotating in a circle concentric with the cyhnders This type 
of motion 18 possible whether the cylinders rotate in the same or in opposite 
directions, and is stable for velocities of the inner cylinder not exceeding a 
certam critical value At the cntioal speed the laminar motion is succcetlcd 
by a three-dimensional motion, such that the circulation of the liquid is 
confined to a senes of annular compartments, one above the other When both 
cylinders rotate in the same direction, the height of each compartment equals 
the distance between the cyhnders, and the motion m an axial plane appears 
to consist of a senes of vortices in square compartments, adjacent vortices 
rotating in opposite directions For cylmders rotating in opposite directions 
there are, at a given horizontal level, two annular compartments side by side 
and concentric with the cyhnders In this case, the circulation in an axial 
plane appears to consist of two senes of vortices, adjacent vortices both vertically 
and honzontally rotating in opposite directions 

By using coloured hquid filaments to follow the motion, Taylor verified 
experimentally, withm a limited range, the expression for the cntical velocity 
at which the stream-hne motion becomes unstable and certain other pomts 
The apparatus used was large and robust, the length of the cylmders being 
90 cm, and it was unsuitable for investigating the motion under varying 
conditions, such as with inner cylinders of different diameters and with liquids 
giving a wide range in viscosity 

The object of the present work has been to investigate the motion under a 
much greater variety of conditions, especially with a view to seeing when the 
theoretical equations break down The apparatus is small, the length of the 

* ‘ Phil Trans ,’ A, vol 223, p 289 (1923), where references to previons woric are given 
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outer cylinder being only 17 cm , and the motion of the liquid is followed by 
means of suspended particles This method offers several advantages over the 
use of coloured bquids, which, owing to diffusion, gives a transitory effect only 
With suspended particles the motion can be studied for any length of time, 
and any changes m the motion easily observed It is possible, for instance, to 
compare the speeds at which the vortices come in and go out By suitable 
illumination the motion m any particular plane may be exammed and photo¬ 
graphed Moreover, by making the apparatus small, a device can be introduced 
to minimise the distortion due to refraction It is also an easy matter to make 
experiments with a large number of inner cylmdets, and to use liquids giving a 
wide range of viscosities 

The chief points to which attention has been given are - 

(a) The photography of the motion 

(b) The'application of Taylor’s entenon for the critical speed for inner 
cylmders of different diameters, using liquids of different viscosities, 
especially with a view to ascertaining the range for which the entenon 
IS valid 

(c) The spacing of the vortices 

(d) A comparison of the speeds of the inner cylinder at which the vortices 

come in and go out 

(e) Observation of the different types of motion after lanunar motion 
becomes unstable 

Apparatus 

A dcscnption of the apparatus as first used has already been given,* but 
further expenence has suggesteil several modifications, and a diagram of the 
apparatus in its present form is given in fig 1 

AA 18 the inner cylmder, which is a rod of silver steel BB is the outer 
cylinder of lead glass, of length 17 cm , inner diameter 0 900 cm, and outer 
diameter approximately 1 086 cm Both cylmders were specially prepared, 
as described later, to be perfectly straight and of uniform circular cross-section 
They are capable of mdependent rotation, and the housmgs for the bearings 
which hold them are earned by a massive upright of mild steel NN, which is 
screwed to a mild steel base MM 

The lower end of the steel oyhnder is pivoted into E, while the upper end has 
an adapter J, which makes a good fnoUon fit mto the wheel G The wheel 
itself IS fitted with a ball bearing, the housing of which (K) is screwed to fhe top 
• Andrade and Lewu, ‘ J Sti Instr.’vid 1, p 373(1024) 
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of the steel pillar llie position of this housmg can be altered to adjust the 
inner cylinder to he centrally in the outer glass cyhnder 
The glass cylinder passes through the wheel F, and fits loosely over the 



projection on E, being held in position at each end by two screws and a spring 
plunger, which are fixed in rings on F and E, and bear on brass tubes cemented 
over the ends of the glass tube The tube is sealed at the bottom by many 
applications of a dilute solution of shellac The middle of the tube passes 
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through a cubical block of glass 0 , bored parallel to au edge to admit the tulie 
Observation of the fluid motion is made through the cube, its object being to 
diminish the distortion due to refraction The space between the tube and 
cube IS lubricated vnth a mixture of xylene and inonobromonaphthalene 
adjusted to have the same refractivi index as the glass 

Great care was taken to ensure that the two tybnders revolved concentri¬ 
cally The bearings for the wheels P and E were first aligned by htting into 
them a brass rod, and then adjusting the attachment of their housings to NN 
until the rod could turn freely The glass cylimh'r was roughly adjusted to Ik 
concentric with the bearings by the aid of a microscope focussed on the outside 
edge, and then cemented down with shellac to the wheel E While the shellac 
was still plastic, liquid was introduced into the tube and an inner cylinder 
placed in position Then, by observing the movement of the meniscus ns the 
cylinders were rotated in turn, it was an easy matter to adjust them both to 
revolve concentrically Once the cylinders have been centreil, the wheel G 
can be removed, and an inner cyhniier and its adapter quickly replaced by 
another without the necessity of recentnng Smee, during the experiments, 
inner cylinders of different diameters were used, this method of mounting 
them was found very satisfactory 

H 18 a pulley wheel which transmits the drive from a small motor with a 
reduction of speed A similar pulley is mounted on the base for transmitting 
motion to the outside cybnder The inner and outer cylinders are both geared 
to the same motor through a system of pulleys, by means of which the speed 
ratio IS fixed The drive is transmitted to the cylmders by cotton threads, 
which do not set up the vibration always cxpcnenced when rubber bands or 
spnng belting were used. 

The optical system is mounted on an optical bench, which is pivoted at the 
end remote from the apparatus, and controlled at the other end by a lever 
which enables the observer to displace the beam at will from the front to the 
middle of the annular space between the cylmders Light from a slit illununated 
by an arc is converged on to a sphero-cylmdncal lens, which produces a flat 
beam of small convergence A water cell is mserted m the path of the beam, 
minimiiung heating effects and consequent convection currents in the liquid 
under investigation The flat beam is arranged to illuminate, and so effectively 
to isolate, any section which it is desired to study 
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The PreparattoH of the Cylinders 

To avoid any possible disturbance due to irregularity of the cylinders, great 
(are was taken to make them straight and of circular and umform cross-section 
to a high degree of accuracy Silver steel rods, guaranteed of umform cross- 
section to an accuracy of 0 001 cm, proved to be satisfactory as regards 
uniformity of cross-section, but not as regards straightness, which latter was 
improved by careful grinding on a lathe The straightness was then tested by 
supporting a rod on two V’s and rotating it slowly, observation of an inter¬ 
mediate part being made with a reading microscope No measurable deviation 
from straightness was detected, although an error of less than 0 001 cm could 
have been easily detected In this way four rods were prepared with radu of 
0 2631, 0 3143, 0 3436 and 0 3842 cm, respectively It was found necessary 
to measure the radu of these rods to a high degree of accuracy , an error of 1 per 
tent in the measurement of the largest of them gives an error of 7 per cent 
m the calculated value of the critical speed 

In preparing the glass cylinder, a prehminary selection was made from a large 
number of glass tubes Lead-glass tubes were found to be more umform in 
diameter and optically more homogeneous than soda-glass tubes, which arc in 
general full of strue Those tubes which were found to be fairly straight when 
tested on a surface plate were examined for umformity of bore by the method 
developed by Anderson and Barr * The tubes were immersed vertically in a 
liqmil of about the same refractive indexf as the glass, and their diameters 
measured in several azimuths at different heights by a travelling microscope 
The selected tube was then ground true and polished The preliminary 
grinding was carried out by Messrs E R Watts and Son, Ltd, Camberwell 
The final gnnding and polishing was earned out m the laboratory on a rod 
( oated with pitch, sura rouge being used as the polishing medium The diameter 
was then found to be umform to 0 001 cm , as measured m different azimuths 
throughout the length of the tube Its value was measured by equalising the 
refractive indices of liqmd and glass for a particular wave-length, and equals 
0 900 cm In order to test its straightness, the tube was supported horizontally 
at the ends on two circular steel rods whose top surfaces were collinear The 
whole was immersed in a glass trough contammg a hqmd of about the same 
refractive index, and deviation from straightness was looked for as the tube 
was rotated No measurable deviation was found. 

* ‘ J Soi IiutrTol 1, p 0 (1023) 

t A suitable mixture of aniline and xvlene 
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MeamremeWt, of Speed 

For the meaAirement of the speed of the cylinders a stroboscopic method was 
employed Fittmg round the wheels G and E, which rotate with the cyhnders, 
are white stnps marked with eqmdistant vertical Imes As the cyhnders 
rotate these Imes are observed through a disc pierced with equidistant radial 
slitiS, and driven through a variable gear by a phomc motor The speed of 
the disc 18 adjusted until the vertical lines on a cylmder give a stationary 
figure, when the speed of the cyhnder can be deduced from the reading of the 
variable gear 

A diagram of the strobomoter, the design of which was suggested by Prof 
Andrade, is given in fig 2 A cardboard disc A, having a curcle of radial sxits, 
18 mounted on the back of an ebonite disc B, which is carried on a horizontal 



spmdle mounted m ball bearings A thm sheet of rubber is fixed to the front 
face of B C is a small disc of red fibre, which is bevelled at the outside to give 
a smooth nm It is mounted on a straight aluminium spmdle supported in 
ball bearmgs at F and F, and presses against the rubber-covered face of B The 
pressure between the discs is adjusted until, as C rotates, the friction between 
them IS just sufficient to cause a rotation of B without any slippmg 
The spmdle D is coupled to the phonic motor by the tube F,. which is 
attached to the motor by a flexible couplmg (a piece of pressure tubing proved 
very effective) The spmdle can slide freely along the tube, but a stud H, 
fixed m the spmdle and passing through a longitudmal slot in the tube, prevents 
any relative rotation 
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The speed ef the phonid motor is controlled bj an electrically mamtaincd 
tuning-fork (50 D V per sec ) m the usual way C therefore rotates at a constant 
s|>ced, but the speccl of B depends on the distance of C from B’s axis of 
rotation By giving 0 a motion across the face of B, a continual variation m 
the speed of the latter can be obtained For this purpose, the housmgs P, P 
for the be^inngs of D are rigidly fixed to the slide J, moving in grooves on a 
framework K by the motion of the screw M acting against a spnng as in a 
travelbng microscope J and K are provideil with a scale and venuct which 
indicate the position of C to 0 001 inch, an accuracy well above that required 
For the purpose of calibrating the scale reading m terms of the speed of the 
disc A, the photographic and time-marking apparatus of a sound-ranging set 
were fortimately available A lamp was placed behind a single narrow radial 
slit (ut in the face of the disc A, and an image of this slit focussed on the 
jihotographic strip Then, as the wheel rotated, each revolution was recorded 
Simultaneously wth a time scale on the photographic strip In this way it was 
possible to measure the actual speed of the disc correspondmg to a particular 
setting of the scale and vernier At the same tune, the absence of sbp was 
verified by measuring the speed over different intervals of time Furthermore, 
it was found that the observed speeds of revolution for different settmgs of 
the same scale readmg were satisfactorily consistent 
The range of the mstruraeut for single figures is for speeds from 7 to 3 5 
revs per sec , but by using multiple figures the range can be widened from 
21 to 1 7 revs per sec 

(ibservatton of the Motion 

The liquid used for general observation of the motion was xylene Its 
refractive index (1 497) bemg lower than that of glass (1 571), distortion is not 
entirely avoided, but its kinematic viscosity is such that the change m the type 
of motion occurs at a reasonable speed for all the cylinders even when the speed 
ratio IS high After expcrimentmg with several different types of particles, 
fine aluminium powder was found to be the most suitable A small quantity 
of the powder is shaken with the liquid, and allowed to settle down for about 
two hours, when the suspension is decanted off and diluted down witl^more 
xylene 

The liqmd is introduced between the cylmders, and illuminated through one 
of the faces of the cube by a fiat beam Its motion, duo to rotation of the 
cylmders, is observed through a low-power microscope set horizontally at nght- 
angles to the beam Photographs showing the type of motion observed under 
different conditions are given m Plate 18, figs 3-10 
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When convection currents due to heating are absent and the cylinden are at 
rest, the particles appear as stationary points of light On rotating the cylinders, 
the particles move with the hquid and mdicate its motion For speeds of the 
inner cylmder leas than a cntical value, the appearance of the motion m a radial 
plane is shown m fig 3 The particles are describing circular paths concentric 
with the cyhnders The phot(^aphs show no difference between the cases 
when ( 1 , the ratio of the speed of the outer cylmder to that of the mner, is zero, 
positive or negative, though m the latter case the liqmd is divided mto two 
portions, an inner portion rotating m one direction and an outer lotatmg m 
the opposite direction This difference in the direction of motion is easily 
detected by visual observation Fig 8 shows the appearance m a vertical 
plane passing through a pomt between the two oylmders Here again, when 
IS negative, visual observation shows that the liquid at the edge of the tube is 
moving m an opposite direction to the hquid near the inner cylmder 

When the speed of the inner cylinder exceeds a cntical value, the type of 
motion is entirely different the particles move in the complicated manner 
previously desenbed Fig 4 shows the appearance in a radial plane when p 
IS zero The vortices are in approximately square compartments extending 
across the interspace between the cylinders, and adjacent vortices axe rotatmg 
in opposite directions For negative values of |i the appearance is as shown in 
figs 5 and 6 There are really two systems of vortices side by side, though, 
owing to distortion and also to the less vigorous nature of the outer system, 
these latter cannot be distinguished 

A componson of figs 4 and 6 shows that in fig 5 the vortices (which ore the 
inner system) are smaller and also their centres are displaced towards the inner 
cylmder In fig 6, for which — p is greater than in fig 6, the difference is 
still more pronounced Fig 7 shows the vortex system for positive values of p , 
It IS the same as when p is zero (fig 4) When p is zero or positive, the appear¬ 
ance of the vortex motion m a vertical plane passing through a point between the 
two cylinders is shown m fig 9, and when p is negative, m fig 10 In the latter 
case, the dividing Imc between the two systems of vortices can be discerned near 
the edges of the tube 

The photographs were obtamed on Ilford Press plates, usmg a Beck apochro- 
matic objective of 40-mm focal length and the sun as source of light The 
time of exposure is governed by the speed of rotation of the cylinders and the 
thickness of the beam, and is obviously not the same for each particle By 
exposing the plate for about ^ sec the paths of many different particles are 
recorded on the same plate It is to be observed that much larger particles 

VOL oxvn—A 2 s 
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were used for the photography than for the measurement of the ontical 
speeds 

Delermxnat%on of the CrUusal Speed 

Assuming that when mstabibty occurs the subsequent motion of the liquid is 
three-dimensional and 8}mimetncal (about the axis), Taylor obtains a mathe¬ 
matical expression for the critical speed of the inner oylmder in terms of the 
coefficient of kmematic viscosity of the bqmd, the radu of the cylmders, and the 
ratio of their velocities When the cylinders are rotating m the same direction, 
the critical velocity of the inner cybnder, at which the stream-lme motion 
becomes unstable, is given by 

£ 2 ,* = + -^)(1 - | i ) 

X |o 067l(j^-0 682d/Ri)-f 0 00066(J-^-0 662d/R,pj], (1) 

where 

= angular velocity of the inner d = Bj — Ri, 
cybnder, |a = SIJ £2j, 

£2, = angular velocity of the outer v = the kinematic viscosity 
cybnder, of the bqmd 

Rj = radius of the iimer cylmder, 

R, = radius of the outer cybnder. 

In this expression the term 0 652d/R|, which is subtracted from the factor 
(1 4- [i)/(l — (i), 18 a correction due to the fact that d, the distance between the 
cylmders, is not negbgible compared with R^ This correction neglects second 
onler terms of the ratio d/Rj and may be expected to hold until d/R, exceeds 
one-third 

There is not a simple expression similar to (1) for negative values of p,—t e , 
when the cylinders rotate in opposite directions—^but the same expression appbes 
until the term 0 00066 {(1 -f p)/(l — p) — 0 662d/RJ“^ is comparable with 
0 0671 {(1 + p)/(l - fi) - 0 662d/RJ 

The verification of the expression predicting the cntical speed of the inner 
cybnder at which the type of motion ohanges requires a knowledge of p, the 
ratio of the speed of the outer cybnder to that of the inner, and of v, the kme¬ 
matic viscosity of the bqmd 

The speed ratio of the cybnders was determined by runmng the motor at a 
constant speed, and measuring the speed of each cybnder m turn with the 
slzobometcr 
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The viscosity of the Lquid was measured at a senes of temperatures with a 
U tube viscometer, which gives the kinematic viscosity directly, and requires 
only a small quantity of liquid A consideration of Einstein’s* formula for 
the visoosity of a suspension of small spheres shows that the effect of a few 
hne particles on the viscosity is inappreciable, and measurements of the viscosity 
of xylene both with and vnthout particles showed that a much more concen¬ 
trated suspension than that used in the experiments did not appreciably alter 
the viscosity 

The critical speed of the inner cylinder at which the type of motion changes 
was first roughly determined by observing the motion m a radial plane through 
the nucroscope as the speed was slowly increased The strobometer was then 
adjusted until the vertical hnes on the inner cylinder gave a stationary figure 
when observed through the rotating disc The operation was then repeated, 
but this time, as the critical speed was approached, the change in the speed 
was made more slowly Another observer meanwhile observed the vertical 
lines, and, at a given signal, he made any necessary adjustments to the strobo- 
raeter When several consistent settings for the critical speed had been made 
m this way, its value was obtamed by reference to the calibration curve The 
inner cylmdcr was then removed, and the temperature of the liquid taken 
with a thermometer the viscosity could then be obtained from a viscosity 
temperature curve 

The first senes of me^isurements was made with the outer cylinder fixed 
(t e, |x equals zero) for three liquids—^i^lene, a mixture of nitrobenzene and 
xylene, and nitrobenzene—giving a variation of the coefficient of kinematic 
viscosity over the range 0 008 to 0 018 C G S The mtrobenzene was not used 
with the largest inner cylinder because the cntical speed is too high to bo 
accurately determined The values of the critical speeds obtained with the 
different hqmds are compared with one another and with the value calculated 
from the theoretical expression by dividing the critical speed by the coefficient 
of kinematic viscosity The constancy of this ratio is the condition that two 
geometrically similar motions are also dynamically similar The experimental 
results are given in Table I Though the ratio dfRi vanes from 0*17 to 0 71, 
the ratio of the cntical speed to the kinematic viscosity obtained experi¬ 
mentally agrees with the calculated value equally well for each of the inner 
oyhnders used, and for all the bquids f It thus appears that when p. equals 

* Emitein, * Ann d. Phynk,’ vol 19, p 289 (1906) 

t The inner ojdinder of r^us 0 3430 cm was not used for these experiments, as, at the 
tune, it did not mn centrally 
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Table I 


DimeMioiu 

Liquid 

Tern- 

Kinematio 

Cntical 

nvf per MO 

ron per MO 

rrrrnlr r 

of 

petatnn 

Tifooaity 

ipoed. 

p 

p 


ojdiniieii 



* 

nvi per MO 


oaloulated. 


K, 0 2631 cm 

Xyleno 

13 2 

0 00869 

a 13 

347 9 

247 8 

+ 0 04 


12 3 

0 00669 

a 16 

348 6 


+ 0 82 

B, »0 46011 


11 8 

0 00876 

a 18 

249 2 


+ 0 66 

- 0 71 

Nitrobmxene 

17 0 

0 01160 

a 87 

349 6 


+ 0 72 

and xykna 

18 8 

0 01127 

a 79 

247 6 


+ 008 


18 8 

0 01127 

a 77 

346 8 


- 0 81 


Nitrabenuno 

16 0 

0 01830 

4 48 

244 7 


- 1 26 



16 4 

0 01818 

4 47 

246 9 


- 0 77 

Bj ^0 3143 cm 

XylcM 

18 7 

0 00794 

a 43 

306 1 

303 7 

+ 1 12 


12 4 

0 00868 

2 63 

303 1 


+ 0 13 

R, 0 46 cm 


17 6 

0 00808 

2 46 

306 6 


+ 0 95 

rf/R, ■= 0 43 

Nitrobeniene 

17 7 

0 01140 

3 40 

303 6 


i- 0 26 

and xylene 

18 1 

0 01137 

3 47 

306 2 


+ 0 82 


14 7 

0 01196 

3 63 

303 6 


+ 0 26 


Nitrobeniene 

14 2 

0 01866 

5 66 

304 4 


+ 0 66 



16 7 

0 01809 

5 48 

303 0 


+ 0 10 

R, >.0 3S42om 

Xyknc 

12 6 

0 00866 

6 02 

696 2 

690 1 

+ 0 66 

11 0 

0 00883 

6 14 

694 3 


1- 0 62 

K, >= 0 43001 


9 0 

0 00900 

6 29 

699 0 


I 1 20 

li/B, « 0 17 

Nitrobeniene 

14 9 

0 01193 

8 30 

696 8 


+ 0 74 

and xylene 

17 9 

0 01139 

7 92 

006 2 


I- 0 65 


17 6 

0 01142 

8 00 

698 8 


1 1 17 


zero, the theoretical exprcsoon u applicable even though the ratio dfRiKM high 
asO 71 

It IS possible, then, to use this type of apparatus for the measurement of 
viscosities, and in certain circumstances it might offer advantages over other 
methods Since the outer cylmder is kept fixed, the construction of the 
apparatus would bo much simpbfied, and it could be cabbrated by measunng 
the critical speed for a liquid of known viscosity As with other types of 
viscometers, it would be necessary to choose the dimensions of the cylinders 
according to the range of viscosities to be measured 

Smce the cntical speed for air is too high to be obtamed with the apparatus, 
a rough apparatus of different dimensions was constructed to find out if the 
same expression also holds for gases The motion of au was followed by means 
of the smoke from a cigarette The change in the type of motion at a certain 
speed IS the same as that for hquids On the assumption that the smoke 
particles did not alter the viscosity of the air, the observed value of the ontioal 
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speed was 8 6 revs p« sec , as compared with the calculated value of 7 96 
revs, per sec It la certain, however, that the above assumption is not allowable, 
for while a given concentration of smoke gave consistent results, the values 
obtamed for different kmds of smoke did not agree 
For the experiments with both oyhnders rotating, xylene was the only liquid 

Table II 




Ezpenmental 

Calculated 

Experimental 



VftllM of 

valoe of 

Taloe of 

DunoiuioM of 
oytinden 


rev* peraoo 

rev* peraeo 

revB peraeo 

/* 

at which laminar 

at which laminar 

at which the 



motion beoomea 

motion beoomea 

vortex motion 




unatable 

nvertato 

(1) 





(2) 

(7) 

(4) 

(6) 

B, - 0 3631 cm 

( 0 304 

631 

490 0 

488 


4 - 0 240 

431 

870 0 

398 

U, = 0 4fi0 om 

+ 0 237 

402 

363 3 

377 


1 0 229 

300 

342 0 

322 

rf/Ri = 0 71 

1 0 170 

312 

297 1 

276 

0 0 

248 

247 8 

230 


-0 182 

246 

263 1 

227 


-0 238 

269 

280 3 

235 


-0 337 

288 


261 


-0 433 P 

322 


301 


- 0 605 P 

380 

— 

364 

K, ^0 3143 cm 

+ 0 436 

711 

690 0 

076 


+ 0 417 

600 

606 4 

614 

B, => 0 400 cm 

1 0 204 

406 

301 7 

386 


+ 0 180 

345 

333 0 

321 

<f/R, = 0 43 

0 0 

303 

302 7 

289 

- 0 292 

•m 

327 1 

300 


- 0 426 P 

381 

362 0 

300 


-0 692 P 

618 


472 


-0 975P 

682 


650 

B, == 0 3430 cm 

+ 0 408 

780 

779 8 

750 


+ 0 412 

670 

671 0 

560 

B, ^ 0 400 cm 

+ 0 293 

460 

464 0 

442 


4 0 161 

410 

408 1 

307 

(f/B, 0 31 

0 0 

386 

386 3 

374 

-0 161 

397 

388 2 

379 


-0 296 

424 

460 0 

402 


- 0 410 P 

460 

463 0 

428 


- 0 498P 

483 


466 


- 0 810 P 

065 


626 


-0 706P 

601 

— 

680 

<=^0 384S om 

4 0 412 

862 

865 8 

84* 


4-0 203 

770 

700 0 

760 

Bt 0 400 om 

4-0 161 

722 

716 1 

706 


0 0 

690 

600 1 

680 

rf/Bj = 0 17 

-0 161 

702 

090 0 

684 

-0 293 

729 

710 0 

702 


- 0 412 

772 

702 3 
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used, since, by virtue of its low viscosity, the critical speed is low enough to be 
easily observed for all the inner cylinders Consequent on a slight movement 
of the cube due to lack of umformity m the thickness of the glass tube, observa¬ 
tion with both cylinders rotating becomes difficult when the speed of the inner 
cylmder exceeds about 6 revs per sec The experimental values of the ratio 
of the critical speed to the kmematic viscosity are compared with the calculated 
values in col umns 3 and 4 of Table II Reference to column 5 will be made 
later It is observed that the experimental and the calculated values are in 
good agreement for positive values of p when the ratio of d/B^ is 0 17 and 0 31, 
but not for the larger ratios, except as already pomted out, when p = 0 When 
p IS negative, the agreement between the observed and the calculated values can 
only be called good for the value of p = — 0 16, using the largest of the inner 
cybnders 

Spacing of the Vortices 

When d, the thickness of the liquid layer, is small compared with Rj, the 
radius of the inner cylinder, Taylor’s theory predicts that for positive values 
of p the vortices occupy square compartments—t e , their spacing equals the 
thickness of the hquid layer When p is negative, the spacing vanes with p , 
it 18 less than the spacing when p is positive and decreases as — p mcreases 
Many measurements of the spacing were made by means of a travelling 
microscope for p = 0, using inner cylinders of different sixes and liquids of 
different viscosities A typical selection from the values obtained are given in 
Table III Each value is the mean spacing of a senes of vortices, the inner 
cylinder being started from rest in each case 
For each value of d/Rj, the spacing of the vortices may vary within certain 
bmits The actual value obtained appeared to be independent of the accelera¬ 
tion of the inner cybnder through the cntical speed and the viscosity of the 
bquid The spacing may be greater or leas than the theoretical value, though 
it 18 generally less The maximum variation occurs for the largest value of 
d/R^ when it is as much as 14 per cent When d/Rj is 0 17—t e , of the order 
assumed in amving at the theoretical value—^the variation from this value is 
not greater than 4 6 per cent, which is about the experimental error of 
measurement for this small spacing 

Certain observations showed that the motion is not necessarily penodio at 
the moment instability sets in, but the vortices move up or down and readjust 
themselves until they are regularly spaced 
Measurements for both positive and negative values of p showed a similar 
variation m the spacing of the vortaces, and as — p was increased the spacing 
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Table III 


Dimenaioiu 

of 

rylindom 

Theoraticol 

Obaervod ipMungs (om ) | 

Mauranm 

percent 

■|>acing 
d « B|-R| 

Carbon 
tetnaUonde 
V330 0065 

Xykno 
•• = 0 0084 

Nitrobentene 
r 33 0 0183 

vanaUoD 

fromtbe 

theoietica] 

R, =0 2S31 cm 
R, = 0 45 om 
(f/R, 0 71 

0 187 

0 201, 0 1(» 

0 102, 0 100 

1 0 187, 0 185 

0 182, 0 167 

0 161 

0 188, 0 183 

0 180, 0 178 

0 176, 0 174 

0 172, 0 168 
0 164 

0 183, 0 181 

0 180, 0 170 

0 176, 0 172 

0 166 

14 

R, =0 3143 cm 
R, =13 0 45 cm 
(f/R, 3= 0 43 

0 136 j 

1 0 135, 0 133 

0 132, 0 131 

0 142, 0 139 

0 185, 0 128 
0 125 

0 136. 0 133 

0 132, 0 120 
0 124, 0 122 

10 

R, =>0 3485 cm 
R. => 0 45 cm 
4/R, » 0 31 

0 106 

0 104, 0 103 

0 101, 0 100 
0 000 

0 100, 0 000 
0 008 

0 102, 0 101 

0 000, 0 008 

7 6 

R, 331 0 3842 cm 
R, 3> 0 45 cm 
rf/R, - 0 17 

0 066 

0 067, 0 066 
0 065 

0 066, 0 065 
0 064, 0 063 

- 

4 6 


decreaacd m a manner similar to that observed by Tfiylor The decrease m the 
suse of the vortices is seen by comparing figs 5 and 6, Plate 18 
The nature of the motion at the open end of the liqiud column was also 
observed by arranging that the liquid only reached to the level of the cube 
The uppermost vortex is always much longer than those beneath it, and may 
exceed the theoretical value by as much as 12 per cent The effect of adding a 
small drop of bqmd is generally to cause a readjustment of the vortices It 
IS impossible for a small vortex to exist at the free end of the hquid column 
One did form occasionally by the addition of a suitable quantity of liquid, 
but it was unstable, and a readjustment took place until the end vortex became 
longagam 

It is to be observed that though the spacing of the vortices may vary withm 
fairly wide limits, the cntical speed at which the vortices set m shows no such 
variation 

iSuhsejruetU Motion of the Liquid 

It has already been pomted out that by using suspended jpartioles any changes 
m the type of motion can be easily followed. The following observations of 
the motaon were made with xylene (v = 0 008 approximately) — 

Considenng first the case when p equals sero or is positive, if, when the 
vortmes have set in, the speed is maintained constant, then they persist 
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indefinitely, though Hometimes theie is a gradual vertical displacement of the 
whole system When the speed is gradually reduced, the vortices persist until 
the speed of the inner cylinder is below that at which they set in. The speed of 
the inner cylinder at which the reversion of the motion occurs is qmte as 
defimte as the speed at which the laminar motion becomes unstable, though 
the exact speed of rotation at which the change takes place is more difficult to 
observe Measurements of the ratio of the revs per sec to the kinematic 
viscosity when the reversion to laminar motion occurs are given in column 6 of 
Table II The turbulence occurring at a critical velocity in the flow of a liquid 
m a straight circular tube shows a similar persistence as the flow is reduced to 
a lower cntical velocity It was observed that if the speed of the inner cylmder 
was slowly increased from rest to a value between what may be called the 
upper and lower cntical speeds, the vortex motion could be initiated by setting 
up a disturbance such as that caused by jolting the bench At speeds below 
the " lower ” cntical speed such a disturbance produced no effect In the 
rough experiments with air, vanation of the speed produced similar changes in 
the type of motion As the interspace between the cyhnders is decreased- •» e , 
dfRi IS made smaller—the two cntical speeds become closer together In 
hg 11 the values of the ratio of the difference in the two critical speeds to the 
upper cntical speed, obtamed from several determinations, have been plotted 
as dots against the corresponding values of d/Rj The points so obtained he 
about a straight line passing through the origin The points obtained from 
measurements of the cntical speeds for air arc plotted on the same diagram as 
circles 

If, after the vortices had formed, the speed was further increased, then for 
values of d/Ri equal to 0 71,0 4^1 and 0 31, the vortex type of motion remained 
unchanged up to the highest speed obtained with the apparatus, t e , about 19 
revs per sec for the inner cyhnder For <i/Rj =0 17 the vortex motion broke 
down when the speed of the inner cyhnder was about 14 revs per sec, the 
motion then becoming irregularly turbulent 

RHien p is negative, there is a similar difference between the speeds at which 
the laminar motion becomes unstable and at which the vortex motion reverts 
to laminar motion These are compared in the columns 3 and 6 of Table II 
On mcreasing the speed after the vorticra have formed, then when — p exceeds 
a certam value depending on the sue of the inner cylinder, the steady vortex 
motion IS succeeded by a new type of motion The vortices appear to pulsate 
up and down, their direction cd rotation changing with each pulsation. The 
period of this pulsation appears to bear no simple relation to tiie periods of 
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revolotion of the oylinden. The pulsating type of motion was observed by 
TayhMr, who describes the appearance as seen by using a coloured hquid as 



4 


Fio 11 —The values obtained w ith liquide aio represented b> dots and the values with a 
bv citeles 


follows “ Shortly after the symmetrical vortex system had formed itself, it 
was seen that every alternate vortex began to ex^iand on one side and to 
contract on the opposite side of the cylinder On the other hand, the inter¬ 
mediate vortices began to expand to fill the spaces from which the first had 
contracted, and to contract in the parts where the first set had expanded As 
seen in side elevation, it looked as though each vortex was pulsating so that 
its cross-section varied periodically, though with an oscillation of increasing 
amplitude ” Though it is difficult to judge what » happemng to the annulus 
of liquid as a whole, the observations with suspended particles, which are 
unaffected by diffusion, supplement the observations described abo^ It is 
found that, provided the speed is kept constant, the pulsating motion persists 
indefimtely and with fi^ed amphtude There appears to be no consistency in 
the speeds at which the pulsating type of motion sets in, sometimes the 
motion changed straightway at the critical speed to the pulsating type In 
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Table II the values of (i marked with a P are those at which the pulsating type 
of motion occurred At still greater speeds the motion becomes irr^ulariy 
turbulent When the symmetncal vortex motion is succeeded by the pulsating 
motion, then, as the speed is gradually reduced, the pulsations die out and the 
vortices become steady agam, and finally change to laminar motion 

The spiral form of instabihty observed by Taylor was only seen on a few 
occasions, it sometimes occurred when the pulsating type was expected 
Taylor observed that if there was a circulation m the axial plane dunng the 
steady motion before instabihty, then, on the formation of the vortices, they 
were wrapped as a spiral round the inner cylmder, and were alternately largo 
and small When this type of motion did occur, the appearance of the particles 
in a radial plane was that of a senes of vortices traveUing up the tube and 
separated by spaces m which it was difficult to detect the type of motion This 
spiral form of instabihty was only observed when was negative 

Stability diagrams similar to those given by Taylor* are shown m figs 12-16* 
The ratios of revs per sec to v for the inner cylmder, at which the motion 
becomes unstable as the speed is gradually mcreased from rest,are plotted against 
the corresponding ratios of the outer cylmder The full hne connects the 
observed points, which are represented by dote the centres of the small circles 
represent calculated pomts The dotted hnes on each of these diagrams are 
drawn through points (represented by crosses) corresponding to the speeds at 
which the vortex motion reverts to laminar motion For all points on the 
diagram above the full hne, the motion is unstable , for points below the dotted 
hne it IS stable, while in the region between the two Imes the motion is 
evidently stable for small disturbances, but, as found experimentally, not for 
large disturbances 

The conditions for the stability of an inviscid hquid in similar circumstances 
have been given by the late Lord Bayleigh t For cyhnders rotating in 
opposite directions, laminar motion is unstable at all speeds, if they rotate in 
the same direction, the motion is stable or unstable according as Q, B,* is 
greater or less than The straight hnes m figs 12-16, which are given 

by Qj/ n, = B|*/Bi*, may be called the stability curves for an mviscid liquid 
A VISCOUS hqmd is also stable if Q, R,* is greater than Bi*, and when 
O, B,* 18 less than B^* the motion is stable until exceeds the critical 
value given by the expression (1) 

• Loe. isit, p. 339 

t ‘ R(7 Soo. Froc ,* A, voL SS, p 148 (1916) 
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In flgk 12, 13, 14, 15 the experimental valaes of rove, per eeo /v at which laminar 
motion become* nnitable are repreeented by dot* and tiw oalonlated vahie* by drole* 
the experimental valne* of re^ per mo /v at which the vortex motion reverte to laniuMr 
motion are r e pre* en ted by oroaee*. 
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The airthor desires to express hit warmeitthuikB to Prof E N daC Andrade, 
who suggested the expenments, and to whom he is indebted tor suggestmiis 
and advice, and for faoihties for carrying out the work 

Summary 

1 A description is given of the apparatus m which suspended particles ate 
used to follow the motion of a viscous hquid between two oylmdets, either or 
both of which can be rotated, and of a stroboscopic device for measuring the 
speeds of the cyhnders 

2 The mathematical laws deduced by Q I Taylor for the case when the ratio 
of the mterspace (d) to the radius (R^) of the inner cylinder is small have 
been confirmed, using xylene as hquid and inner cyhnders of different tadu 

3 When the outer cylmder is fixed, the expression for the cntical velocity 
at which the laminar motion gives place to vortex motion is found to hold for 
values of the ratio d/R^ as high as 0*71, and for hqmds whose coefBeient of 
kmematic viscosity varies from 0 006 to 0 018 C G S 

4 liVhen the outer cylinder is fixed, the determination of the ontioal speed can 
be used for the measurement of kmematic viscosities The dimensions of the 
oylmders should be such that the critical speed is low, when observation of the 
change in the type of motion IS easy WhenRj 0 26cm, sndR| = 0 46om, 
kmematic viscosities from 0'008 to 0 012 COS can be measured with certainty 
to withm 1 per oent 

6 If, when the vortex motion has set in, the speed of the cylmders is reduced, 
then the motion reverts to the laminar state at a cntical speed, which is fixed 
for given dimensions and hquid This cntical speed is defimtely lower than 
the cntical speed given by Taylor’s formula, at which the vortex motion 
setsm 

6 The upper and lower ontioal speeds tend to become equal as the ratio 
d/R| IS decreased 

7 When d/R^ is large, the spacing of the vortices may vary withm fairly 
wide limits, though there is no such large variation in the speed at which the 
vortices set m 

8 Fhot<^;raph8 are given of the motion observed m a radial plane and m a 
j^ane passing through a point between the cylinders, both for the laminar 
and the vortex motion when (i, the ratio of the outer cylmder to that of the 
inner, is positive, negative and sero respectively 
























Spoatrum Fluorine (FI). 


407 


DESORnmON OF FLATS 18. 

Ri > 0 868 om., R, - 0-4S0 om 

Figs. 3, 4, 6, 6, 7 dunr the motion obeened in tiie plene ab, and fige. 8, 9,10 the motion 
inthepUneed^. 

Fig 8 —Leminer motion when ft la poaitiTe, negetire or een> 

Fig 4 —Yoctioeo when ft ia aero 
Fig S —Voctioes when ft ia —0 20 
Fig 6 —^Vortioea when ft ia —0 43 
Fig 7 —^Voctioea when ft ia poaitive 

Fig 8 —Laminar motion when ft ia poaittve, negatiTe or aero. 

Fig 0—^Vortioeo when ft ia poaitire or am 
Fig 10 —Vortioea when ft ia —0 43 



TAe Spectrum of Fluorine (FI). Part 11. 

By Hbbbbbt Dinolb, B So , Aeastant Proteeoor of Physios, Impensl CSoUege 
of Scienoe and Technology 

(Gommamoated by A Fowler, F.B S —Received November 4, 1927 ) 
Introductory. 

In a former paper* an account was given of an mvestigation of the spectrum 
of neutral iluonne obtained by passing discharges through vacuum tubes con¬ 
taining sihcon tetrafluonde The observationB have now been extended farther 
into the infra-red, and a number of new lines observed The additional data 
have enabled the spectrum to be anidysed more thoroughly than was previously 
possible, and a more complete correlation with the scheme of terms predicted 
by the Heisenberg-Hund theory has been established The observations of 
Bowent m the extreme ultra-violet have been of groat assistance m the analjrsis, 
and have led to a slight modification of the term-assignments tentatively 
suggested in the former paper 

Expenmental Arrangementi 

The spectrum wasjvoduoedmthe same manner as before, and photographed 
on neocyanine plates Exposures of nme to ten hours, using a rapid glass spectro- 

* ‘B6y Soo Froo.,’ A. voL 118. p. 383 (1986) 
t ‘ Fhys. Boy.; vd. 28, p. 831 (1987). 
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graph with an average dispersion of 61A per millimetre for the range X 7800- 
X 8600, yielded a spectrum of moderate strength, (This spectrograph, formerly 
the property of the late Mr W Wilhs, was presented to the Imperial College 
by his brother, Mr J Wilhs) Both strong and weak discharges were used, 
in order to distinguish any enhanced lines that might be produced The 
elimination of impunty hues was conducted on the principles desenbed in the 
eariior paper, and a spectrum of the sihcon spark in hydrogen was photographed 
with a more rapid instrument of lower dispersion for the purpose of separating, 
as far as possible, the Imes of silicon from those of fluonne This showed, 
however, in the region concerned, only a weak, very nebulous bne at the position 
of a pair, XX 8231 0 (2), 8214 6 («), appearing on the vacuum tube plates 
This pair behaved differently from the hncs of FI under varying stimulus, and 
may accordingly be attnbuted to sihcon—probably to Si III The hnes which 
varied in intensity from plate to plate in the same manner as the already 
established hnes of FI arc given in Table I They are probably due to fluonne, 
but, as in the earlier observations, the complete absence of sihcon hnes cannot 
be regarded as certain 


Table I —Lines probably due to Neutral Fluonne 


A (Int) 

- 

Combmstiona 
(bawd on atate of oon) 

8290 S(l) 

12040 6 


73 6(1) 

083 3 


ei 9(0) 

100 4 

3«*D,» - 3i»*P,> 

8194 6 (4) 

199 8 

3«*D,i - 3p«P,‘ 

83 0(2) 

216 4 

3a'D,! - 3p*P,» 

09 9(00) 

201 7 


28 2(0) 

299 0 


02 9(1+) 

337 9 


8093 2 (OH ) 

302 7 


76 O(OH-) 

379 0 


64 1(00) 

397 2 


30 8 (0) 

434 7 


7849 2 (0) 

736 7 


7698 9 (i) 

980 3 


60 0 ()) 

13042 7 


04 7(00) 

060 3 



Analyavs of the Spectrum 

In the former paper a number of quartet and doublet terms were deduced 
and correlated with terms to be expected on the Heuenberg-Hund theory from 
the addition of an electron to an ion, F'*', in a state corresponding to its deepest 
term, *? Among these terms was a *P term (designated aF,j) having a 
aeparatum of 533, the reahty of which was stated to be questionable owing to 
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TiolatioiM of the intensity rules, both m the components of a multiplot lu 
which the term took part and also m the Zeeman pattern of one of the hues 
of the multiplet De Bnun* shortly afterwards proposed an alternative arrange¬ 
ment, according to which the *P term referred to is rejected, and a new doublet 
term introduced, of similar tjrpe, having a separation of 260 This required the 
existence of a bne at X 7956, beyond the range of wave-lengths then investigated, 
and letl de Brum to suggest a slightly extended analjnus mvolvmg intercom- 
bmations between doublet and quartet terms 

There are several objections to de Brmn’s scheme In the first place, the 
predicted bne at X 7966 does not appear on the plates in the region concerned 
which have now been obtained In view of the strength of the observed Imes 
of the suggested multiplet to which it would belong, it is therefore probable that 
it docs not exist Secondly, de Brum’s classification of the extreme ultra-violet 
bncs 13 inconsistent with the more recent classification by Bowen,f and, further, 
would imply improbably high excitation potentials for FI J Thirdly, the 
suggested mtercombmation between *P and 'P terms is an “ irregular ” or 
“ forbidden " combination between terms arising from the same % electron 
configuration Fourthly, the same interval, 326, is attnbuted to two different 
*P terms, referred to respectively os o*P and i»*P 

It appears, therefore, that de Brum’s analysis cannot be accepted On the 
other hand, the detection by Bowen of the ground-term, ‘Pji, of FI, with a 
separation of about 407, makes it improbable that the separation of 633 m a 
less deep ‘F term is real A sbghtly modified analysis (see Table III) is therefore 
hero proposed, m which this separation is rejected and the interval 260, pro¬ 
posed by de Brum for a *P term, is adopted as a ‘D interval A “D term, giving 
lines m the region concerned, is predicted by theory, but was previously un¬ 
identified, and the arrangement has the further ment of revealing two inter- 
combmation multiplets (including a group previously described as “ umdentified 
combination or mtercombmation ”) which act as a check on the relative term 
values m the doublet and quartet systems It should be remarked that the 
bne 3s *P^ — 3p*Siis exceptionally famt compared with its compamon, 3s *P, — 
3p*Si, but evidence m favour of the proposed classification of these bnes is found 
m the fact that the Zeeman effect for the latter, as observed by Carragan,§ 
agrees with calculation 

* ‘ Verslagen K. Aosd. Amitotdam, Afd Natuurkunde,' vol 36, No 10 (1926) 

t Loe cU. 

t See ‘ Natuie,’ riA 119, p 86 (1927). 

S ‘ Aatroidi. J,’voL 63, p. 145 (1926). 
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Table II —Theoretical Scheme of more Prominent Temu of Spectrum PI 
(Terms which have been detected are printed in italics) 



Table III, which is to be considered in conjimction with the theoretical term 
scheme of Table II, contains a notation which is explained elsewhere* by Prof 
Fowler Each term symbol is prefixed by a symbol representing the orbit of 
the “ travelling electron ” corresponding to that term as given in Table II, 
thus, Ip *Si denotes the *Si term oorresponding to the orbit 3, of the added 
electron In this system of notation the combination possibibtiea, so far as 
they are determined by the azimuthal quantum numbers, are indicated by the 
ordinary rules appbed to the prefixes, and dashes after the term symbols proper 
are unnecessary 

The new term values are denved from a Rydberg formula calculated from the 
terms 2p*P and 3p*P, viz — 

(m + l)p»P = 14706)1 


In obtaming this formula the mean values of the components of the *P terms 
were taken The corresponding ionisation potential is 18 6 volts, which is 
probably rather high It should be noted that, owing to the detection of inter- 
combmations between the doublet and quartet systems, all the new term 
values m Table III arc relatively accunte, whereas in the older list there is no 
relation between the doublet and quartet terms 
The term denoted by Y was detected by Bowen from a combination with the 
ground-term, 2p*Pn, viz — 


ms. ^410 
806 92 (4)i 

* F p 317 
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Table III —Value« of more Prominent Torms of PI 



Data of fo 

rmor paper 


Data now prupoaed 


Term \ alarm 


DofUKnation 

Turin valnee 

Deaigna- 







idv 


eqmvalent 

thnnretioal 

eqnivalont 

- 

Jr 






2p*P.* 

160959 






2p«P,* 

652 

407 

*Pi 

470S2 00 

274 69 

3*‘P, 

3a *P, 

48347 00 

874 69 

*Pi 

40747 

169 95 

3a «P, 

3a »P, 

272 31 

159 95 

*Pi 

587 30 


3a*Pi 

3a *P, 

112 30 


*P,'4 

30061 0 

326 8 

lp*P, 

3a'P, 

46221 4 

825 8 


326 7 


3p*Pi 

3a«Pi 

45896 1 


*P,' 

33800 8 

122 9 

ip*P. 

3p »P, 

35034 8 

122 9 

*P,' 

380 0 

102 7 

3p<P, 

Ip *P, 

34011 9 

102 7 

«P,' 

384 2 


lp<P, 

3p ‘P, 

800 2 



32440 44 

176 61 

ap«D. 

3p *D, 

33060 44 

176 61 


203 83 

144 51 

3p*D, 

3p*D, 

788 83 

144 51 


110 33 

83 88 

3p*D, 

3p‘D, 

644 32 

88 88 

*D, 

036 04 


3p «D, 

3p‘D, 

660 94 






3p*D, 

33329 9 

850 0 





3p»D, 

079 9 






3p»S. 

32547 2 


*8. 

31000 00 


3p*S, 

3p*a, 

32625 00 


X 

30401 03 


- 

3p*P, 

32015 8 


/iP, 

10445 4J 

146 0 

3<i*P,or4a»P, 



146 0 

iP, 

300 4 


Sd*P,oi4a*P, 

Sp'Pj 

31870 8 






Y* 

27033 


oP, 

44000 0 

582 7 

3a »P, 




oP, 

43467 3 


3a »P, 





• Detected by Bowen 

TOL OXVII— A. 2 F 
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It AVHfl regarded by him ae one of the terms eorresponding to the orbit 3d of the 
travelling electron ThiH identification w doubtful, however, since such terms 
should give one, three, and four bnes respectively, m combination with 2p*Pjn 
The intensity of the observed pair makes it probable that other lines of the 
group, if existing, would have been detected, and it is unlikely that they are 
blended with the observed lines owing to the exactness with which the separation 
agrees with the 2p*P2, interval Possibly the Y term may arise from the 
configuration, “ one 2^, six 2j,” of the external electrons, which has lieen found 
by Bowen to yield strong lines m FIT, Fill, FIV and similar sjiectra Such 
a configuration would correspond to a 2p' term, which would have the same 
combining properties as those shown by Y 
The multiplets from which the new terms m 'J’able ffl have bei*n derived are 
set out 111 Table IV With the addition of the quartc't combinations and the 
group *P 2 i' — ft*P 2 ij given in the earlier pape r as well as Row en's multiplets, 


Tabic IV 

(a) Doublet CombiiiatioiiH 


Term \ allies | 

IsM*, 

48221 4 

326 3 

3s‘P, 

15898 1 

Ciiiiiliiiiations 

- 12547 2 1 

13674 0* (4) 

324 8 

13340 2* (0) j 

ls»P,i 3p*S, 

3p»D, - 33329 9 1 

260 0 { 
Sp'D, - 31070 0 

12891 6* (5) 

250 8 

13141 8* (2) 

825 8 

12818 0* (4) 

3ssp„ -3;»»I)3, 


(fe) Doublet-Quartet Intercom lunations 


rmnvBluw 274 00 48^ 31 160 9fi 48112 li! , (’"'nhinsnoim 


- 32016 8 la^ll It (4) 274 8 I82M Jt (2) 169 9 liMHM4t(3) 

146 0 a**?,,, 3p*P„ 

=31870 8 1 118401 6]| 118241 6]* 


«Dj -=33328 0 15217 0* (0) 274 8 14042 4* (IJ) t 

260 0 260 2 
^•I),:*33079 0 115487 MS 10192 8t (4) 160 4 IV)32 2*(0) 


* Recorded in former pamr 

t Keooided by Qele and Monk, lotoniuty noale higher than that for other linen 
t de Brum, in oonueotion with a difieient interpretation of eome of the lines of this multiplet. 
includes the line A 6703 (v 14782), the wato munher of which is equal to the difference 
3« *P, — Sp 'D, As was indicated in the formnr paper, this line is quite different in charsi ter 
from the other bnes of the speotmm, and the rriaUonship is pmbaUy areidental 
1 Calculated volum only 
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they form the whole of the combinations which have been detected among the 
tenns of Table III It will be noticed that all the terms in Table TI corre¬ 
sponding to the 2p, 3t, and 3p orbits of the travelling electron have now been 
identified 

Tmna haaei on Metaat/Me States of the Core 
The normal configuration of the P *■ ion corresponds to tlie three tt'rms, 

’D, ’R The spectrum FI may contain terms based on any of thcjie states, 
the most promment being those baseil on the *P term, which have already been 
considered The theoretical terms corresponding to the and ‘S states of the 
ion, or “ core,” are given m Table V Their numerical values should be lower 
than those for corresponding electron configurations based on the *P state, but 
the term differences (i e , the wave-numbers of the spectrum lines) should be of 
the same order of magnitude, and should therefore represent Imes in the same 
region of the spectrum We might, therefore, expect to find tenns corre¬ 
sponding to the 3« and orbits of the travelling electron for each of the states 
and ’R of the core 


Table V —Theoretical Scheme of Terms of FT based on Metastable States of 
the Core 

(Terms which have been detected are pnnted in italics) 


Orbit of 
added eleotron 

1 

Prefix 

Term symbol 

( ore in atate 

Core in ‘S state 

3i 


*/>* 

««• 

3i 

fp 

ilfi tj}i tyi 

»P» 

3. 

id 

IQl ipi IQl »pi »Ri 

»D* 

4, 

4* 


•S* 


Multipleta possibly mvolvmg such terms have been detected among the newly 
observed Imes and the unclassified lines contained in, the former paper They 
are given m Table VI, and the relative term values are collected in Table VII 
Terms based on the and states of the core have the indices 1 and 2, 
respectively, at the top nght-hand comer of the term symbols, to distinguish 
them from the terms arising from the same electron configurations but based 
on the SP state of the core No mtercombmationa have been found between 
the terms corresponding to the three states of the core, so that arbitrary values 
have been adopted for the 3« and 3s terms It might be remarked that 

2 7 2 
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the whole of the lines given in the main table of the earlier paper, with the 
exception of the peculiar Imo X 6763, have now been classified, as well as seven 
of the lines recorded as possibly due to fluorine 

Table VI 


(a) Combinations between Terms based on state of Core 


Term valnee 

3»*D,‘ 84'D,! 

36000 0 116 2 34883 8 

Oombinationa 

3p*D.» =. 20077 2 

77 1 

3p*D,'- 20000 1 

14022 8t (1) 116 S 14806 6t (0) 

77 0 77 8 

14900 8tt (1) 116 1 14883 7t (1) 

34*D„» - 3p*D„‘ 

Sp*P,» = 22783 5 

90 4 

3p*P,> -= 22884 1 

12216 4 (2) 116 0 12100 4 (0) 

99 4 

12100 8 (4) { 

3#*D„i - Sp*P„i 


37417*5 48 0 3787^5 


3p*P,‘ - 22783 5 
994 

3p*Pi* = 22684 1 

14634 Of (0) 48 0 14501 Of (1) 

14600 3t (i) 

Z„ - 3p*P,i‘ 


(b) Combinations between Terms baaed on'S state of Core 


Term yalnee 

3p*P,* 

11382 0 

3p*P,* 

9 8 11822 2 

Oombinationa 

34*S,* - 26000 0 ^ 

13668 0* (2) 

0 8 13677 8* (3) 

34 •8,* - 3p‘P„‘ 


* Recorded in former paper 

t Recorded in former paper ai poeiilily doe to fluorine (FI) 

i OwingtoanerrorintraneonpUon.thlilinevMwronglyreoordedinfonnerpaperai AflflflS 910 
(r 14007 S7) iutead of A 6664 910 (r 14000 82} 
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Table VII 


Term values 


Av 


(a) Relative Value* at Term* of FI based on ‘D state of Cote 


3s*D,‘ 
3s *0,1 

3p*P,‘ 

3p>D,' 

3p*D,‘ 


36000 0* 
34883 8 

22183 6 
22684 1 

20077 2 
20000 1 


(6) Holativo Value* of Term* of FI based on *8 state of Core 


3p»P,' 

3p«P,» 


11332 0 
11322 2 

(e) Unidentified Term t 
37417 6 
37374 0 


The term Z 31 cannot at present be identified The separation 43 0 does not 
occur with undoubted significance elsewhere, but is regarded as real on experi¬ 
mental grounds The three lines forming the group, Z,, — 3p show sunilar 
and somewhat peculiar variations of intensity on different plates, and are, there¬ 
fore, probably closely associated 

With regard to the hnes still remaimng unclassified, attention might be 
directed to two “triplets” occurring among the newly measured hnes, viz — 

12046 6(1) 206 1 12261 7(00) 145-6 12397 2(00) 

12299 6 (0) 53 2 12352 7 (0+) 82-0 12434 7 (0) 
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These have the same separations as the following lines recorded by Gale and 
Monk, viK — 

16376 6 (1) 205 4 16681 0 (3) 145 7 1672b 7 (1) 

1G618 0 (1) 53 1 16671 1 (1) 82 3 16763 4 (0) 

If these separations are signihcant, they must belong to the quartet system and 
probably to the terms 3d and 4s *P Combinations of such terms with terms 
based on the ®P state of the core would be expected to give Imes farther m the 
infra-red than the region so far investigated, but combinations with terms based 
on the for state of the core might well be responsible for the hnes 

Summary 

(1) The spectrum FI has been investigated in the region X 7600-X 8400, and 
the wave-lengths of 16 hnes have been measured 

(2) The anal}rsiB of the spectrum previously made has been slightly modified 
and extended, and an approximate ionisation potential of 18 6 volts calculated 

(3) Relative term values of FI, based on the two metaatable states of the core, 
have been deduced 
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Resisitxfwe lo a Bwner tw the Shape oj an Arc of a Circle 
By L RogBNHBAD, BSo 
With Note by 8 Bbodbtsky, M A, Ph D 
(CouimuniCHted by L Bairstow, F B 8 —Received July 7, 1927 ) 

Companitively little progresH m the aolution of the problem of disoontuiuoiis 
fluid motion past a curved barner was made until Levi-Oivita formulated a 
method of transforming that part of the barrier which is in contact with the 
moving fluid into a semi-circle in an Argand diagram This, indeed, was the 
starting point of much work of interest and importance Useful accounts of 
the problem of motion past any barrier together with ejrtcnsions, are given by 
Cisotti* and Brilloum f Leaving out of aioount such barriers as are made up of 
one or more planes, problems which can be solved by the older methods based 
on Schwartz-Cbnstoflel transformations the only applications of Levi-Umta’s 
method to curved barriers seem to 1 hi that made by Krillonm m the paper 
referreil to, and those mode by S Broditskv m 1922 % The work of Bnllouin 
however, and that of other inve'»tigator 8 § arc essentially backward proiosses, 
in which a likely expression is writti n ilown and the stri'iiming motion implieil, 
as well as the shape of the boundary, are investigated A more direct attack is 
obtained by suitably choosing the i oelfii lents in Levi-Uivita’s general formula, 
and amving at the solution for a given curved barrier by a senes of steps in 
successive approximation 'I'he solution of tho problem for a cuxular bamer 
placed symmetrically in tin* streaming fluid has lieen obtaineil in this manner 
by 8 Brodetsky || 

The object of this paper is to solve the problem of the circular barrier placed 
in any position in tho streaming flmd subject to the condition, however, that 
neither of the eiuls of the barrier arc m the dead ” fluid—t c , the radius of 
curvature of the free stream line is zero at each end This immediately restnets 
the bamer, if convex to the streaming fluid, to lie of angular extent less than 
110 2° H 

* ‘ IdromtMHuiuva Piaan,’vul 2 Milano (1922) 

t ‘ \nn Chim Phys vd 23, pp 146-230 (1911) 

t ‘ Ko\ Sot Prot,’ A vol 102, pp 361 and 642 

I See, eg, (Iroenhiirs "ITieory of a Stmim Line past a Curved Wing’’ ’ Adiison 
Committee for Aeronautics ’ liondcm, 1916 

II See* Fluid Motion Past Cmsular Barriers, Sonpta Umv Bibl Ueiruaolyui>ul 1, 
No xl(1923) 

II /bKf, p 8 
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A circular barrier can be either concave to the streaming fliud or convex to it 
Using the ordinary conventions in the z plane of iig 1, the angle of contingence 
at A measured from C is positive for concave or positive camber, negative for 
convex or negative camber The kind and angular extent of the circular 
bamcr will therefore be mdicatcd by the sign and value of the angle of contm- 
gence at A, measured from C It has been proved in the last-named paper 
that there is an upper limit to the arithmetical value of the negative angle of 
contmgence nt A —namely, about 66 1° —for otherwise the free stream hne 
would leave the barrier at some point between C and A 
The motion is two dimensional TiOt the complex variable z (= a; -}- »y) 
define position m any plane perpendicular to the generators of the barrier, 
the X axis being ^larallel to the direction of the stream at infinity We define — 



where «, « are the velocity components, and <f>, are the velocity potential 
and stream function, respectively Let lo = ^ -f- and defane 1^, i2, r, 0 so 
that 

£2 = logi:^logr-t-t0 
aw 

Fig 1 shows the z, w, i2, t planes for such a problem C is the point of 
bifurcation of the stream hne TC, CA, CA' are the stream lines in contact with 
the barrier, AJ, A'J' are the free stream hnes Wc take the standard dimen¬ 
sions to be unit velocity at infimty, umt value of ^ (y/ OA -f- “v/CA') as measured 
in the w plane, and umt density * 

We introduce the transformation in which the variable t = pe*' is given by 
V«r=^(T— ij —amoo. where the pomt C is given by T = e‘"' It is 

immediately verified that the barrier ACA is the semi-circle p = l, — 

in the T plane, while the free stream Imes AJ, A'J' become the two halves of 
the diameter along the imaginary axis, namely, t = ip, — 1 ^ p ^ 1 In 
the general problem we wnte 

£2 = X log {(1 -f e‘''"'r)/(l - + AxT + -f iAgr* -f 

= OlX -f llOjT* + io,T» + iu»4T* + , (1) 

where the A’s, a’s are all real and the expansion in (1) is convergent for 
I T I ^ 1 Xtc 18 the angle at C measured away from the streaming flmd 
* See Brodetsky, ‘ Roy Soo Proo A, vol 102, p 361 (1922) 
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Fw 1 

In the case of the circular hamer, the angle between the two tangents at any 
two points on the barrier is tc, hence X = 1 In addition we have 
Oi = Ai + 2 cos Oq, a, = Aj — 2 Bin 2oo, 

o, = Ag + 2 cos 04 = A 4 — 2 sm 4 oq, etc 

On the bamer, t = e*', therefore 

Q = log{(l + e‘'+‘**)/(l - + ^lAje**' + iAsc-"^' 

= log r + 10 
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We get 

+ iAj COB 3 (t — iAi sm 4(j 

0 _ Un--«iSi2_t5*L, + ton ' 

1 + COB (« f O,; 1 — COB (e — or J 

+ A, »m o + ^A. cos ‘2cj + JAj sm 3o 

- ± ? |- do f Ai Hin <r + iAj cos 2<i + JAj Bin 3o 


(We use ±Tzj2 according as a<Oo-) The angular extent [J of the barrier 
-(OA-dA'l'-’t 

-2(A^-|A,f'A,- lAr ) (4) 

^oa ) — 1 dzjdw 1 On the bamer j ds 1 — dv, and w = (j> 

Therefore 

r ■= d»ld<f> 

AIho V<i> = (sm (T — Bin e^), therefore 

lUfdn = i (d<^ldtr) - 2r cog c (sin o — sin Uj) 

Tf B IS the radius of ciuvaturi of the barrier, 


11 _ — 

' lid do/dfT 


- 2 COB (7 (sin <7 - sm Oj) | - 


cos (q 4- dn) I • K (A, cos a — ^Ag sin *2q |- cos dg ) 
COB (<r — dplJ Ai COB d Ai BID 2(7 h Aj 008 3o 


-2{] H r. 4 - ,11 g (Ai cosd- jA, sm 2g + jA, cos3a ) 
A,-A, 2 ^ + A,? 21 ^ 

COB d COB d 


( 6 ) 


The A s must now be ihoscn in such a way that Bis constant t c .independent 
ofd betwein±7t;i 

Consider the free stream lines Along AJ we must put t = ip, 0 ^ p S 1 
Therefore 

» - 1, and 0 = o,p - Ja,p» - ia,p* -f iatp* + Jofip'* 

The stream line AJ must be convex to the moving fluid—*e, dsjdd must 
bo negative, 


dt — rd<it = dif,, ^ = (i (p + 1/p) — sm a^pjdd 
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( _ <i« ^ _ 

) dp (26 

= ^ l£_ 

dp (26 


da dt^ dp 
d^ dp (20 

a-p») 


{4(p l-i/p) 




Therefore (26/(2p must be positive m the range 0 ^ p ^ 1, 


«i -- fflj p — flap* + a 4 p» -I- ttap* > 0, 0 p ^ I (b) 

Similarly along A'J', by putting t ~ — tp where 0 p ^ 1, the condition 

that the stream bne is convex to the fluid is found to be 

o, I OjP — Oap* - atp^ [-a^p'- > 0, 0 p ^ 1 (7) 

The angular extent of the barn( r, and the angle made by the axis of the 

barrier with the direction of streaming, completely specify the conditions of the 
problem The results will depend on those two quantities aud since the 
quantities are entirely independent, we should expect the final result to be a 
function of two parameters 

Asa first approximation put \.4 — Aj — A« — 0 , so that we can 

arrange that the radius of curvature should be the same at three points on the 
barrier The points chosen are a — 7 t/ 2 , 0 , - njl and so we postulate that 

Ai-2A,- 3A, ■“'‘T I a,+ A, A, + 2A. 3A, 

where s = am Oq and c = cos <To, and each frac tion represents the radius R 
Choose as our two parameters 

Ou and ' - 

Hence 

V. 


I A, 

2(A4-3A,) 


2(10^1-1) “'W-fr' 


A 4 


Os , , 2$ 


As = ■: 


{«) 


■2(io5+T)‘'*(t^) . 

We note now that 5 must be xH>*ufiive, for 25 — (1 -f which is 

always positive Also the angular extent is 


P - i (Aj 




(9) 
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Ilenoe d the bamer la convex to the stream, p must be negative, ♦ «, 25 < (1 + o), 
if plane, A, A, = As = 0, t r, 25 = (1 + o), if concave 25> (1 + c) We 
note also that when p is negative, A^ and Aj are also negative 
R can now be expressed in terms of a, ar^ and 5, and if it bo plotted against 
o, having gi\ on definite values to oq and 5, the extent of the variation of the 
function R from its value at the three points a = n/2, 0, — 7t/2, can at once 
be seen 

It IS now necessary to ascertain the possible values of 5 and oot and any 
relations that may exist between them These are found by considering the 
conditions that the free stream lines are convex to the streaming fluid 
The genital condition that AJ is convex to the streanung fluid is 
«i — "sP — “sP® + “^p* + fflsp* > 0 , 
if in this wc put A 4 -=A 6 = Ao— =0, the condition becomes 

Ai-A,p-A,p*-l-2c/(l-2(«-fp*)>0, 0 ^p:Sl ( 10 ) 

Similarly, the condition that A'J' is convex to the streaming flmd becomes 
A, i- A,p - A,p* + 2 c/(l + 2ps + p») > 0 , 0 ^ p ] (11) 

Wo IS taken positive, for the relative configuration of the fluid and bamer is 
the same whether wo i’’ positive or negative If the barrier is convex to the 
streaming fluid, and if is positive, then the axis of the barrier will make a 
positive angle with the direction of streaming, and the stream Ime will lie in a 
more cntioal position at A' than at A It is therefore condition (11) that has to 
be considered This can be shown mathematically as follows Let 

X, = A, - A,p - Aap* + 2c/(l - 2ps + p^), 

and 

Xg = Aj + AjP — Agp* + 2c/(l + 2p« + p*) 

It IS reqmred to show that if condition (11) is satisfied, then condition (lU) is 
satisfied automatically, t c , X^ — X, > 0 , or 

4sc/(l + 2p* cos 2<jo + p*) > Ag 

This IS true, for the left-hand side of the mequahty is always positive, whereas 
Ag IB always negative when the burner is convex to the streaming fluid Now 
let 

/(p) = Ag -f A,p - Aap* -f 2c/(l -f 2p« + p*). 

then 

/(!) = Ag-f Ag-Aa-fc/d + s) 

We can show that if /(I) ^ 0 , then/(p)>/(I) for all values of p The 
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condition that/(p) ahould diminish gradually as p mcreascs from 0 -*■ 1 is that 
d{f (p)}/dp bo negative for all values of p in the range This gives 
A, - 2pA3 - 4c{« I- p)/(l -I 2ps + p*)* < 0, 

4c (1 ^ (s/p))/(l + 2p, + -Ajp>- 2 A 3 
The left-hand side of this inequality is positive, for Aj is negative Also the 
left-hand side dnmmshes as p increases so that if the inequality is true for 
p — 1, it 18 true for all values of p Heiu^ we need 
c/(l-l-«)> A,-2A, 

But we know that / (1) IS 0, le, 

c/O-f *)SA,-A,-Ai 

Also the difference 


(A3 - A3 - Ai) - (A3 - 2A3) = 3A3 - 2A3 - Ai 



and this is positive, since 2^ < (1 f c) Thus 

(A3-A3-Ai)>A3-2A, 

®/(l "h *) •A .3 — 2A3, 

which 18 the required condition Hence if A^ + A, — A, -f- c/(l + s) S 0, 
condition X, > 0 is satisfied for every point on the barrier 
In the limi ting case —1 e , when the curvature of the free stream at Ai just 
becomes fimte, 


Ai-1-As-A3-1-c/(1-|-s) = 0, 



Below are tabulated values of and ^ which satisfy this equation 


1 

degrees 

f 

A, 

A, 

A3 

radiLu 

0 

0 3070 

- 0 0480 

0 0000 

0 0674 

- 1 0884 

0 

0 4609 

- 0 7738 

- 0 0643 

0 0161 

- 1 6684 

18 

0 6160 

- 0 6364 

- 0 0069 

- 0 0049 

- 1 2676 

27 

0 6600 

- 0 6100 

- 0 1081 

- 0 0143 

- 1 0286 

36 

0 6018 

- 0 4182 

- 0 1080 

- 0 0169 

- 0 8262 

46 

0 6106 

- 0 3299 

- 0 1000 

- 0 0166 

- 0 0494 

64 

0 6168 

- 0 2609 

- 0 0866 

- 0 0128 

- 0 4036 

63 

0 6060 

- 0 1703 

- 0 9680 

- 0 0082 

- 0 3632 

72 

0 6827 

- 0 1148 

- 0 0486 

- 0 0042 

- 0 2268 

81 

0 6471 

- 0 0640 

- 0 0268 

- 0 0012 

- 0 1000 

90 

0 6000 

0 0000 

0 0000 

0 0000 

0 0000 
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The preceding table gives ^ and oo corresponding to the limiting poaitaons in 
which barriers of vanous angular extents ran bo placed Thus, if we are given 
the general problem of a barner of angular extent 3 (which must he between 
0 and — 1 9234 radians), it is possible to obtain the values of 5 and a^, oorre 
HjHinding to its bmiting position, by interpolating, or by solving for ^ and <t„ 
the two equations 


. 4(4g+l) , 

‘ (105 I 1) \1 4 r ’ 


j (25 + 1 M) 
(105+1) 


log. 


(l 4 I +^ 


0 


5 ran b<> eliminntrd from thesr equations giving rise to a single equation m 
U +3(1+11) (4+5-.) 

-4(!+«)(!+2*)log[-(33(1 ^ s)*+4r)/(l Hf){3P(l l-') H «c}] (13) 
In the general case, when the stream line starts with infimte curvature at the 
termuiations of the barrier, 5 and oq l^ave any value subject to the conditions 
that 5 18 greater, and <to less, than those values whu h correspond to the limiting 
position of the barner tmder r-onsideration An upper limit for oo and a lower 
limit for 5 are thus determined The following diagram makes this clear 



Fio 2 


The upper bmit for 5 corresponds to the symmetncal case-H e, oo = 0 —and 
its value for a barner of given angular extent is obtained from the equation 


(105 + 1) 


log,^ 


The case of a banner convex to the stream is thus fully discussed 
We can also reasonably adopt a limiting position for a barner concave to the 
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sfaKftm, namely, when the tangent at either A or A' id parallel to the direction 
of streaming This immediately rostncts the barrier to be of angular extent 
leas than 180° We shall take oo positive, so that the limiting case occurs at A 
In the general position we must have ic > 


7t > 7t/2 + Wo + - 


2(105 + 1) 


7C/2 




3« 


4(45 + l)i 

The values of 5 and oo which make the tangent at A parallel to the direction of 
atreaming are obtained from the two equations 

3* I 


Tt/2 


4(45+1)1 


105 + 1 


^l + c/’ 


5 can be eliminated from these equations, leaving a smgle equation in tj„ — 
5ga —4(3 + 2ao —tc) - 4(^ + 2qp —ti) 

8« ''*8(1+c)(p + 2o„ -7 c) ' ' 

We have tabulated the upper and lower Umits to 5 and oq for various barriers 
t e, the values of the parameters corresponding to the symmetrical and limiting 
positions The bmiting values to 5 nnd oqi for convex and concave barriers, 
are separated by a horizontal line to indicate that they were obtained from 
different considerations 


in degreeN 

J 

in THdianf* 

{for 

■ymmetnoivl 

4"^o 

{ for 
limiting 
poailioo 

limiting 

^^tion 

- 110 2 

- 1 8234 

0 8970 

0 3970 

0 00 

- 100 

- 1 7463 

0 4277 

0 4272 

4 18 

- 90 

1 0708 

0 4607 

0 4680 

8 89 

- 80 

1 3063 

0 4078 

0 491R 

13 40 

- 70 

- 1 S317 

0 6388 

0 6247 

19 34 

- 60 

- 1 0472 

0 6847 

0 6086 

26 10 

- 80 

- 0 8727 

0 0367 

0 6863 

33 46 

- 40 

- 0 6981 

0 6928 

0 6066 

42 22 

- 80 

- 0 0236 

0 7660 ! 

0 6168 

02 7 

- SO 

- 0 3491 

0 8287 

0 6086 

63 16 

- 10 

- 0 1746 

0 9093 1 

0 6683 

76 08 

0 

0 0000 

1 0000 

0 6000 

00 00 

10 

0 1747 

1 1018 1 

0 6837 

86 7 

SO 

0 3491 

1 2168 1 

0 6842 

81 69 

30 

0 6330 

1 3461 1 

0 8041 

77 36 

40 

0 6981 

1 4899 

0 0464 

73 00 

00 

0 8727 

1 6627 ' 

1 1142 

68 12 

60 

1 0472 

1 8367 

1 3102 

63 13 
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Particular oaaea can be considered To explain the method, one of these 
cases will bo discussed fully 

Take the case P = + 10°, so that the barrier has angular extent 10°, and is 
concave to the stream Choose oq = 86° 7', say, then the parameter 5 which 
satisfies the equation (9) is equal to 0 6837 (As a matter of fact, these two 
parameters give the limiting position of the barrier) From these values of 
5 and oo we find Aj, A„ and A, from (8) R and 6 are then given for different 
values of a, ranging between ^ 90° by (6) Plot R, R sm 6, B cos 6, against 

0 The value of | Rd0 (is, the length of the barrier) can bo obtamed by 

graphical integration Similarly the values of j R sin 0 d0 and | R cos 0 dO 

can be found for vanous pomts on the curve Since x = j* R cos 0 dO and 

V = |r sm 0d0, the Cartesian oo-ordinates of any point on the bamer are 

known There is actually a big variation in R, yet on plotting, the bamer is 
found to bo very approximately circular The effect of the big variation in R 
18, m fact, nullified by the very small range of 0 m which it occurs The radius 
of the bamer so plotted is not, however, exactly equal to the calculated value of 
R at the three specified points A second approximation to the value of R is 

obtained by dividing the length Jr^O, obtamed by graphical methods, by 

the angular eiriyent of the bamer under consideration If an arc of a circle is 
drawn with this radius, the end pomts coinciding with the ends of the plotted 
bamer, the two curves are found to be almost identical This method gives 
considerable accuracy m the case of small angular extent, and it is only when the 
angular extent becomes large—e ff,P = 90°—that the error begins to become 
perceptible Even then the error m the radius is at most 1 6 per cent 

In this way we can work out and tabulate pairs of values of values of ^ 
and (To, which, if substituted m the Levi-Civita formula, give circular bamers of 
known radii, angular extents and positions 

It IS more usual and convement to desonbe a barrier by its camber and 
angle of attack Wo define the camber as 

Chord of Bamer * 

Also the hne AA' is parallel to the bisector of the extenor angle between the 
tangents at A and A' Hence 


» «., a = J (7t — 2<Jo + Aj) 


(16) 
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In our notation, tho componenta of thrust on unit length of the barrier 
(measured perpendicularly to the z plane) are P/ and P/, given by the equations 
P-' = Itc Oi*. P/ = iit (a, + 4fli Bin do) 

(See Cisotti, p 176, and Bnllouin, p 196) If IV and P/ arc divided by 
211 sin p/2, the resulting values are the components of drag and bft on a barrier 
of unit chord, but of the same camber and onentation Let those quantities 
be P* and P,, and their resultant P = \/P»* + P,* 

This resultant thrust passes through the centre of the circle, for the pressure 
18 everywhere normal to the surface Its line of action will cut the chord of 
the barrier in the point D given by 



Fio 3 


This IS vabd for barriers convex or concave to the stream 

If a = 0, so that the barrier is flat, this ratio becomes — ~ and is 

co8(7r/2) 

therefore apparently mdeterminatc In the case of the plane bamer, however, 
25 = (1 + c) Let us therefore put 2$ = (1 + e) (1 A) where powers of A 
higher than the first can be neglected It can be easily verified that 


= 2(4+ "cl-Ss 
ADA'/ 2(4+^o) + 3#’ 


2 Q 


TOL. CaCTU —A. 
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and the diatanoe of D from the mid-pomt of the barrier is 

+ §c) (17) 

where I is the length of the chord The exact value of this distance is 
lW(4 + 7tc) 

The error divided by the chord is therefore 

f(:r-^)8m2go _ 2_gE.^2_ (181 

(4 + to)( 4 + ^) 9<) 1 + 1 462cos<ro + 0 524 co8»co 


The maxunum value of this expression is about a, so that we get an accuracy 
of about I per cent by means of this approximation 

In order to demonstrate dearly the effect of the camber on the resultant 
resistance P experienced by the bamer, wo give the resistance experienced by a 
plane barrier of umt length, but with the same angle of attack as the cuiiular 
bamer These figures are put in brackets above the figures giving the thrusts 
on the corresponding circular bamers As is to be expected, the thrud^ on a 
concave bamer is greater, and that on a convex bamer less, than the thrust 
on a corresponding plane bamer 

Beturmng to the case of the circular bamer, it is possible to determine ^ 
and oq so that the barrier has given camber and angle of attack They are 
determined from the following equations — 



2(105 + 1) 


5 can here be eliminated, giving nse to an equation in Og — 

In the table (pp (430, 431) we give the angular distance of the centre of 
pressure from the centre of the bamer It is 

c = tan~^^ + a — 7t/2 


We also give the exact position of the centre of pressure on the chord D by 

MD ^ .1 -AD/DA^ 

AA'*“ *1+AD/DA'* 
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(MD/AA') and P have been plotted against a, and these graphs illustrate 
well-known phenomena associated with cambered aerofoils 



lio 4 


The-onrvea are the (MD/AA') ourvee 

The cuirea are the P ourvee 

Consider the graph of (MD/AA') against « In a symmetrical position the 
centre of pressure is, of course, at the mid-pomt M. As « decreases we see that 
for certam bamers the centre of pressure moves up towards A It attains a 
certain position at which its distance from M is a maximum, and then, as a 
decreases still further, it returns towards M. This is very marked for small 
camber A well-known phenomenon is thus explamed mathematically 
For bamers of comparatively large angular extent, eg — 90”, the centre 

2 o 2 
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of pi«a8are seenui to move down towards A' as a decreases, without any upward! 
motion to A at all 
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0 
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30 

0 
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30 

0 
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40 

0 

0 3633 
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0 0883 

60 

0 
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0 
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0 
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0 

0 
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40 

0 
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0 3310 
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0 

0 4710 
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0 4638 
(0 3766) 
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(0 4048) 
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0 4786 

0 

0 

1 0000 

0 
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0 
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60 

0 
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0 8930 
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1 0468 
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0 
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1 0307 
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0 4707 
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0 
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1 0000 

0 


The - - - curve represents the posttaons of the centres of pressure for the 
1 uniting positions of concave barriers It meets ac = 0 at MD/AA' = 0 086 
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Consider the graph of P against a It is at once seen that the effect of camber 
18 much more marked when the angle of attack is small than when the angle of 
attack 18 large This has been known since Lihenthal, who fotmd that the thrust 
could be doubled and even trebled, at small angles of attack, by using a shghtly 
cambered surface instead of a plane surface 
The following empinoal formula for small cambers demonstrates this 
clearly — 

p Tcsinat L I 20 2 + COB « + 3 cos* g \ 

4 + 7t sin a \ 9 sin a (4 + « an «) 

General Summary 

We have found the solution of the general problem of discontmuous flmd 
motion past circular bamers The results in the 8)nmmetncal case agree 
exactly with those found by Brodetsky The plane barrier is dealt with as a 
particular case of the preceding theory, and the results obtamed in this manner 
agree very closely with those obtamed from the well-known exact solution 
The approximations obtained by using the first three constants in the Levi- 
Civita expansion arc found to be very good Barriers convex to the stream 
are fully discussed, while bamers concave to the stream yield interesting 
results which are verified by experiment, especially the effect of camber on the 
thrust and on the motion of the centre of pressure 
In conclusion, I would like to place on record my smcere thanks and great 
indebtedness to Prof Brodetsky, who not only suggested this problem to me, 
but also gave me the benefit of his advice and criticism throughout the whole 
of the investigations 

NOTE 

The results obtamed by Mr Bosenhead are interesting from several pomts of 
view In the first place they demonstrate the power of Levi-Civita’s method m 
the problem of discontmuous flmd motion The accuracy obtamed with the 
use of only a few coefficients A in the solution (1) above is quite remarkable 
Prof Levi-Civita remarked upon this circumstance when commenting on 
similar cases of discontmuous flmd motion at the International Congress for 
Apphed Mechamcs at Zurich, in September, 1926 We can consider any given 
barrier as defined by means of the radius of curvature B m terms of the direction 
of the tangent 0 We see that it is a comparatively easy matter to obtain 
coefficients A^, A|, givmg B in (5) such a relationship to 6 m (3) as is very close 
indeed to the given relationship Thus some cases of the elhptic strut placed m 
a stream have been dealt with in this manner with considerable success 



Eesiatance to Otrcidar Bamer. 


433 


In the case of the concave bamers discussed by Mr Hosenhead, the remark¬ 
able effects of the camber deserve attention It was to bo expected that 
circular bamers concave to the stream would give mcreased thrust, but the 
mcreases obtained for small camber are strikingly great, especially with small 
angles of attack A camber of 0 088 times the chord, or ]ust over one-twelfth 
of the chord, is seen to produce an increase of over 60 per cent with angle of 
attack 20° Even a camber of one-twenty-third of the chord gives an mcrease 
of about 70 per cent at angle of attack 10° 

But perhaps the most interesting point about Mr Rosenhead’s results is 
with regard to the centre of pressure The shift of the centre of pressure of an 
aerofoil is one of its important characteristics The way m which the centre 
of pressure travels is seen to be dependent upon the camber For cambers 
above a certain value, round about one-sixth of the chord, the centre of pressure 
moves backwards as the angle of attack is diminished For smaller cambers 
the centre of pressure moves forwards as the angle of attack is dummshed 
from 90°, reaches a stationary position, and then moves backwards as the 
angle of attack is further diminished This liecomes more marked the smaller 
the camber, as is evident from the continuous curves m fig 4 The curve, 
consisting of dashes and dots, makes it clear that as the camber decreases to 
sero, the bamer becoming flat, the centre of pressure goes through a more and 
more marked forward and backward excursion For sero camber, or ^ — 0°, 
the centre of pressure goes forward until the angle of attack is zero, reaching 
the position MD/AA' =: 0 188 But at the zero angle of attack the centre of 
pressure seems to jump back to MD/AA' == about 0 085, if wo consider the 
flat plate to bo the limiting case of a circularly cambered bamer 

It would be wrong to make extravagant claims for the method of discontmuous 
fluid motion, but Mr Rosonhead’s work, as well as the results obtamed by the 
present writer, show that it is perhaps more useful than is often supposed 
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A Magnetometer for the Measurement of the Earth's Vertical Magnetic 
Intensity in CGS Measure 
By D W Dye, D Sc (of the National Physical Laboratory) 

(Communicated by Sir Arthur Schuster, F H S —Received August 18, 1927 ) 

I Introdiu^ton 

The measurement of the vertical component of the earth’s magnetic field 
IS a less simple operation than that of the horizontal component 
The horizontal field measurements are on a satisfactory basis, whether made 
by the swinging magnet method, or by the more recently developed electric 
magnetometers, in which known magnetic fields may be provided by means of 
known currents flowing through coils of known dimensions 
In the horizontal intensity magnetometers an mdicating system is suspended 
or supported so that it can turn about a truly vertical axis In a vertical 
intensity instrument, the corresponding suspension of an indicating device 
about a truly horizontal axis is by no means so simple 
At present, therefore, vertical intensity measurements are deduced mdirectly 
from horizontal intensity measurements combined with measurements of the 
angle of dip This latter quantity cannot be measured with very great precision, 
and the accuracy of the finally deduced vertical intensity becomes less as the 
angle of dip becomes greater towards the magnetic poles 
The ailvantoges of a direct method of measuring vertical intensity need no 
stressing, quite recently a novel absolute vertical intensity magnetometer 
has been developed by D La Cour in Denmark (‘ Terrestnal Magnetism,’ 
vol 31, p 163, 1926) 

In this instrument a large, flat circular coil is turned about a horizontal 
axis from one position with its plane horizontal to the other similar position 
displaced 180° from the first The flux linkage so produced is balanced by the 
flux linkage with the secondary winding of a mutual mductance when a known 
current change is made in the primary winding 
From the published information on the instnunent, the method appears to 
have considerable value and the accuracy attainable will doubtless be improved 
by further development 

The vertical intensity magnetometer forming the subject of the present 
paper makes use of the principle of balancing the vertical component of the 
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earth's field by a vertical field produced by a steady current passing through 
a Helmholtz coil system Some possibihties m this direction have been 
indicated by F E Smith in his description of the horizontal force magnetometer 
developed at the National Physical Laboratory (F E Smith, ‘ Phil Trans A, 
vol 223), along the prmciplo first described by A Schuster (‘Terrestrial 
Magnetism,’ 1914) This pnnciple apphed to the honzontal mtensity measure¬ 
ments was to orient the Helmholtz coil about a vertical axis and to observe the 
angle at which H = F cos a, where F is the actual field produced at the centre 
of the coil and x is the angle which its horizontal axis makes with the magnetic 
mendian 

This pnnciple could have been applied to a vertical force magnetometer, 
but the difficulties of determining when the resultant small field is truly hori¬ 
zontal are great The direct annulment of the earth's vertical field appears 
to be a more satisfactory pnnciple 

The pnnciple of the magnetometer is carried into effect by setting up the 
Helmholtz coil system with its axis tnily vertical The measurement consists 
m adjusting and measunng the current through the coil system at that exact 
value necessary to produce a field equal and opposite to the earth’s vertical 
component 

One of the most important features of such a method is the means whereby 
the exact annulment is observed 

There are a number of possibihties, for example •— 

(a) A small exploring coil may be rotated about a horizontal axis which must 
be directed very precisely along the magnetic mendian 

'The electromotive force induced in such a coil will become zero, at every 
instant, wlien the vertical component of the resultant magnetic field is zero, 
since it IS then directed along the mendian and is parallel with the axis of 
rotation of the explonng coil 

The condition of zero-induced electromotive force may be observed either on 
a direct current galvanometer, by the help of a commutator on the coil spindle, 
or it may be observed on a vibration galvanometer, tuned to a frequency 
resonant to the rate of revolution of the coil 

(b) A small mdicating magnet might be suspended about a horizontal axis 

with its magnetic axis honzontal as in a vertical force magnetograph 
The difficulties of using such a system are great, and the uncertamties 
regarding the conditions of balance consequent upon a gravity torque 
cannot easily be reduced to small quantities 
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(c) A flat coil can be pivoted or auspendod ao that ita plane la vertical and 

so that it can deflect about a horizontal axis If a steady current u 
sent through the coil, a deflection will result The deflection will become 
zero when the vertical field is zero 

(d) A very bght coil can be suspended so that it may vibrate about a hori¬ 
zontal axis in a similar manner to a coil-type vibration galvanometer 
If such a cod is supplied with altematmg current of the same frequency 
as that of its free resonant vibration, it is very sensitive to a magnetic 
field m a suitable direction 

It IS probable that any of these methods could be made satisfactory from 
the point of view of sensitivity, convenience and accuracy, and some of them 
have been tried 

The method actually developed finally has been that outhned under (d), usmg 
a vibrating coil 

The reasons for choosing this method are—(1) No revolving parts are reqmred 
in the apparatus in the magnetic field provided by the Helmholtz systepi, and 
(2) no delicate pivoting or suspension of the detecting device is necessary 
The control forces requirc<l to give the vibrating cod a convenient resonant 
vibration frequency are relatively large, so that its statical position is located 
with great certainty and constancy 

II Principle of the MagnOometer 

The prmciple of the magnetometer is therefore earned mto effect as follows - 
The Helmholtz cod system is set up with its axis truly vertical At the centre of 
the system a small, flat and very light cod is suspended about an axis of 
vibration The plane of the cod is vertical, and its axis of vibration is horizontal 
The coil 18 mounted in a frame in such a maimer that these two conditions may 
be very nearly satisfied 

A relatively largo altcrnatmg current at the frequency of resonant vibration 
IS sent through the vibrating cod Under these conditions a large vibration 
results from the mter-action between the altematmg current and the earth’s 
vertical magnetic field This vibration is reduced to zero when the applied 
vertical field exactly annuls the earth’s vertical component The determination 
of V consists in observing the current required to give an exact condition of 
rest or balance on the vibrating coil This current multiphed by the calculated 
or otherwise determmed constant of the Helmholtz cod gives the value of V 
in C G S measure corresponding to that reading 
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III (Simple Theory of the Vibration Coil Ddedor 
The vibratory coil cannot be assumed to occupy the ideal position, m which 
its plane is truly vertical and its axis of vibration truly horizontal 



Fig 1 


Let the vibrating coil A (fig 1) be suspended about an axis of vibration ab 
and assume that the trace of this axis on the horizontal plane makes an angle 6 
with the magnetic mmdian hh, the trace of the axis on the vertical plane 
makes a small angle ^ with the honzontal plane Finally, let the plane of the 
coil make a small angle « with the vertical plane containing the axis of vibration 

It 18 convenient to consider the resolution of the vertical and honzontal 
components of the earth’s magnetic field mto components in the directions of 
the three prmcipal axes of the vibrating coil These axes are 

(1) perpendicular to the plane of the coil, 

(2) along the axis of vibration of the coil, 

(3) m the plane of the coil and perpendicular to its vibration axis 

Of these three components, only (3) is effective m producmg a vibratory force 
on the coil when carrying the alternatmg current 

Resolvmg V and H into the plane of the coil and perpendicular to the axis 
of vibration, the resultant field which is effective m producing a vibrating force 
becomes 

V cos cos a + H sin COB 6 COB * 4- H sm 0 sin a (1) 

This IS the field which is reduced to zero by the field applied by current through 
the Helmholtz coil system 

The component of the appbed vertical field U parallel to the resultant given 
by (1) 18 

U cos cos a, (2) 

where U is the vertical field produced by the current m the Helmholtz coil 
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When a condition of balance la obtained, the earth’s vertical component is 
given by equating (1) and (2), whence 

y _ ^ _ jj / am ^co8 0cosa + Bin6Bm(x \ /j, 

~ \ cos ^ cos a / 

TT TT L _ I „„ o . 8>n 6t8na\ 

= U — H tan * cos 0 \ - - — I 

\ ^ cos ^ / 

It 18 seen, therefore, that V cannot be determmed from a single observation 
unless the small angles a and <f> and the angle 6 are known It cannot be 
presumed that these angles may be known, but, fortunately, the correction 
term due to H can be entirely eliminated by orientating the vibrating coil and 
its frame about a vertical axis, through an angle of 180“ The effect is exactly 
equivalent to reversing the sign of H 

If ae observe two values Uj and U, of the applied vertical field required for 
balance m the two respective positions Oj and 6„ where 0, = 6, -f jt, the 
mean value will give V exactly 

SothatV==i(Ui + U,). and 

H (tan ^ cos 6 4- sin 0 tan a/cos ^) = i (Uj — Uj) 

By means of levelling screws on the frame carrying the vibrating cod, an adjust¬ 
ment of the small angles «f> and a can bo made By successive observations m 
the two positions giving Uj and Ug we can make — U, aero The condition 
satisfied will then be 

tan ^ cos 6 = — Bin 0 tan «/cos ^ (6) 

It IS seen, therefore, that a single adjustment of this kind cannot ensure and a 
being zero or of small importance for a small change m either of them 

It has been shown that the correction term exactly cancels out by orientation 
of the vibrating cod axis through 180“, but it is not desirable that accuracy of 
observation by the magnetometer should depend upon an exact orientation of 
the vibrating cod axis 

In practice ^ and a may be considered always small, but 6 may have any 
value we choose An examination of the correction term due to H as given 
by (4) shows that, when 6 is either small, or nearly equal to tc, t e, when the axis 
of vibration bes nearly along the meridian, the vibratory force due to H is 
mainly dependent upon the angle which is the angle of inclination of the 
vibration axis to the horizontal plane It is hardly dependent at all upon the 
angle a (between the plane of the vibrating cod and the vertical plane) 
Accordingly, when the vibration axis is nearly parallel to H, an adjustment of 
<f> untd Uj = U| must result m causing ^ to be very small indeed 
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Again, suppose two values U( and U4 are observed, with the of the 
vibrating coil m the two positions at right angles to the magnetic mendian 
(0 = 1/2 7c and 3/2n), the vibrating force due to H will be mainly on account 
of the small departure from verticabty of the plane of the vibrating coil and 
hardly at all upon the inclination of its vibration axis By successive observa¬ 
tions of U3 and U4 and adjustment of the angle k by means of the levelling 
screws on the coil mounting, the angle a can be reduced to a second order 
quantity One or two alternate adjustments of if> and a by successive observa¬ 
tions of U|, U, and U3, U4 will result m the reduction of if> and a to negligibly 
small angles When this adjustment has been obtamed, the balance is 
undisturbed for all values of 6 The vibration axis can be in any azimuth 
and the same value of U will give the balance 

In the actual use of the instrument the observations are taken with the axis 
of the vibrating coil along the meridian (0 small) In the nature of its con¬ 
struction the vibrating coil is liable to small variations m the angle a, which 
its plane makes with the vertical, but the angle <f} is not apt to change much, 
since the suspensions are under considerable tension and so define the axis of 
vibration with precision and constancy When 0 is nearly 0 or n, small varia¬ 
tions m a do not affect the balance 

Errors of the Method —^When making the observations there will be a small 
uncertamty in the orientation of the vibration axis, so that if 6 is 0 m one position 
it will bo Tc -f- A0 m the second position instead of n The mean of the two 
readings Uj and U3 will then give a value for V which is in error by the amount 

HaAO 

The procedure m the adjustments outhned above will enable the angle a 
to be reduced to 1/1000 radian with certainty In order that the error 
HaA6/V may not be greater than one jpart m a hundred thousand it will 
only be necessary to sot 0 to an accuracy equivalent to V/100 H Actually 6 
can be set to an accuracy at least as high as l/IOOO radian, so that except 111 
regions near the magnetic equator, where Y/H will be small, there will not be 
any appreciable error due to A6 

Two other sources of error arise m the adjustment of the instrument, due 
(a) to errors m setting the axis of orientation truly vertical and (6) in setting 
the n-nw of the Helmholtz coil parallel to this axis These errors are dealt with 
m a short appendix, from which it will be seen that a small angular error <{/ 
between the utib of onentation and the vertical will mtroduce an error mto the 
measurement of V, which at its maximum is equal to H It is seen, therefore. 
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that this error is m the first order of small quantities The axis of orientation 
must therefore be set vertical with great precision The instrument is provided 
with very sensitive levels, and the turntable, which virtually defines the vertical 
axis of orientation, revolves on a ball race of large diameter A careful test 
showed that the departure from verticahty of the axis was certainly not greater 
than 1 part in 50,000 and was probably less than half this amount 

rV Desenptton of the Magnetometer, 

(a) Helmholtz CoU System —This system comprises the same marble cylinder 
which forms the essentul part of the horizontal force magnetometer described 
very fully by F E Smith m the paper previously referred to For full details 
of the measurements of the diameter and pitch of the windings, etc , the reader 
18 referred to that paper The variations of the radial and axial fields of the 
coil over a region near its centre have also been fully investigated and need 
not be discussed here It will suffice to say that within a sphere of 2 cm 
diameter the maximum difference m axial intensity from that at the centre of 
the S 3 rstem is leas than 4 parts in 10* 

The calculated constant of the coil system is 

U< = 3 69596 . (1 - 7 9 X lO'* [/ - 17]), 

where U( is the axial magnetic force in C G S units when the cylinder is at the 
temperature t^ 0 

% IS the current m absolute measure 

The constant + 7 9 X 10~* is the measured thermal expansion coefficient 
of the marble in length and diameter The constant 3 59595 is beheved to bo 
accurate to 1 part in 10* from the measured dimensions This value refers 
to the dimensions measured m 1921 These may have slightly altered since 
then, but the present observations are on the assumption of unchanged 
dimensions 

The original base and turntable have been used m the present magnetometer, 
but in order to support the cylmder with its axis vertical, a non-magnetio bronze 
platform has been made to fit, on its under side, the existing cradles on the 
turntable, and to provide on its upper surface three leveUing and three centering 
screws for the support and adjustment to verticahty of the marble cylmder 

The general appearance of the magnetometer will be seen by reference to 
the photograph, fig 2, in which the triangular stiff platform can be seen. The 
turntable is provided with an accurately engraved angular scale, whereby li 
may be set m azimuth at any desired angle to an accuracy of a few seconds of arc 
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The levels on the base are very sensitive and enable the axis of the turntable 
to be set vertical to an accuracy of about 1 part m 100,000 

Within the cylinder is supported a circular bronze table upon a tubular 
pillar fixed to the turntable Upon this table is mounted the vibration detector 
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coil This can be seen in the photograph, whereby its small size may be judged 
The detecting coil and its mounting is shown in more detail m fig 3. It consists 
essentially of the very light, flat diamond-shaped cod C stramed between 
phosphor-bronze suspensions, which are earned in a frame provided with means 
for adjusting the tension for tuning purposes The coil in its frame is an 
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independent unit, so that replaoenent is sunple in case of accidental breakage 
of the suspensions The frame and coil are mounted on a three-armed base. 



which registers on three bolts projecting up from the table By means of 
bronse springs underneath and spherical seating nuts above, the adjustments 
to the vibration coil are made, whereby its axis of vibration is made horizontal 
and its plane is made vertical The clamping arrangements also enable the 
coil to be adjusted so that its centre is approximately at the centre of the 
Helmholtz system A sheet copper cover with hole facmg the small mirror 
on the coil serves to protect it from draughts and other disturbances, which 
otherwise cause the light spot to wander up and down on the scale 
There is considerable latitude in the design of the vibration coil, but that 
used m the expenments had 100 turns of enamelled wire 0 05 mm diameter 
Its length was about 2 cm and its width about 1 cm The mass of the coil 
and minor was about 160 mgm The vibration frequency can be chosen to 
have any suitable value between wide limits by using the appropriate control 
torque given by the suspensions Frequencies between about 100 and 5 cycles 
per second were tned In all sizes of vibration coil used, greater sensitivity 
was obtained the lower the resonant frequency chosen. But at the lowest 
frequencies the tune taken by the vibration coil to come to rest was so long 
that the observations became very tedious A frequency of 16 cycles per second 
was found to be a good compromise The damping decrement of the vibration 
ooil was such that with an uutial vibration of the light spot of 1 cm on the scale, 
a time of about 20 seconds was required for the spot to come sensibly to rest 
The sensitivity is such that a vibration of about 25 mm on a scale at 2 metres 
distance results from the application of a field of 40 y The condition of rest 
of the vibrating spot corresponds to a residual vibration less than 0 1 mm, 
since the eye is very susoeptible to a vibration at the rate of about 16 per second 
The coil IS small enough in size to ensure that the mean field of the Helmholtz 
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system over the region occupied by it does not differ from that on the axis by 
more than 2 parts m 10* 

(b) Auxiliary Apparatus —The aimhary apparatus necessary to the magneto¬ 
meter, in addition to galvanometer lamps, scales and batteries, are—■ 

(1) a small source of alternating current at a frequency of about 16 cycles 
per second, 

(2) means of measuring and adjusting the Helmholtz coil current to a high 

degree of accuracy 

(1) Various sources of alternating current were tried These muluded a self- 
maintained tuning fork, a valve oscillator, and an alternator Of these only 
the alternator proved satisfactory The reason of this was that, with the other 
sources, a perfect balance was unobtainable, even when the magnetic field had 
been exactly compensated A residual vibration of 16 or 20 mm resulted 
when either a tuning fork or valve oscillator was usetl as source This was 
puzzling at first, but was ultimately found to be due to heating effects of the 
current The vibration coil is very small m surface, and, m order to obtam 
sensitivity, it is necessary to send a relatively large current through it (70 
milliamperes) The energy dissipated m the coil is about 0 2 watt Owing to 
an mevitable dissymmetry of the coil, the alternate heatmg and coohng of each 
cycle sets up a small vibratory force, which, of course, is quite independent of the 
magnetic field m which the coil is supported With a symmetrical wave form, 
however, the heatmg and cooling should have a frequency twice that of the 
source, and hence at the most should produce only a minute forced vibration 
at the double frequency, since the vibration coil is completely out of tune to this 
frequency The case is, on the other hand, otherwise if hannomes of frequency 
2n are present An unsymmctncal wave form results so that the heating 
during one half-wave is not equal to that during the next half-wave A vibra- 
tive force at the resonant frequency will result and will cause a residual vibration 
which cannot be reduced to zero by any adjustment of the magnetic field. 
Vanous kinds of circuits were tried, but no absolutely perfect balance could be 
obtamed with any other source than an alternator With almost any kmd of 
alternator, however, a perfect balance can be obtained The actual alternator 
used was a small machme use<i as a rotary converter run from a 6-v<rit battery 
With the ball boanngB and special brushes supplied the current taken was only 
0 4 amp 

It was provided vnth a governor of the frictional gramophone type, m 
order that the speed might keep sufficiently constant to remain sensibly 

VOL oxvu.— A. 2 H 
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synohronoTU with the frequency of the vibrating coil At the normal speed 
the root mean square voltage was about 4 Thu voltage provided 70 milli- 
amperes m the vibrating coil The speed oontmually varied shghtly lu use, 
but thu did not matter in practice, smce the condition of a slight want of balance 
on the vibration ooil always showed itself when the observation was contmued 
for one minute The small alternator behaved very satisfactorily throughout 
the experiments In general, it was only necessary to adjust the speed once 
or twice during a run of about an hour and a half In some cases the whole 
run was made without any readjustment 
(2) Mecumremmt of Current —The current measurement was made in some 
cases by a straightforward potentiometer method using a standard resutance 
coil of 1 ohm resistance Thu method is very flexible, as it will allow measure¬ 
ments in any part of the world with the one set up, but requires the potentio¬ 
meter and necessitates repeated adjustment of the potentiometer current dunng 
a run In the later runs the mdepondent potentiometer was dupensed with 
and was replaced by a direct potentiometer method, whereby part of the potentia 1 
difference on the resistance combination was balanced against a standard cell 
The most convoment arrangement for thu u as shown m fig 6 in Appendix IT, 
m which the corrections and calibration of the current-measuring system arc 
discussed 

In all cases where observations are made at a fixed station, the direct potentio¬ 
meter method has much to recommend it It can readily be adapted to give 
direct readings of the change m Y over a range of a few parts m a thousand 
On an instrument mtended to be used at places widely separated, where V 
might have values ranging from 0 to 0 6 C Q S umts, a separate potentiometer 
system would be much more flexible but not qmte so accurate 

V Oenertd Arrangement of the Apparatue 
The general layout of the magnetometer and its auxilianes u as shown 
in fig 4 The current-measuring system shown in the figure was that actually 
used, but the scheme suggested m Appendix II u preferable and will be used 
on future occasions 

The Helmholtz coil system CC u set up about the vertical axis ab Its 
wmdings are supphed with current from a 20-volt battery Rough adjust¬ 
ment IS provided by a three-dial rheostat P with good contacts and carrying 
capacity for the current of about 1 2 amp The current-measuring arrange¬ 
ments actually used consisted of standard resistance combination of about 
0*8 ohm in senes with standard resistance R, of 0 01 ohm Bj was shunted 
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bj a shda wire S of about 0 76 ohm, m senes with which was a diluting lesutanoe 
Si of 1 ohm to increase the openness of the scale of S in terms of change of current 



This combination enables a potential differonco of I 0183 volt to be obtamed 
with potential contact at the middle of S when the appropriate current is passed 
through the Helmholtz coils and the resistance combination The standard 
cell T, galvanometer and tappmg key enabled the potential difference observeil 
to bo adjusted to exact equality and opposition to that of the standard cell 
From a knowledge of the exact values of Rj, R,, S and S^, the current 
corresponding to any reading on the slide wire was calculated The rest of the 
current circuit consists of the fine adjustment resistances rk, rB, each in the 
form of a mercury channel and short-eircuiting slider These resistances are 
placed respectively near the vertical scales A and B, upon which the vibration 
of the light spot reflected from the vibration coil is received 
The Imo joining AB is approximately at right angles to the meridian, so that 
the axis of the vibration coil D lies approximately along the meridian when the 
light spot IS on A or B 

The vibration coil is mounted as at D and carries a very small mirror M 
The coil 18 connected to the slip rings of the little motor converter, shown 
diagrammatioally at E The direct-current motor end is connected to a 6-volt 
battery V, 

In addition to the scales A, B, and the galvanometer lamps near them (not 
shown), there are two other lamps and scales along a line perpendicular to the 
plane of the diagram through the centre of the system These latter are used 
at the commencement of a senes of observations for the purpose of adjusting 

2 H 2 
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the plane of the vibration coil to its electrically vertical position The actual 
observations are taken only on scales A and B alternately 

In the actual expenmenta made at the laboratory the direct current 
measuring apparatus and battery were, for convemenoe, m the main bmlding, 
whilst the magnetometer itself was m a special hut removed from local magnetic 
disturbances arising withm the laboratory 

The motor converter and its battery V, were set up just outside the hut at a 
distance of about 4 metres from the magnetometer It was so arranged that 
the vibration of the light spot was visible through the doorway when adjusting 
the governor and speed of the converter to that corresponding to resonance of 
the vibration coil 

A test was made to determine the stray field, produced by the permanent 
magnets of the motor converter, at the centre of the magnetometer With 
the position of the converter such that the stray field was vertical, it was found 
to be equal to about 5 y at 4 metres distance By turning the converter so that 
the stray field is horizontal, therefore, the error becomes qmte negligible 

A vertical force magnetograph for recording contmuously the changes in V 
during a senes of observations on the magnetometer was constructed and set 
up 

The instrument consisted of a cobalt-steel magnet 5 mm diameter and 20 mm 
long The magnet was mounted transversely on a brass spindle provided with 
adjustable gravity control weights at right angles to one another and to the 
spmdle Thm phosphor-bronze suspensioiu attached one to each end of the 
spmdle, and lightly strained m Une to supports on a base, formed the horizontal 
axis of suspension 

A damping vane between copper plates served to render the system just 
apenodic The gravity control was adjusted to be nearly equal and opposite 
to that due to the vertical component acting on the magnet The control force 
was finally adjusted by means of a small magnet which provided a weak 
horizontal field directed along the magnetograph magnet axis 

The image of a Nemst filament formed by reflection from a nurror on the 
magnet fell on a narrow horizontal slit, having first passed through a pnsm to 
turn the movement of the reflected ray mto a horizontal plane A long band 
of photographic paper slowly revolving behmd the slit recorded the variations 
in V. 

The sensitivity was such that a displacement of about 1 mm was produced 
by a field change of 1 y 

The photographic paper moved at the rate of about 40 cm per hour 
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The efFeot of the magnetograph magnet upon the magnetometer waa quite 
neghgible at the distance of 4 metres which separated them 

VI Experimental Observations tnth the Magnetometer 
(a) Adjustments —Having made a few preliminary runs in order to gam 
experience in the use of the instrument, it was set up in the magnetic hut m 
the laboratory grounds 

It was soon seen both by the magnetometer and by the magnetograph record 
that accurate observations were impossible during the daytime owing to tram 
and tram disturbances Contmuous, rapid, and very large excursions (up to 
100 Y magmtude) occurred all the time The accurate runs were therefore 
made at mght dunng the hours of 1 30 and 4 0am 

The turntable was first levelled as accurately as possible, using the sensitive 
levels on it The resulting position of the axis of tunung was vertical to a 
probable accuracy of 1/60,000 radian 

The marble cyhnder was then centred and levelled on its platform by the aid 
of a dial gauge which could mdicate an eccentncity of 0 01 mm The gauge 
was held in a ngid clamp so that its foot pressed against the outer cyhndncal 
surface of the cyhnder By alternate observations at the lower end of the 
cyhnder and adjustment of the centnng screws, followed by observations at 
the upper end and adjustment of the levelhng screws, the cyhnder was brought 
into a truly concentric position with respect to the axis of turmng 
The galvanometer lamps and scales were then adjusted so that the image of 
the cross wires on the lamp lens formed after reflection from the small mirror 
on the vibration coil (at rest) fell on defimte hnes on the scales, thus locating the 
two positions of the vibration coil axis approximately along the magnetic 
mendian The other two lamps and scales were set up and adjusted to 
correspond to positions of the axis of D at right angles to the mendian The 
current having been switched on and having become steady, the next adjust¬ 
ments made were those of the vibration coil The hght spot was brought to 
position on scale A and the mercury rheostat rA was adjusted until balance 
was obtamed. The magnetometer was then onented round until the light spot 
was on scale B A small vibration of the light spot resulted. By temporary 
adjustment of rB for balance, an estimate of the difference m current for balance 
m the A and B positions was obtamed The rheostat rB was then placed 
midway between its new and old positions The vibration, now reduced to 
about half its original value, was reduced to aero by adjustment of the axis of 
vibration of the coil by means of the appropriate levelling screw on D 
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A mmilar pirocedure was earned through with the vibration ooil axis m the 
two E W directions, except that adjustment to equality was now made by 
adjustment of the plane of the vibrating coil 
After one or two repetitions of each of the above adjustments, a condition 
was amved at such that for any of the four positions of orientation of the 
vibrating coil axis the current for balance was the same to withm 2 or 3 
parts m 10,000 

These adjustments satisfactorily completed, the actual observations consti¬ 
tuting a run were made as follows — 

(6) Observations —(i) A calibration of the magnetograph was made by means 
of a known small current passed through a two-tum coil in a horuontal plane 
centrally disposed around the small suspended magnet constituting the essential 
part of the magnetograph This current was such that a change of 26 y was 
made m the vertical field The sensitivity of the magnetograph was such 
that a deflection of its reoordmg light spot of about 30 mm resulted The 
cabbratmg field was applied m both positive and negative durections 
(ii) The magnetometer was brought mto the A position and balance of the 
light spot obtamed by adjustment of rA The light spot had crossed Imes on 
it and was observed with a lens It was found possible to obtain a balance 
of great sharpness The vibration at 15 cycles per second is peculiarly susceptible 
to the eye, and the condition of rest, when obtamed, corresponded to a vibration 
less than 0 1 mm amplitude Under the steady conditions appertaining to the 
night observations and on a magnetically qmet occasion, the balance remamed 
sensibly perfect for a minute or more at a time 
(lu) When the balance had been obtamed and was seen to be real and steady, 
a signal by means of a tapping key and lamp was given to an observer stationed 
at the current-measuring apparatus He, forthwith, adjusted the slider on S 
untd a balance on galvanometer G was obtamed The readmg on S was noted 
and the tune at which the signaUing flash occurred was also entered 
Simultaneously with the flashing signal to the observer a locating signal was 
given to the recording magnetograph This signal took the sunple form of 
lighting a lamp, at a distance of about 10 feet, m front of the narrow slit m the 
box containing the photographic paper, upon which the magnetograph record 
was m course of exposure This signal gave a fine Ime on the record and 
identified on it the instant at which the magnetometer observaf^on was made 
(iv) The magnetometer was turned to the B position and the procedure as 
outlmed under (b) and (e) was earned out, the adjustment of current being made 
by means of rB 
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A complete smes of obaervations alternately on A and B was thus made 
throughout a penod of about one and a half hours. Dnrmg such a period 
between 30 to 40 observations were made. 

At a few mtervals, readings of the temperature of the marble c^^linder of the 
magnetometer were made and of the standard resistance ooils R,. The 
standard cell was m an oil bath m a vault and remained absolutely steady 
throughout a run 

During the run observations were made to see that the rotary converter was 
remaining in tune with the vibrating coil In order to ascertam this, one of 
the rheostats rA or rB was offset so as to produce a change in current sufficient 
to give several centimetres vibration of the light spot It was then seen whether 
this vibration was as large as it should be If it was small, a readjustment of 
speed was made In general the small unavoidable variations of speed were 
such that the vibrating coil continually went mto and out of tune, so that the 
vibration varied from a maximum to about one-half of this value During any 
period of one mmute, however, the bght spot nearly always reached an amplitude 
nearly equal to its maximum amphtude It was only occasionally, therefore, 
that an observation was in error owing to insensitivity resulting from the 
vibrating coil being out of tune 

In the course of every observation a small displacement equivalent to about 
1 part in 10* in current was made, and a reading was not accepted unless the 
resulting small vibration was visible 

At the conclusion of a senes of observations, a second cakbration of the 
magnetograph was made 

The observations when obtained were dealt with as follows —^From a know¬ 
ledge of B], B„ S and S^, a factor was determmed for converting differences 
from an arbitrarily chosen reading on S into differences m y oiuts from the 
base line value corresponding to the arbitrary reading 

These values of y differences were entered opposite the correspondmg 
S readings for the alternate A and B observations numbered in sequence 
1, 2, 3, etc 

The values for the mean of each pair of observations, 1 and 2,2 and 3,3 and 4, 
etc., were then taken These are the final V differences corresponding to the 
mean value of B at the instants 1 and 2, 2 and 3, etc 

The displacements from an arbitrary base line on the magnetograph record 
were next read off the record at the instants 1, 2, 3, etc These, converted to y 
differences, were then treated similarly to the magnetometer readings so as to 
give the mean values for the readings 1 and 2, 2 and 3, etc 
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Finally, the differences between the magnetograph and the magnetometer 
deduced values of “ y difference ” were taken These latter should, of course, 
under ideal conditions, be qmte constant The variations m these differences 
give a measure of the uncertainty in any reading resulting from all the 
uncertainties m the chain of observations connecting them 

The final results deduced were the differences between the mean value of the 
differences of all the comparison readings and the individual difference readings 
The mean variation from the mean given at the bottom of the last column is a 
measure of the probable amount by which any observation is different from the 
mean of a number of such observations This latter figure is therefore a rough 
measure of the probable inaccuracy associated with the process of observation. 
It must not be confused, of course, with inaccuracies m the absolute measure¬ 
ment of the whole vertical field associated with constant errors in the current 
measurement and in the constants and the set-up of the magnetometer The 
results of a typical senes of observations just as taken are given m the Table 
following 

Columns (1) and (2) give respectively the number and instant of the 
observation 

Colunns (3) and (4) give the slide-wire readings for thn A and B positions 
alternatively taken from an arbitrary zero position near the centre of its scale. 

Column (6) gives the means between the successive pairs, and column (b) gives 
the corresponding values in y umts 

Column (7) gives the deduced mean values of y differences, from an arbitrary 
base line, as reiul off from the magnetograph record 

Column (8) gives the differences between corresponding readings in columns 
(6) and (7) in y units 

Column (9) gives the differences between the mean of all the values in column 
(8) and each individual reading The moan value of the differences shown in 
column (9) 18 0 86 y, and the maximum positive and negative values are 2 4 y 
and 2 7 y respectively 

The values of the various items by which the base-line value is calculated 
corresponding to the zero on the slide were 
I 00036 int ohm 
R, 4- leads = 6 6071 int ohm 
® = 0 37 ohm 
S -f Si = 1 76 ohm 

Voltage of standard cell at 16® C = 1*01842 mt volt 
Helmholtz ooil constant at 16° C 3*69698 
Calculated base-line value Vo = 4316, y umts 
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Table 


(1) 

Ob*. 

(2) 

OM.T 

(3) (4) 

SUde Win 

(5) 

Hmoi 

•ttooe* 

•Ive 

(«) 

umtH 

(7) 

(8) 

Difference* 
(8) - (7) 

(») 

Differences 
from mean 

umfe 

A 

B 

1 

1-29-10 

-0 026 


-0 037 

10 7 

-13 8 

24 5 

-2 7 

3 

1-31-20 


-0 060 

-0 041 

11 9 

-14 2 

26 1 

-1 1 

3 

33-46 

-0 032 


-0 040 

11 0 

-14 6 

26 1 

-1 1 

4 

26-00 


-0 048 

-0 043 

12 6 

-14 7 

27 2 

0 

0 

41-16 

-0 038 


-0 043 

12 5 

-16 1 

27 6 

+0 4 

6 

42-40 


-0 049 

-0 042 

12 2 

-16 2 

27 4 

+0 2 

7 

48-20 

-0 036 


-0 043 

12 6 

-16 1 

27 6 

+0 4 

8 

60-38 


-0 062 

-0 046 

13 3 

-16 2 

28 6 

+ 1 3 

9 

63-32 

-0 041 


-0 046 

13 3 

-16 2 

28 6 

+ 1 3 

10 

66-01 


-0 061 

-0 041 

11 9 

-16 3 

27 2 

0 

11 

67-28 

-0 031 


-0 043 

12 6 

-16 6 

28 0 

+0 8 

12 

69-43 


-0 066 

-0 042 

12 2 

-16 6 

27 8 

+0 6 

13 

2-01-36 

-0 030 1 


-0 039 

11 3 

-16 8 

27 1 

-0 1 

14 

06-36 


-0 048 

-0 041 

11 9 

-18 0 

27 0 

+0 7 

10 

07-43 

-0 034 


-0 042 

12 2 

-16 6 

28 7 

+ 1 6 

16 

09-30 


-0 061 

-0 042 

12 2 

-16 3 

28 6 

+ 1 0 

17 

14-08 

-0 042 


-0 044 

12 7 1 

-16 9 

28 6 

+ l 4 

18 

16-30 


-0 046 

-0 039 

11 3 ! 

-16 7 

27 0 

-0 2 

19 

17-36 

-0 032 


-0 039 

11 3 1 

-16 7 

27 0 

-0 2 

30 

19-42 


-0 046 

-0 039 

11 3 1 

- 16 7 

27 0 

-0 2 

31 

22-33 

>0 031 


-0 038 

11 0 

-16 9 

26 9 

-0 3 

23 

23-46 


-0 045 

-0 038 

11 0 

- 10 0 

27 0 

-0 2 

23 

26-00 

-0 026 


-0 036 

10 4 

-16 4 

26 8 

-0 4 

24 

27-16 


-0 035 

-0 032 

9 3 

-16 4 

25 7 

-1 6 

30 

29-43 

-0 036 


1 -0 036 

10 1 

-16 3 

26 4 

-0 8 

26 

31-00 


-0 040 

-0 037 

10 7 

-16 3 

27 0 

-0 2 

27 

32-22 

-0 026 


-0 033 

9 6 

-16 1 

26 7 

-1 6 

28 

34-13 


-0 038 

-0 032 

9 3 

-16 0 

26 3 

-1 9 

29 

36-40 

-0 032 


-0 036 

10 1 

-16 6 

20 6 

-0 6 

30 

37-63 


-0 066 

! -0 044 

12 7 

-16 9 

29 6 

+2 4 

31 

36 32 

-0 016 


- 0 036 

10 4 

-17 3 

27 7 

40 6 







Mean 

27 2 








Mean vanation from mean 0 86 y 


In the present investigation, however, no particular importance is to be 
attached to this base-lme value, since the aim has been rather to prove the 
S 3 rBtem than to obtam results by the magnetometer 
It would seem, therefore, that, as far as observatwruU aoouracy concerned,, 
any single observation has a probable error not greater than 1 y and the 
mftTifnmn j»obable error is about 2 5 y From the same standpoint, the 
probable error m base-lme value as given by the mean of 30 observations would 
be about 0 3 Yi or less than one part m a hundred thousand m V, in En^nd 
These oonclunons are borne out by a number of runs made during a period 
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of about three weeks On many of these occasions the temperature of the 
magnetograph was not constant, and it became necessary to apply an estimated 
correction for this drift m the magnetograph trace The mean of the various 
values of “ mean variation from the mean ” was about 0 8 y, and the maumum 
value was 1 2 y 

Under steady magnetic conditions, therefore, it may bo considered experi- 
mentally proved that the mean base-lme value given by 30 observations taken 
during an hour would not be uncertam, due to observational errors, by more 
thanO 3y 

The variations of temperature, and the uncertamti(» associated with the 
magnetograph from one day to another, were such that it was not possible to 
test the constancy of base-hne values given by the magnetometer 

It 18 hoped to transfer the instrument to the Abinger Magnetic Observatory, 
and after setting it up there to carry out a senes of observations of V with a 
view to proving the accuracy of determination of a base line 

VII Probable Errors 

The errors associated with a determination of V may be classified as due to 
(a) the method, (6) the measurements, and (e) the magnetometer The errors 
associated with the method are as follows — 

(a) The vibrating coil may be slightly magnetic but its mass is so small that 
the change m the resultant field due to hysteresis, etc, is probably quite 
neghgible A residual vibratory torque due to heating and cooling of the coil 
and Its suspensions may still be present even with the symmetncal wave form 
given by the alternator If this torque were m phase with the main torque, 
a balance would still be obtainable by the appropriate resultant very small 
vertical field which would automatically be applied to obtain it A reversal 
of the connections to the vibrating coil would reverse the sign of the mam 
torque but would not reverse a torque due to heating A different current 
would then be needed for balance An experiment showed no measurable 
difference due to reversal of the vibrating coil connections It is, moreover, 
exceedingly unlikely that a vibrating twque due to heating and cooling would 
not have a component m quadrature with the mam torque. In such a case a 
perfect balance would be unobtainable by simple adjustment of the Helmholts 
coil current Actually the balance when obtamed was very sharp. 

A further experiment tried m order to see the effect of an asymmetrical 
wave form was tned This consisted in superposing a small steady current 
upon the alternating current flowing m the detector coil The effect of this 
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was apparent, as no perfect balance conld be obtoined, thus proving that the 
thermally produced fundamental frequency torque had a component m 
quadrature with the mam torque The effect was small and the setting of the 
Hdmhdts current for approximate balance appeared to be unaffected by 
reversal of the conneoiaons on the vibrahng coil 

The errors associated with the location of the vibrating coil have been dis¬ 
cussed, and it has been shown that such errors are proportional to H and 
therefore increase towards the magnetic equator By the method of observing 
m two positions of the vibrating cod axis 180° apart, it has been shown that 
the error may be reduced to less than 1 y when H = 0 6 C Q S unit 

There is a possible source of small error in the mevitable lack of perfect 
geometrical symmetry of the vibrating coil If the suspensions are not 
stnctly coincident with the axis of vibration, a small torque will result, since 
they are considerably displaced from the centre of the Helmholtz cod and are 
therefore not in a zero vertical magnetic field when this condition is obtamed 
at the centre Such error must be very small, since there are about 400 cm 
of wire m the cod at an effective radius of about 3 mm from the axis, whereas 
the suspension will almost certainly be within 0 3 mm of the effective axis of 
vibration and has an effective length of about 3 cm only 
(6) The errors associated with the measurements are those duo to in¬ 
accuracy of observation and uncertamty m measurement of the current in 
the Helmholtz cod The sensitivity is such that variations in setting the 
current may cunount to the equivalent of 2 6 y m a sin^e observation, with a 
I«obable variation of 1 y The mean of a senes of 20 observations would have 
a probable error of less than 0 5 y, due to lumtation of sensitivity on the vibration 
cod 

The error associated with observing the current will include a small drift 
which may occur between the instant of the magnetometer observation and the 
observation of current on the potentiometer This error is likely to be less 
than one part m a hundred thousand The error m the finally deduced 
current might be as great as 1 part in 10*, but the possible error m the umt 
m which the current is measured is 2 or 3 parts m 10^, whether this umt is 
denved from standard resistances and a standard odl, or, as at the laboratory, 
from an absolute umt given by the current balance 
(o) The errors associated with the magnetometer are those due to errors in 
settmg np and errors m its constant 

The former error has been discussed and was seen to bo probably not greater 
than H/10*V, or m y umts H/10* 
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The error associated with the dimensions of the coil can only be estimated 
by a repetition of the measurements of length and diameter Previous expen- 
ence has shown that slow changes m the dimensions of marble cylinders do occur 
m the course of a few years, and they may in the present case amount to a few 
parts in a hundred thousand 

From these considerations it would appear that the complete magnetometer 
and its accessories form a means of obtaining a base-line value for vertical 
mtensity which would be consistent to 1 or 2 Yi but that the absolute value of 
the field in C G S units is subject to an uncertainty of about tvnce this amount 

In conclusion, my thanks are due to the Metrology Department for the 
design and construction of parts of the mounting, to Mr P Yigourcux for much 
careful assistance m the observations and in the method of presenting the 
matter m Appendix I My thanks are also due to the Director and to Dr Chree 
for kindly interest in the development of the magnetometer 

Appendix I 

General case in which a Helmholtz coil system is set up with its axis nearlj 
vertical and can be oriented about another axis nearly vertical This latter is 
an axis of reference 

The detecting coil is set up with its plane nearly verticsl and its axis of 
vibration pointing in any direction in a nearly honzontal plane, and capable 
of orientation about the axis of reference 

Let OX, OY and OZ be three axes of reference such that OY is coincident 
with the nearly vertical axis around which the Helmholtz coil and the vibrating 
coil can be oriented 

Let U]i be the field produced by the Helmholtz coil and let its direction 
cosmes be vj and 2^, where ^ and 2^ are nearly zero and t] nearly umty 

Let the direction cosmes of the vertical be X, (i and v, where X and v are 
nearly zero and p is nearly umty 

Let the earth’s field be F and its direction cosines be 1, m and n None of 
these is necessanly small 

Let the direction cosines of a hne m the plane of the vibrating coil and 
perpendicular to its axis of vibration be a, p and Yi where a and y we small 
and p IS nearly umty 

The angle between F and the Ime a, p, Y “ (<*5 + pb} + yK) 

The vibratory torque due to F is proportional to 
P(flJ+ pw + yn). 
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Again, the angle between V„ and tbe line a, ^,y is 
co 8-M«^+ pTj+Y^) 

aud the vibratory torque is proportional to 

Um + pi) + Y^) 

By adjustment of Uji to the value Umi we can reduce the vibratory torque to 
zero, so that 

F (oJ + pm + Y«) = Umi («£ + P^) + yO (D 

Now let the Helmholtz coil and the vibrating coil be onented about the nearly 
vertical axis of reference OY through an angle k 

The new direction cosines become 

-5 ri 

X tt V 

I m n 

-« P -Y 

By adjustment of Um to the value Um, such that the vibratory torque is 
Bgam zero, we have 

F(—oJ+pm-Y«) = Uii«(a5 +PiQ+yC) (2) 

The mean of (1) and (2) gives 

F pm *= i (Uni + Umi) («^ + P'»J + yO (3) 

The vertical component of the earth’s field =» V is given by 

V — F (X/ + jim + vn) (4) 

Eliminating F from (3) and (4) gives 

\ (Umi + Um ^ ^ ^ ^ 

Neglecting products of small quantities this gives 

i(UMi + UM*) = V j^(l - ^ - f) (6) 

* {iTj \ |im («n prj pij/ 

In practice the plane and the axis of vibration of the vibrating coil are 
adjusted so that a and y are small by the process whereby Umi m made nearly 
equal to Ums Also, the Helmholtz coil is adjusted so that 5 and s are 
very small 

We may therefore safely n^lect the last two terms m equation (5) The 
simplified expression for Y becomes 

v=.,(5s^){i-^) 


(6) 
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The angles cos”^ X and cos'^k] can moat certainly be adjusted to values 
smaller than 0 0001 radian. The values of and ig will therefore differ from 
umty by a quite negligible amount 

The correction which has to be appbed to the mean of the two U readings 
reduces to the simple term —(XI4- v») in relation to unity 
It 18 thus seen that the only quantity finally involved in these corrections 
arising from the adjustments of the 
magnetometer is the departure from 
verticahty of the axis about which the 
Helmholtz coil and the vibrating coil are 
onented 

The physical significance of the remam- 
ing correction terms is best seen by 
reference to fig 5 

OX, OY and OZ are the axes of reference 
of which OY IS the axis of turnmg OP is 
the vertical whose direction cosines X, p 
and V are given by OQ, OR and NQ 
respectively 

The actual angle which the axis of turnmg makes with the vertical is t]/, and 
the vertical plane containing OY makes the angle A with the plane OXY 
We then have 



= tan (}; sm A, 


v*+ X* 

and Xp = tan cos A, 

Treating the earth’s field F in the same manner as the vertical we have 

v“ 




* V»* +1* 

On substitution of these terms into the expression 
vn 4- Xl/pm, 

the correction term becomes 

— 2 tan ij) (cos A cos B + sm A sm B) = — 5 tan ij/ cos (A — B) 


(7) 


The maximum value which the correotion can have occurs when the vertical 
plane containing the axis of rotation coincides with the vertical plane 
containing the earth’s field, * e, A = B. The correction is then — HiJ;/V 
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Expressed as an error m relation to unity, it is seen that the error may be 
large m regions near the magnetic equator, but expressed m terms of y umts 
the error is simply HiJ; For a maximum value of H equal to 0 6 C G 8 umt, 
it IS seen that (J) should bo reduced to 2 X 10"® radian for an accuracy of 1 y 
to be obtained 

With the present instrument such an angle of departure of the axis of turning 
from the vertical can just be detected 
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Meamrement of the Current 

The measuring circuit is as shown m fig 6 

Rj is a standard four-terminal resistance shunted by the higher resistance 
R, of such value that a potential difference about 6 parts 
in 1000 greater than that of a standard cell results when 
the appropriate current flows through the combination 

Since R, is shunted across the current terminals of Rj, it 
IS necessary to know approximatidy the resistance of the 
current leads, shown as r, 

Across the potential terminals of Rj, is shunted a 
relatively high resistance P in scries with a slide wire of resistance S The 
slide wire has a resistance of about 0 006 that of P 

The standard cell of voltage E is connected through tapping key and galvano¬ 
meter to the potential points a and b 

If a total current I is sent through this network, then the potential difference 
reqmred is that between the points a and b, where b is at any reading x 
on the slide wire 

This potential difference is given by 



Fio 6 


whence 


P-1-8 


■MP±.a. 


R, + ~r»/ . - 

* ^ R, 4- P + 8 ^ ^ 


R 1 Ri(P + S) 

P-fS *^* + R,+ 

P + 3- ^R; ’ 


The oahbration of the scale of the slide wire S m terms of a small change in 
current u given by ^ 
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In the case of the Helmholts coil desonbed, and for the value of V m England, 
the value of I u about 1 19 amperes 

It M convement to use a slide wire of 1 ohm resistance and to choose a value 
of P such that the slide wire covers a range of about 5 parts m 1000 m Y 
Under these conditions P becomes 200 ohms 

If B] = 1 ohm and B, = 6 ohms, then the effect of the current leads of B^ is 
small, but not quite negligible, if they have a reeistance of 0 0001 ohm 

For a base Ime corresponding to a value of x equal to 0 6 ohm the value of 1 
becomes 

6 + ^ 

1 01830 X X _^ amperes 

= 1 19017 

For a change of sbde wire reading of 0 001 ohm the proportionate change of 
current necessary to give balance is equal to 

It IS thus seen that accuracy to one part m a hundred thousand can be 
obtamed and observed if Bj and E are known to this accuracy 

A more open scale can be obtamed on the sbde wire at the expense of a smaller 
range, by choosing a higher value of P By mtroducing the constant of the 
Helmholtz coil into the calculations, it is easy to oabbrate the scale of S to read 
change of V directly in y nmts 
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The Thermal Conductxmties of Certain Liquids 
By G W C Kayb, O B E , M A , D Sc , and W P Higoinb, M Sc , Physics 
Department, The National Ph 3 r 8 ical Laboratory 

(Communicatod by Sir Joseph Potavcl, F R S —Received September 14, 1927 ) 

The determination of the thermal conductivity of liquids and the variation 
with temperature has received the attention of a number of workers in the past, 
notably, Lees in 1898, R Weber in 1903, and Goldschmidt m 1911 In general, 
however, the temperature ranges explored were somewhat restricted, and the 
present work was accordingly directed to determining the conductivities of a 
number of the more common liquids up to the highest temperatures feasible 

In measuring the thermal conductivity of a liquid it is, of course, essential 
that convection effects should be reduced to a mmimum This may be effected 
by employing small temperature differences across a thm horizontal layer of tho 
liqiud, the heat flow bemg directed downwards 

Apparatus 

An apparatus was accordmgly designed m which a thm horizontal layer of 
the liqmd was sandwiched between two aluminium blocks, the upper “hot 
block ” contaming an. electric heating coil and tho lower “ cold block ” being 
provided with radiating fins Escape of heat from the hot block in an upward 
direction was prevented by mounting aliove the hot block, and separated from 
it by a thm film of air, an aluminium “ guard plate ” containing a subsidiary 
heatmg coil * The current through the subsidiary coil was then adjusted until 
there was no temperature drop across the air film, so that apart from a small 
loss from the sides of tho hot block, tho energy supplied to the mam heatmg 
coil was all transmitted downwards through the test liquid The apparatus 
was completely enclosed m a thermostatically controlled oven which was raised 
to the appropriate temperature for the purpose of the test m hand By this 
moans the unavoidable surface losses were reduced as the oven temperature 
was usually only some 10° C below that of the hot block 

The apparatus is shown diagrammatically to scale in fig 1 Tho olumimum 
blocks were cylindrical and 6 ems in diameter, so that the area of the test layer 
of hqmd was about 20 sq ems The temperatures at the faces of tho two 

• We find that a similar device was employed by Hercus and Laby m measunng the 
conductivity of air ‘ Roy Soc Proc ,’ A, voL 96, p 190 (1918) 

VOL. ozvn — X . ^ I 
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blocks between which the hquul was hold were moasored by thermocouples of 
which the aluminium blocks each «‘rvod as one arm, the other being of con- 



stantan * For the purpose, holes of small diameter were drilled from the sides 
of the blocks m a slanting direction until th(» tost faces were reachoil at the 
appropriate points Constantan wires were then inserted through the holes 
and provided with thin glass slioaths to insulate them from the alummium, 
except at the actual faces where they were held in firm contact by small 
alummium pegs The faces of the blocks with the couples in position were then 
ground flat to a high degree of accuracy 

Round the upper end of the cold block a small trough or gallery was affixed 
to hold the test liquid during assembly and to provide sufficient surplus to 
ensure that the space between the cold and hot blocks was always failed It 
was obviously desirable that this gallery should be of material of low thermal 
conductivity, and it was, of course, essential that it should not be attacked 
by any of the liquids to be investigated, and, further, that its junction with 
the alummium should remam liqmd-ti^t as the temperature was raised 
After some trials, asbestos paper was eventually chosen This was moulded 
into shape while damp and sceured to the aluminium block by a few turns of 

• 'ITio use of (UotuiniUD) constantan oouides for the meusunineni of U nqioraturas has 
been disciiii8e>i.l in a previous paper by the present authors , see “ Thermal Conductivity 
of Vitreous Sdico,” ‘ Roj Soc Proc A, vol 113, p 335 (11126) 
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wire {ireasiug the asbestos into a shallow groove iii the side of the cold block 
After being allowed to dry it was treated with bakehto varnish and hcateil 
to the appropriate temperature, the process lx ing repeal'd st. vcral times 
This method of construction proved fully satisfactory 'J'he galhry was hually 
fitted with a loose mica cover 

The hot block was made up of two parts whiili screwed togi ther and en< losed 
an electric heating grid of mchromi wire wound on mica A similar cun 
struction was adopted for the guard plate The temperature of the hot block 
ranged between about 20“ (’ and 200° (j (whore feasible), iiid tht power 
inpufis were varied over a range of from 2 hi 20 watts 

To se^iarnte th( hot and cold blocks at a known distaiiLe threi short lengths 
of glass rod, resting on their sides and of suitabh* diameter, were iiiterfiosed 
In the case of wah r, however, it was found more t^nivement to use thn^ tinj 
pieces of silica plate cemenh d by a trace of bakelite varmsh to the surface 
of the cold block, as it was found that the glass rods tendorl to float awa> 
during assembly Prchminary tests had shown that the thickness of thi 
li<pii<l should not exceed 0 6 mm , and accordingly the experiments were coii- 
(luctcHl with thicknesses ranging from 0 25 to 0 5 mm The operation of 
issembhng the apparatus so that no air bubbh^ wer(> trapped between tin 
two surfaces was a matter of some practice The hot block was gradually 
lowereil in a tilto<l position into the liquid and was gently brought into the 
horiisoiital fiositioii, the air being swept to one sidt as nior* and more of thi 
hot liloik liecauic wetted by thi liquid The blo« ks were then aligned avially 
by means of ceiiti'riug screws which w« ri withdrawn ilurmg the lourse of an 
ex|M>riment The guard plati' and hot bhak were similaily separatesi by glass 
distance pieces and a differential couple sieved to indicate whether their 
surfaces were at the same temperature It may he added that the vanous 
test hqmds were freed from air by iire-heatmg to as high a temperature as 
was feasible 

The apparatus was stirrouniled by a metal enclosure the intervemng s|>ace 
being packed with asbestos wool and the whole was contained m the oven 
already referred to The oven was hentoil electncally and a fan was provided 
to circulate the air, baflies liemg mtroiluced to secure uniformity of t< mperoturc 
around the apparatus 

(Ujiiectiom to Im Applied to Sj-penmeutal Data 
(a) Lateral lose of heat —As already mentioniKl, heat loss from the hot block 
in an upward direction was jireveuted by the guard plate , there was, however, 

2 I 2 
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a small loss of heat from the sides of the hot block which had to be allowed 
for The surrounding space being closely packed with asbestos wool, this side 
loss was due to conduction and not to radiation or convection, and should, 
therefore, depend directly upon the difference of temperature between the 
hot block and the metal enclosure The magmtude of the correction was 
determmed experimentally by taking observations under normal conditions 
when the test hquid was replaced by a material of known conductivity between 
the hot and cold blocks Balsa wood was chosen for the purpose, as its con- 
iluctivity IS low and consequently the side loss becomes relatively more 
pronounced and so more rcailily measurable A senes of observations were 
made for different jiowtr inputs and diff<‘rent thirknesm's of balsa wood, and 
it was found that the lateral loss was proportional, as was anticipated, to the 
temperature difference between the hot block and the surrounding metal 
entlosure Quani itatively, the loss amounted to 0 0234 watts pet ®C difference 
in temperature I'hts would include any loss of beat along the leads of the 
heatmg coil which, however, would be small in amount 

(6) Heat tranxffrred through l%qu%d tn gallery —By reference to fig 1, it will 
be noted that, apart from the heat passing directly across the test layer of 
liquid, it was possible for heat to be transmitted from the hot to the cold 
block via the surplus liquid in the gallery As in the (.ase of the lateral loss, 
steps were taken to enhance the effect in order to obtain a more accurate 
estimate of its magmtude This was done by increasing the thermal resistance 
of the test layer by inserting a disc of ebonite (I mm thick) b<*tween the test 
fac-es, and observations were then mode for a senes of temperature differences 
between the hot and cold blocks, first with the gallery full of liqmd and then 
empty It was found that the correction to be subtracted from the power 
input, on this score, was proportional to the temperature difference, and to 
th( conductivity of the liqmd, and was given numerically (when the gallery 
was full, as under normal conditions of experiment) by the expression 
K X 42 0 watts per °C difference between the blocks (K being the approxi¬ 
mate conductivity of the liquid under test) The magmtude of this correction 
found m no ease to exceed 3 per cent 

As an mdependout check on the above, the following experiment was earned 
out The apparatus was set up m tho normal way with water as the bquid 
under test Observations were made at constant power input, first with the 
gallery full and afterwards from time to time as evaporation gradually lowered 
the level of the water, until ultimately the tost layer itself began to disappear 
Fig 2 shows the gradual change with tune in the temperature difference 
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between the hot and cold blocks It will bo noted that for a period of about 
seven hours tho temperature difference* increaae/l steadily, corresponding to an 



apparent decrease of conductivity This was followed by a rapid rise obyiously 
due to the disappearance of the layer of water between the blocks The begin¬ 
ning of the curve (with the trough full) corresponded to a conductivity of 
0 OOIGIq, which, when subjected to the correction factor given above, reduced 
to 0 001677 This was in good agreement with the value given by the curve 
just before the rapid rise, viz, 0 OOlSTj where obviously no correction was 
required 

(c) Heat lost by evaportUton -Another possible source of heat loss was that 
producing evaporation from tho free surface of the liqmd in the gallery The 
case of water was studied in view of its high latent heat of evaporation and 
the fact that observations could lie taken nearer the boiling-point than m the 
case of the other liquids A rough experiment showed that for water, up 
to 1 c 0 per hour was lost by evaporation at tho higher temperatures which 
was eqmvalont to a correction amounting to 6 per cent of the power mput 
In the case of tho other liquids, the correction was so small that it did not 
need to be taken into account 

As tho evaporation depends upon the temperature of the water and is 
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uul('|M‘utleut of the tvinouaf of lieiit iMuwing through the tiNst layer, the most 
Hirei t way of oaccrtaming the corrtctiou necessary was to i^irry out a senes 
of exjM*riraeiit« at dilTennt jiower inputs at tlu suini* moan temperature of 
the water and so to dediue the power loss due to evaporation at that tem- 
£>erature At 60° C this umotmti d to 0 5S watt It was established experi¬ 
mentally that the rate of loss of weight of the water due to evaporation at any 
particular tempi rature was proportional to the vaiiour pressure, thus affording 
a convement means of calculating the correction for evaporation at any tem¬ 
perature desired 

(d) Heat hsu through qmrd plate —Under normal working conditions it was 
found possible to adjust the current through the guard-plate heater so that 
the difference of temperature between the two sides of the air gap corresponded 
to less than ^ microvolts, t e about 0 07° 0 For the particular dimensions 
of air gap used, calculation showed that the i orrespouding correction on this 
score amounted to less than 1 /lO per cent of the power mpiit, which was 
negligible This conclusion was confirmed by making the temperature drop 
across the air gap relatively large and observing the resulting effect on the 
apparent conductivity of a sample liqmd Kven when the temperature drop 
across the air gap was as high as 2“ 0 the effect on the measured conductivity 
of the liquid amounted to only about 4 per cent 

(e) Heat conducted through distance-jneccs possibility of error arismg 
out of conduction of heat through the distance-pieces separating the hot anil 
cold blocks was also considered As already stated, short glass rods were 
used in most instances, and the area of the contact between their sides and 
the aluminium blocks was so small that the effect was negligible In the 
ease of water, the flat plates of vitreous silica used hod a total area 0 06 sq cm 
The conductivity of vitreous silica being about twice that of water, the effect 
was eqmvivlent to mcrcusing the effective area of th(* test layer by 0 05 sq cm 
and consequently the observed conductivity was m error by about 0 2 per 
cent This was well within the experimental accuracy and so did not neeil to 
be taken into accoimt 

Typical Expenment 

The following data were obtamed m the course of a typical experiment on 
glycerine at a mean temperature of 60° C — 
fAquid Glycerine 
Dimeunone — 

Thickness of test layer (d) 

Area of test layer (A) 


0 0367 cm 
20 27 sq ems 
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Temperature meamrenteiUs — 


Hot-fac€> thennocouploA (three) 
Equivalent moan hot-faco tempera¬ 

il 14, 21J2, 2133 microvolts 

ture 

62 20° C 

(^old-face thermocouples (three) 
Eqmvalent mean oold-fewe tempera¬ 

1946,1943 1946 microvolts 

ture 

17 80° C 

Temperature drop over test layer (SO) 

4 40° C 

Mean temperature of liqmd 

50 00° (' 

Power mpply to hot block - 


Currenl 

1 0709 amp 

Potential drop 

7 072 volts 

Power supplie<l 

7 674 watts 

Correeltona to power supply — 


(a) Side loss - 


Temperature diflerenco between hot 


block and metal enclosure 

10 53° C 

Correction 10 63 X 0 0234 

^ 0 246 watt 

(b) IxMS through excess bquid — 


Temperature difference between hot 


and cold blocks 

4 40°C 

Approximate conductivity 

0 00068 

Correction 0 00068 x 4 40 x 42 0 

= 0 126 watt 

(c) Evaporation loss 

Nil 

Corrected power (W), 7 671 —0 246 


-0 126 

= 7 202 watts 

Tlwnml cotvJucltvUy of qlifcenne o< 60 0° 

C 

Wd _ 7 202 X 0 0367 

4 18A8G t 18 y 20 27 ' 4 10 

^ 0>00069oOgB 

Results 


Pigs 3 to 5 show the variation of thermal conductivity with temperature 
for the various liquids The Hniall numbers bv the side of the plottea pomts 
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indicate the aequenoe in which the observations were made If miHre than 
one thickness of liquid was experimented with, the observations arc suitably 
identified In all cases the results can bo represented by straight lines from 
which the bulk of the individual observations do not depart by more than 
1 per cent It will be seen that water and glycerine, the two liquids with the 
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highest conductivities, were umque m exhibiting an increase of conductivity 
with temperature In the case of water (fig 6), the divergences from the 
mean straight line are slightly larger, as the method is not quite so well adapted 
for the measurement of conductivities as high as that of water which m this 
physical constant, as in many others, is anomalous As previously mentioned, 
the experiments on water involved an additional correction for evaporation 
which further reduced the accuracy For the sake of companaon, the results 
of Jakob and Bridgman are added to fig 6 
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Table II —Companson of Results with Published Data 
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The results for the various liquids arc also summarised in Table I (p 468), 
which gives the conductivities read off from the curves at each 20° C The 
values of the coefficient a m the expression Kj — Kq (1 + at) are also 
tabulated together with the densities at 18° 0 


Companson of RettuUa mth Publtshed Data 
A companson of some of the results of the present work with previously 
pubbshed data is given in Table II (p 469), where the values of the 
conductivity at 26° C are tabulated, together with the temperature coefficients 
In general, the agreement of the present results with the more recent data is 
good, particularly in the case of the results pubbshed by Davis which, however, 
are comparative and rest on Goldschmidt’s value for toluol at air tempera¬ 
ture It may be remarked that Davis used the capillary-tube and heated-wirc 
method of Goldschmidt which differs fundamentally from that employed in the 
present work 

Summary 

The thermal conductivities of a number of common liqmds, mcluding water, 
glycenne, amline and vanous oils, have been determined by a “ plate ’ method, 
over a range of temperatures up to 200° C (where feasible) The test layers 
had an area of about 20 sq ems and thicknesses up to 0 0 mm The following 
table summarises the chief results 


Table III 


Water 
Qlyoerine 
Oa^roil 
Aniline 
Olive oil 
Cylinder oil 
Ttaiuformer oil 
Medicinal paraffin 
Paraffin oil 


0 0014 , 
0 00008 , 
0 00048 . 
0 00041 , 
0 00040 , 
0 00030 , 
0 00032 , 
0 00030 , 
0 00023, 


Temperatuie 
ooeffioient a 
in enienlon 

K» - K, (1 -t- «<) 


+0 001 , 
+0 0006 , 
-0 0006 , 
0 0000 
-0 0003 , 
-0 0004 , 
-0 0000, 
-0 0000, 
-0 0006 , 


We arc glad again to acknowledge the constructional skill and observational 
accuracy of Mr D E A Jones, of the Observer staff of the Laboratory 
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The Magnet%c Properties of Single Crystals of Ntckel 
By W SuCKSMiTH, B So , H H Pottkr, Ph D , Lecturers in Physics, University 
of Bristol, and L Broadway, B Sc 

(Commumeatod by A P Chattock, PBS —Received Auj-ust 9, 1927 ) 
Introduction 

In recent years the production of single < rystals of iron* has led to investiga¬ 
tions of their magnetic properties Following the lines of the experiments of 
Weissf and his co-workers on natural crystals of pyrrhotite, etc , Beck,t 
Webster,§ and Honda and Kaya(| have examineil the magnetic intensity with 
respect to the crystal axes Results of great interest have been obtained, but 
a satisfactory theoretical interpretation is still wanting 

It appeared desirable for various reasons to obtam corrcsjiondmg results for 
mckcl In the first place, the structure is that of a face-centred cube, and 
comparison with iron, which has a body-centred cubic structure, appeared 
likely to yield valuable results Furthermore thermo-magnetic changes are 
simpler and more easily studied than m the rase of iron, partly on account of 
the lower critical temperature 

The paper divides itself naturally mto two parts, the first of which is devoted 
to the perpendicular and parallel components of magnetisation in mckel, and 
the second a critical discussion of the torsion method of measuring the parallel 
component m single crystals of ferromagnetic materials 

Part I 

Preparation ofSpeamns 

Tlic nickel crystals^ were prepared from Mond pellets by slow cooling from the 
uuilten liquid contamed in a long cylindrical “ Alunduiii ” crucible In no 
case did a single crystal occupy the whole cross-section of the crucible, but 
the specimens obtained were qmte large enough for the exammationof directional 
magnetic properties We hope later to improve the techmque of crystal pro- 

« Edwards and Pfeil, ‘ J Iron and Steel Inst.,’ voL 109, p 120 (1924) 
t Weiss, ‘ J de Phys.,’ voL 4, p 409 (1900), etc 

{ ‘ Dissert Zuiioh,’ 1918, see abo ‘ Bull Nat Kes Coano voL 3, p, 180 (1922) 
f ‘ Roy Soc Proo ,’ A, vol 107, p 498 (1926) 

(| ‘ ScL Rep TOhoka,’ voL 16, p. 721 (1928) 

Suoksnuth and Potter, ‘ Nature,’ vol 118, p 730 (1928) 
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duction and to examine other magnetic properties of single crystals The 
purity of the crystals produced was about 99 0 per cent 
In the early stages of the w ork the positions of the crystal planes were detor- 
niined by X-ray examination ■" Later, however, we found that the etch 
refle< turns could be utilised,f and the use of this method in preference to X-rays 
considerably reduced the amount of labour involved 

Singh crystals of nukel are much softer than the ordinary polyc rystallme 
niet-al, and (onsequcntly distortion is easily prodiiciHl by mechanical workmg 
To niinmuse this, the specimens acre prc'parcd by grinding by hand on a fine 
oil-stone The first sUp was to grind the surface parallel to the required 
crystal pliiiu A thm slab about 2 mm thick was then rut from the crystal 
with a fane jewc ller’s saw, and the sawn face ground parallel until the tiuckness 
was reduced to about 0 'i mm In this way the portion of crystal distorted by 
SHU mg was rcmoviHl The slab was then soldered between a similar slab of 
brass and tiu end of a hard st<>el nsi of the sumo diameter as the finished 
spt*ciiucn Till crystal and brass were then ground down together to the 
diameter of the rod, this proccHliuo preventing the burring of the edges of the 
specimen 

The identification of a (HMt) plane* is easy, since these planes appear os etch 
jilanos Krecpic'iitly the (1(M>) reflections were weak compared with those from 
(III) planes, but the positions could be checked by reference to tho (111) 
reflections h]t<,h reflc>ctions do not occur from (110) planes, and these had to 
be located by biscctmg the angle between two suitable (111) planes We 
c stimatc the accuracy of tho cutting of these discs to 2 or 3 degrees 

Method of Inveattgatwn 

'riic investigation of the magnetic properties is divided into the measurement 
of the component of magnetisation (a) parallel to the applied field and {b) per¬ 
pendicular to the field, and the vanations of these two vectors as the field is 
rotated m the plane of the disc For the measurement of the perpendicular 
component we have used the method of Weiss, m which the specimen is suspended 
with its plane horizontal, and the couple exerted by a uniform field H cm the 
body (volume v) is given hyvlg H, where In is the component of magnetisatum 
pcrpencbcular to tho held This is determined for various onentatmns of the 
field with respect to the disc, the couple disappearing when the magneti¬ 
sation and the field are parallel (For further details, see Weiss and Webster 

• MiiUer, ‘ Roy Soo. PiocA. 106, p 600 (lOM) 
t Potter and Soeksnuth, * Katara,’ voL 110, p. OM (1017). 
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loc cli ) We shall show later that the mcthoil jised hy Weiss and Webster for 
the measurement of the parallel component leatls to incorrect results in the 
case of nickel In the measurement of this component we have therefore 
iiseil the ballistic method which was employed by Honda and Kaya 
The arrangement of the siT-ondary coils for the measiin meiit of the iiarallc I 
component is shown m fig 1 A piece 

of elioiute 1/lbthinrh thick was drilled r~ C 

suitably to carry the three secondary ^ ^ 

coils A, B, and C, and the specimen F 111 ^||H|„ 

The coils A and B surround the sfiecjmeii, ^ S 

whilst (1 IS iiM d to neutralise the 11 1 (L i 

ImesthroughA and B The hole between || 

A and B is drilled half-way through the _ g 

(bonite and is of such a size that thi Flo 1 

specimen rotates smoothly m it A 

small hole coaxial with tho specimen carrier goes through the ebouite, and a hue 
scratch on tho specimen is viewed through this hole by means of a telcmicro- 
scope with cross-wire and circular scale, which allows the orientation of the disc 
with respect to the field to be determined to 1® or less An ebonite disc D of 
slightly smaller diameter than the specimen F was shellaced to the back of tho 
latter For tho purpose of rotating the specimen a small screw driver could 
be inserted m a saw -i ut E in the ebomte disc A small q iiantit) of thick grease 
on the edges of tho s|)eeimen ensured smooth rotation and prevented displace¬ 
ment between measurements The ebonite former was securely hxed between 
the poles of tho electromagnet used to produce the held There are chs- 
advantages in using an iron-cored magnet, particidarly for low values of the field, 
but owing to lower imtial susceptibility of nickel, this difficulty is not so marked 
as it would be in tho case of iron crystals 
The total number of Imcs of mduction threading tho secondary is proportional 
to Ip, but the factor of proportionality is not calculable smoo tho flux has to 
be oorrooted for demagnetuung held and for uncut Imes The demagnetising 
factors N, in the plane of the discs, have been obtumed by assuming that thf 
specimens are oblate spheroids, m which case 


where «is the eccentricity 
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Results 

{lOG) Platte Parallel Component -Dimensions of crystal-thickness 0 041cm , 
diameter 0 39*1 cm The curves showing the relationship between the parallel 
component of magnetisation Ip and the orientation of the disc for different values 
of the magnetising field are shown in hg 2 They are periodic in 90° and show 
maxima along the digonal and minima along the tetragonal axes The greatest 
fliu tuations in intensity take place just below saturation The values of the 
held corrected for demagnetising factor are shown on the right of the figure 
Owing to different intensities in different dircetions, the demagnetising held 
vanes according to the orientation of the crj'stal for a given applied field 
The fields in the figure refer to the digonal axes The apparent fliu tuations are 
therefore somewhat reduced on iw count of the effet tive held along the tetragonal 
axis being greater than that along the digonal 

Fig 6 shows the relation between H and I along the two principal axes m 
the (100) planes Corresponding points on the two curves were obtained for 
the same exti'rnal field, hut owing to the different demagnetising fields along the 
two axes, the points referring to the tetragonal are displaced towards the right 
The maximum fluctuation is about 10 per cent and occurs at an intensity of 
360umts For this curve as for all others—except figs 3 and 5, which refer to 
the perpendicular component- the lutiial values of the intensities are calcu¬ 
lated on the assumption that the saturation intensity is 460 units 

(100) Platte P( rpendicular Component - Fig 3 shows the fluctuations of 
the jierpendicular component I^ in the (1(K>) plane for four fbfferent values of 
the effective field Fig 3 (a) is the means of two curves obtained with fields 
rotating in opposite directioas This is netessary on account of appreciable 
rotating hysteresis exhibited by these crystals at low fields The total hysteresis 
loss 18 of the order of a few hundrcil ergs per cubic centimetre, which is very small 
compared with the loss m polycrystalline nickel (see also Sucksmith and Potter, 
loc at) In fig 8 (a) the maximum values of 1^ are plotted agamt the effective 
field The curves mfig 3 are ponodic m 90°, the values of Ijf being zero along 
the digonal and tetragonal axes When the held is along the digonal axis, 
the suspended system is stable, but ivith the held along the tetragonal axis 
the system is in unstable equilibrium For an iron crystal cut in the (100) 
plane the system is stable when the field is along the tetragonal and unstable 
when it 18 along the digonal axu< The question of those unstable positions has 
been dealt with by Webster {loc at, p 602), who concludes that the instability 
18 inherent in the method rather than m the crystal It might be well to 
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point out that the real cause of etabihty or instabihty is the relative rates of 
rotation of the two vectors I and H These coincide along both digonal and 
tetragonal axes m both iron and nickel In the neighbourhood of the digonal 
axes I rotates more qmckly than H in the case of iron and thus gives nse to an 
apparent instabihly In the neighbourhood of the tetragonal axes I rotates 
less qmckly than H and thus gives an apparently stable position The reverse 
IS true in the case of nickel 

It will be seen that the curves are practically sinusoidal, but that the amph- 
tudes vary This may be attributed to distortion, inhomogeneity, or error m 
cutting The fields given are, as before, the effective fields along the digonal 
axis 

(110) Plane ParaUd Component—Dimensiona of crystal, thickness 0 041 
cm , diameter 0 388 cm The variations with orientation of the field of the 
parallel component of magnetisation are shown in fig 4 The maxima occur 
along the trigonal axes with a small minimum along the digonal and a more 
pronounced minimum along the tetragonal axis As before, the maximum 
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vanationB occur m the region just below saturation. The fields given on the 
nght-hand side of the figure are the effective fields along the trigonal axes 



The curves of fig 7 show the values of I along the trigonal, digonal and tetragonal 
axes plotted agamst field 

(110) Platxe, P«rpend%eular Component —The curves showing the fluctua¬ 
tions of the perpendicular component with onentation of the field (fig 0) 
exhibit two small and two large loops occupying 70° and 110° respectively 

2 K 2 
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The component u isero along the trigonal, digcmal and tetragonal axes, and is 
apparently unstable along the two latter axes. The curve at 182 gauss u the 
mean of two curves (see above) 

The variation of Ig with field is shown m fig 8 (6), the ordinates being the 
means of the maxuna of the two large loops of fig 6 

Fig 8 (o) refers to a second crystal out m the (110) plane A complete set of 
measurements of and Ip were made with this crystal, but the curves are not 
reproduced owing to close resemblance to those of figs 4 and 6 The chief 
differences in the two crystals are shown by companson of fig 8 (b) and 8 (o) 
These differences are possibly due to sli^t distortion or inhomogeneify of the 
crystals 

(111) Plane —Wo have prepared altogether six specimens out m the (111) 
plane Oreat difficulty was expenenced in getting any consistent results for 
this plane The maxima of the perpendicular components are all very small 
(= 3 umts), amounting to only about 10 per cent of the values m the (100) 
and (110) planes. The majority of the curves showed four imequal loops in 
180°, only one crystal showing six loops (as would be expected from sjnnmetry 
conmderstions) Two of these loops which were small even at hifpi fields, 
disappeared completely at low fields {cf certam results of Quittner on the (111) 
plane in magnetite, * Ann d Fhysvol 30, p 289 (1909)) Some of the 
curves obtained with the remaining five crystals showed signs of additional 
points of inflexion, possibly indicatmg the beginnings of the development of 
extra loops 







y« would be axpected 
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firom the orTstal struoture In the (100) plane of uron the atoms are arranged 
at the comers of squares the sides of which are along the tetragonal axes (see 
fig 9 (a) ) The same is true m the case of mckel except that the sides of the 
squares are along the digonal axes (see fig 9 (6)) 



O E • DigontI 
06 - Trlgon*! 


Fm 9 

(110) Plane —The results in the (110) plane are more mteresting on account 
of the marked difference of the atomic arrangements m the (110) planes of iron 
and mckel These two arrangements are shown m figs 0 (o) and (d) In iron 
the parallel component shows a maximum along the tetragonal, minima along 
the two trigonal axes, and a subsidiary maximum along the digonal On the 
other hand, in mckel. Ip shows maxima along the trigonal axes, a minimum 
along the tetragonal axis, and a sulsidiary minimum along the digonal axis 
In both metals I^ vanishes along the digonal, trigonal and tetragonal axes 
In the light of Honda’s theory* the vamshing of In along the tngonal axis m 
mckel is, at first sight, surptuung, as Honda’s treatment m its amplest form 
would lead one to expect this component to vamsh along the directions OA, 
OB This difficulty arises only on account of the treatment being two-dimen¬ 
sional Wlien the problem is considered in three dimensions, it is apparent 


« «SoL Rep. TobfAa,' vol 6, p. 168 (1916) 
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that owing to the symmetty about the tngonal axes the magnetisation must 
coincide with the field when the latter is apphed along this direction, provided 
that all the atoms are magnetically similar 
It IS noticeable that the maximum value of in the (100) is 4^ per cent, 
and in the (110) planes about and 6 per cent of the saturation value of the 
intensity 

In iron ((100) plane) the values vary considerably according to different 
observers, eg, Beck gives lK(nu«)/Ip(iiuut) 14 per cent, Webster for discs 
A and B obtains 4 per cent and 6 per cent respectively, and Honda 
16 per cent 

Webster’s suggestion that the magnitude of the perpendicular component, 
and hence the molecular field, is determmed by the impurity (particularly by 
the manganese and phosphorous contents) is hardly borne out by Honda’s 
results The analyses of Honda’s specimens and Webster’s disc B agree qmte 
closely, especially in percentages of M„ and P, whereas In (mu) u about three 
times as great m Honda’s crystal as in Webster’s 
The maximum value of in the (111) plane of mokel is less than 1 per cent 
of the saturation intensity, and this probably accounts for our failure to obtain 
reasonable curves in this plane Thus the result of any distortion or inhomo- 
geneity would be to superpose an effect which might be large enough to swamp 
the onginal perpendicular component The existence of slight rotational 
hysteresis mdicates that the crystals are not perfect 
Figs 6 and 7 indicate that the imtial susceptibilities are approximately con¬ 
stant and independent of direction in the crystal The actual magmtude is 
imcertam chiefly owing to the fact that the calculated demagnetising factor is 
assumed to be that of an oblate spheroid, whereas the specimens are m reahty 
cylmdneal discs Furthermore, at low intensities the demagnetising field is 
large compared with the effective field, and any error m the former has a corre¬ 
spondingly large effect on the latter The (I — H) curves show no sudden changes 
of slope, such as have been observed by Honda in iron, but this point needs 
closer mvestigation, as agam error in demagnetising factor may tend to mask 
any such changes We hope to return to these points later, in ooimection with 
magnetostriction m mckel crystals in which the demagnetising factor will be 
reduced by the use of rods 


Pabt II 

This part of ^e paper is devoted mainly to a criticism of the method emjdoyed 
by Weiss and Webster for the measurement of the component of magnetuation 
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of magnetic crystala parallel to the field The principle of the method u aa 
follows. The crystal is suspended m a vertical plane by a torsion fibre with the 
magnetic field m the plane of the disc The field H is then rotated out of the 
plane of the disc by a small angle ^ and a couple C apphed to the suspension so 
as to bring the crystal back to its original position The condition for equilibnum 
18 given by 

C = Hip V sin ^ 

This assumes that Ip, the parallel component of magnetisation, is in the plane 
of the disc, whereas it is displaced from this plane by an angle a We shall now 
show that the linear correction used by Webster for this displacement of Ip 
IS insufficient 

Let Ip be the true mtensity and suppose it makes an angle a with the plane of 
the disc (fig 10) Then we have 

C = Hip V sin (^ — a) = Hip' v sin (1) 

where Ip' is the apparent value of the mtensity obtamed by assuming that Ip 
remains in the plane of the disc If <ft and a are small, we have 

Ip' = Ip(l-a/^) (2) 

We shall at first assume that the crystal is magnetically isotropic and consider 
the demagnetising coefficients duo to shape alone 
Let and be the demagnetising coefficients in and perpendicular to the 
plane of the specimen. The effective field perpendicular to the disc is 
H Bin ^ — N^p Bin «, 

and that in the plane of the disc is H cos ^ — NJp cos a The resultant field 
must be along the direction of I and consequently we have 
H Bin ^ — Nglp Bin a _ sma 
H cos ^ — Njlp cos « cos a' 

whence we have 

H sm (^ — a) = ^ Ip (N, — N^) sin 2a, 


or, if (ft and a are small,* 



a 

H 

(N,-Ni)Ip 

(3) 

Substituting in (2) we have 



Ip' = Ip |l — 

H + (N,-Ni)lp}* 

W 

or 



Ip = J Ip' + 

/!,- HI,' 

4 

(5) 


* The magmtade cf the angle ^ vaned from 1° to S” in theee experiments. 



Magnetw Properties of Single Crystals cf Nickel 483 

Above saturation Ip' decreases with increasing field, and so long as H is small 
compared with (N, — N^) Ip, Ip' decreases Imearly with increasing H, as is 
evident from equation (4). For higher values of H, Ip' will fall off less rapidly 
In iron an approximately linear relation is obtamed by Webster up to about 
6000 gauss (see Webster, loc eU,p 601, graph 1), but m mckel the departure from 
the Imear law is very pronounced on account of the lower value of Ip. We have 
repeated Webster’s curve for the (100) plane in iron, and using fields up to 13,000 
gauss, the curvature becomes appreciable In fact, Webster’s curve for disc 
B can be made distmctly concave upwards if the last pomt (approximately 7700 
gauss) 18 omitted Omitting this pomt, and redrawing this curve, the satura 
tion value of Ip calculated by means of equation (6) is certainly higher than 
1620, probably about 1660 units This is assuming that N, and Nj are calcu¬ 
lable from the dimensions of the specimen 

The results for nickel are shown m fig 10 Curve (a) gives Ip' (along the 
digonal axis in the (100) plane) as calculated from equation (1), whereas curve 
(6) shows the value of Ip calculated from equation (6) 'The values of N, 
and are calculated from the dimensions of the specimen (given above) 
The values of the field given are not corrected for demagnetising factor, since 
in equation (6) H is the external field *1116 correction to be appUed to Ip' is 
greater m mckel than in iron on account of the lower saturation mtensity m 
the former Weiss’s experiments on normal pyrrhotite (saturation intensity 
= 60 umts) do not appear to be senously affected by the correction on account 
of the fact that this substance has a pronounced plane of easy magnetisation, 
from which the vector I is not easily deviated Consequently this correction, 
which IS due to the component of magnetisation normal to the disc is small 
for specimens cut m this plane 

We have so far considered only magnetically isotropic substances Curves 
(o) and («) of fig 10 show the effect of crystalline structure Curve (c) gives the 
value of Ip' along the trigonal axis in the (110) plane plotted against H, whilst 
(e) shows the corresponding values of Ip' along the tetragonal axis Even in 
the region well beyond saturation, these curves show bttle signs of approaching 
one another This means that there is still an apparent variation in the parallel 
component with onentation of the specimen, whereas the results of the ballistic 
method (figs 4 and 7) show that there is practically no fluctuations above 1000 
gauss 

When curve (o) is corrected using equation (6) (N| = 8 6, which is the 

value calculated from geometnoal considerations), curve (d) is obtained Curve 
(/) results from curve (e) similarly corrected In the region above saturation 
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the divergence between (/) and (d) can be explained if it is assumed that the 
crystal structure has an influence on the effective value of the demagnetising 
factors Thus along the trigonal axis we have 

V=I,{l-H{H + N'Ip)}, 
where N' — N, — N,, and along the tetragonal axis 

Ip"-Ip{l-H(H + N"Ip)} 

If N" IS put = 7 6, the resultant curve is (g) This procedure is eqmvalent to a 
decrease = 1 0 m the value of Nj Ip' — Ip" is easily shown to be a maximum 
at about 3500 gauss, and then decreases very slowly with increasing field 'The 
correction is obviously insufficient m the region just below saturation, where 
curves (d) and (g) do not coincide and where the actual atomic grouping would 
undoubtedly have to be considered 

The difference between curves (c) and («) might be explamed if the specimen 
were not circular, but it would be necessary to postulate an ei±raordinary shape 
The dight irregularities of our specimens were quite inadequate to explam the 
results Furthermore, curves corresponding to figs 2 and 4 were obtained by 
the torsion method for both (100) and (110) planes These were of exactly the 
same shape as those obtamed by tiie ballistio method, but the fluctuations 
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perasted even at the hif^est fields used, t e, about 13,000 gauss, though to a 
lesser degree m the former plane 

An absolute determination of I? along the trigonal axis of crystal B gave 443 
units at saturation, but this value is somewhat unreliable on account of the 
doubt as to the elective values of the demagnetising coefficients We have 
shown that quasi-saturation is obtained along the trigonal axis if the value of N' 
used IS that calculated from the shape, but there appears to be no a pnon reason 
why this value of the demagnetising coefficient should need modification for 
the tetragonal axis and not for the trigonal In all the figures except 3 and 6 a 
saturation value of 460 units is assumed 

It seems possible that a careful mvestigation of the relations between H and 
Ip' especially if earned out for a wide range of values of might lead to some 
information as to the nature of the crystal forces 

Summary and Condusions 

The magnetio properties of single crystals of nickel have been exammed in 
the principal crystal planes The component of magnetisation parallel to the 
field was measured by the mdnction method, whilst the component perpendicular 
to the field was measured by a torsion method The reason for the use of the 
mduction method is given in Part II of the paper, m which it is shown that the 
existence of directional properties m the (uystal invalidates the use of the tomon 
method for the measurement of the parallel component 

The magnetisation and field coincide along the directions of the symmetry 
axes, the direction of easiest magnetisation being along the trigonal axis 

Our grateful thanks are due to Mr 8 H Piper for valuable help with X-ray 
examinations of the crystals Wo are also indebted to the Colston Besearoh 
Society of the Umversity of Bristol for a grant towards the expenses of the 
mvestigation 
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The Continuous Absorption of Light %n Potassium Vc^pour 
By B W Ditohbubn, B A, Trinity College, Cambridge, laaao Newton 
Student 

(Commumoated by Sir J J Thonuon —Received August 16,1927 ) 

1 —Intboddction. 

Wbile considerable attention has been paid to the line and band absorption 
of the alkali metals, very httle work has been done on the continuous absorption 
R W Wood* and Holtzmarkf have olaerved the existence of this absorption, 
and Hamsonf has made some measurements on the contmuons absorption of 
sodium m the r^on 2600 A U -2160 A U In the present paper, results are 
given for potassium over a wide range of wave-length (4000 A U -2200 A U ) 
and under widely difierent experimental conditions 
The ordinary methods of spectrophotometry have usually been designed to 
measure the absorption of solutions, etc, and are not smtable for measuring 
the absorption in a vapour unless the vapour pressure can be kept absolutely 
constant A method of spectrophotometry has been developed by which it is 
possible to obtam measurements of the relative absorption coefficients for 
diJSerent wave-lengths correct to about 2 per cent without keeping the vapour 
pressure absolutely constant While the method is specially suitable for the 
measurement of an absorption which is not quite steady, it is really of quite 
general apphcation 

The mam features of the results can be explamed on the view that the 
measured absorption is the sum of the absorption due to the potassium atom 
and that due to the molecule 


2 —Exfkbihkntal 
(a) The Optical SyOem 

With a constant source of ultra-violet light the very simple optical system 
shown in fig. 1 may be used The li^t from the source D is collimated by a 
lens Li, passes as a parallel beam through the tube T and a reducing sector 8, 
and is focussed on the slit of the quartz pnsm spectrograph 0 by a lens Lj 

••Artn^ J,’toL29,p 97 
t‘Pliy8.Z.,’vtA20,pu88. 
t ‘ Fhjs. RevvoL 84, p. 466. 
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Absorption qf Light in Potassium Vapour. 

The Bouroe of light la a hydrogen cajHllary discharge tube viewed end on through 
a quarts window The reducing sector is of a type which reduces the intensity 



Fia 1 —Optical System 


of tiie light and not the exposure tune More details of the source of lij^t and 
of the reducing sector are given in another paper * 

The order of experiment is as follows The sector is opened to its Tnanmuni 
aperture and photographs are taken (a) with the absorption tube cold, (b) with 
it hot and thus iSUed with metaUio vapour, (o) with it cold again A. senes of 
photographs is then taken with the intensity reduced in known ratios by 
altenng the angle of the sector These serve to cahbrate the plates and are 
photometncally compared with the absorption spectrum 

(6) Ths Absorption Tubes 

The alkab metal is vaporised in a steel tube whose ends are water-cooled 
A iilbng gas (nitrogen or argon) prevents the metal from distiUing over too 
rapidly For about half of the expenments a short tube (shown in fig 2a) was 



used This had two side tubes, Sj and S„ welded to the main tube The end 
of 8, 18 permanently dosed by a welded steel cap. The potassium is mtro- 
•‘Plroo Cwnb PhiL Soo,’vd.28, p. 980. 
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duoed through Sj and allowed to drop into the tube S, from which it oan be 
distilled mto the mam tube was closed by a glass cap 0, which is waxed on 

to the water cooler and Qj are quartz windows 
Each side tube and each branch of the mam tube has separate mchrome heat¬ 
ing coils, which are insulated from the steel tubing by thm layers of mica and 
heavily lagged with asbestos The side tube P is connected to the vacuum 
apparatus by a short piece of rubber tubing, which gives a Uttle freedom of 
movement when focussing the hght down the tube The tube is about 70 oms 
long and 2 S cma mtemal diameter In order to prevent a deposit forming 
on the window it was found necessary to have about 20 oms of cold tube between 
the water coolers and the windows Thus the length of the column of vapour 
is only 16 ems 

When it became desirable to measure the absorption for very low vapour 
pressures another tube was made This is over 2 metres long, giving a column 
of vapour of about 160 ems It has only one side tube and the potassium is 
introduced straight into the mam tube 

(c) The MampuieUwn of the Meial 

When it 18 not necessary to have the metal very pure, it is sufficient to scrape 
ofl the outer layer of oxide and wash it two or three times in ether which contains 
a few per cent of alcohol This removes the oil m which the metal is stored 
and most of the remaining oxide The metal is then dropped mto the tube 
through Sx, the cap is fixed on and the tube evacuated as qmckly as possible 
To obtam really pure potassium vapour more elaborate methods have to be 
used The metal is first washed, then filtered and distilled several times m 
vacuo It IS finally distilled mto a tube of about 6 mm diameter with a narrow 
neck The neck of this tube is broken under ether just before the tube is put 
into the mam tube Thus only a mmute surface has any chance of coming mto 
contact with the air and this is partly protected by the ether 
The extra purification of the metal has not been found to produce any 
appreciable difference m the results, and for most purposes the first crude method 
IB good enough 

(d) The PhetoTMtex 

The microphotometer used is of the photo-electnc type The density of a 
small sht area of the plate is compared with that of a standard wedge by allowing 
the hght to pass alternately through the plate and the wedge to a photo-electnc 
cdl 



489 


Ahiorftion of Light tn Potcunum Vapour 

(«) Order of Meaaurements 

The plate has 10 ot 11 spectra of which 4 or 6 are absorption spectra and the 
rest are taken for cahbration purposes The order of measurement is as 
follows — 

(1) The clear plate is measured at about half a dozen places ]ust on the 
lower side of spectrum (1) 

(2) Spectrum (1) is measured at mterrals of about a miUimetre over the range 
of wave-lengths being mvestigated If spectrum (1) is an absorption spectrum, 
extra readings are taken m the region of the senos-linut Distances along the 
spectrum are measured by reference to the position of a standard hne (usually 
Hp or Hy) 

(3) The clear plate is measured at half a dozen places midway between 
spectrum (1) and spectrum (2) 

(4) Spectrum (2) is measured as spectrum (1) and so on 

(/) Mahod of CtUculalton 

To deduce the absorption coefficient wo now proceed m the following way — 

(1) Curves are drawn for the density of the clear plate at points between the 
spectra 

(2) From every density reading on a spectrum is subtracted the mean of 
the densities of the clear plate on the two sides of it 

(3) For each spectrum the corrected density readings are plotted against the 
distance from the standard line A set of these are shoini in fig 3 Curves 
(i) to (vi) are cahbration curves and curves (vii) and (vm) are absorption 
curves In curve (vu) the Imo absorption is mdicated by dotted lines, but 
to avoid confusion it is omitted from curve (viii) and also from all the 
absorption curves m figs 6-9 

(4) Cahbration curves are now plotted for different wave-lengths (fig 4) 
Thu u done by taking the ordinates at a given absoisss on fig 3 and plotting 
them against the logarithms of the corresponding mtensities 

(6) Using the ordinates of curve (vii) or (vui), fig 3, the logarithms of the 
percentage transmission may now be read off from fig 4 

(6) In order to obtam the relative absorption coefficients we proceed m the 
followmg way.— 

If T c= percentage transmission 

s= number of atoms per cubic centimetre 
d ss thickness of absorbing layer 
a atomic absorption coefficient 
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Then T/iOO = c-»«< 

2—logio T = C a = «' (1) 

where C is a quantity which does not vary with tho wave-length 
Thus a' (= 2—log T) la plotted against wave-length m tho curves which show 
the variation of the absorption coefficient with wave-length (figs 6-8) 

(ff) ExpenmenUA Errort 

An estimate of the accuracy of the method from the consistency of the 
measurements would be mideading, but by the methods descnbed below it is 
possible to make the errors non-systematic and to estimate their magmtude 
(1) PhaUmtinc error$ —The error m individual density readings can be made 
less than a half per cent except when the density is very low or very high The 
estimation of the absorption coefficient depends on the difference of two density 
measurements When the absorption coefficient (on the scale plotted) is 
between 0 4 and 1 0 umts, 60 per cent to 90 per cent of the light u being 
absorbed and the difference is so large that the error in the absorption ooeffiment 
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should not be much more than 1 per cent To test the sue of these errors 
directly one plate was measured twice In the second set of measurements the 
abt-width and all the other adjustments of the photometer were altered con¬ 
siderably In order to exaggerate the error the adjustments of the photometer 
were altered and reset in the middle of the second senes of measurements 
{This 18 never done in the ordinary measurements ) The maTunnm separation 
of the absorption curves was 3 per cent, the average error being much less 
Thus under the usual conditions of measurement it seems reasonable to assess 
the photometno error at about 1 per cent When the coefficient is less than 0 3 
the percentage error will increase It wiU also be somewhat greater for wave¬ 
lengths leas than X 2350, because owing to the reduced sensitivity of the plate 
this region is usually of low density 

(2) The unevennesa of the plate —^The unevenness of the plate causes three 
different types of errors, (a) small local variations with a “ probability distribu¬ 
tion,” due prmcipally to the hict that the plate is grained and not coutmuous , 
(6) variations due to uneven development, and (c) variations due to uneven 
thickness of the gelatine, etc Types (6) and (o) cause differences m density 
between points which have received equal exposure The size of the differences 
increases rapidly as the distance between the pomts to be compared increases, 
and IS particularly great if one pomt happens to be near the edge of the 
plate 

Errors of the type (a) are enormously reduced by using a process plate (with 
•a fine gram) and a suitable developer The curve drawn m fig 3 effectively 
averages out these errors It will be seen from the curves that the departure 
nf pomts from the line is really qmte small and that there is never any doubt 
■about where to draw the curve 

Plate variations of the type (6) are much more senous than those of type (a), 
because they might mtroduce systematio errors mto the absorption curves which 
would not be detected m calculation These errors are only partially com¬ 
pensated by subtracting the density of the neighbounng clear plate from the 
measured densities The variations are reduced by brushing the negative 
vigorously during development vrath a camel’s-hair brush A few of the later 
plates were developed m a tank described by Dobson, Griffiths and Hamson* 
in which a plunger drives the developer across the plate at high speed 
Too litGe work was done with this type of development to see how much 
improvement was obtained. 

Stnotly speaking all the cahbration spectra are compared with every abaorp- 
* ‘ Photometcio Photnaetey,’ Ch. & 
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tion spectrum, because they are all used m drawing the calibration curves from 
wbicb the transmission is read off In the neighbourhood of a given density, 
however, the configuration of a cahbration curve is mainly controlled by the 
densities of two of the calibration spectra (» e , the one whose density is 
immediately above and the one whose density is immediately below the density 
in question) Thus m reading from the calibration curve one is really inter¬ 
polating the density of the absorption spectrum between those of two of the 
cahbration spectra, the other cahbration spectra are being used only to make 
a more accurate mterpolation than would be given by taking proportional parts 
For this reason it is desirable to arrange the spectra on the plate so that an 
absorption spectrum lies os near as possible to the two cahbration i^ctra with 
which it 18 being most directly compared If this is done the points whose 
densities arc being compared he close together on the plate and errors of types 
(6) and (o) are very much reduced 

If the cahbration spectra were arranged on the plate in some systematic way 
(eff,Bo that all those of high intensity were near the cflges of the plate), a 
systematic error might be introduced into the curves For this reason the order 
IS made unsystematic and no spectrum is placed very near the edge 

With a view to reducing plate vanations and also to mcrease the sensitiveness 
of the plate in the region 2360 A U -2100 A U some of the plates were subjected 
to a little prefogging, but no real improvement was obtamed The gradient of 
the cahbration curves for these wave-lengths is not steep over any range of 
densities, probably because the absorption of the gelatine is so strong that only 
a thin layer of silver bromide is effective Smee the prefogging made the 
densities rather high in the 3500 A U -4000 A U it was not generally employed 

Under the best conditions the magmtude of these two kmds of photographic 
errors can be made less than 1 per cent Under average conditions they are 
probably 2 to 3 per cent A few plates exhibited larger variation—these were 
rejected It does not seem to be possible to get more accurate measurements 
without the use of special plates 

(3) Frrors due to vanatton of source —^If the source varied arbitrarily the 
calibration curves would not be smooth Some of the early expenments were 
spoilt by sudden vanations of the source, but with the source finally used no 
trouble was expenenced from this cause In taking the spectra of reduced 
mtensity, large sector angles and small sector angles were used alternately. 
If the cahbration spectra had been taken in order, from the strongest to the 
weakest, a systematic error might have been mtroduoed by a contmuous mcrease 
or decrease of the mtensity of the course 



493 


Abaotjjtton qf L%ght m Potaanum Vapour 

(4) Errors tn the sM%ng of (he aeolor and tn the txmxng of exposures —^Theae 
may be selected m companaon with other experimental errors 

Thus the total error is nearly all photographic and is about 2 to 3 per cent, 
except for absorptions of less than 0 3 or wave-lengths less than 2360 A U 

(A) Ahsorplxon due to ImpurUxes 

The question of absorption due to impurities needs careful consideration. 
It may be seen quite simply that spunous absorption due to impurities is not 
likely unless there is an impunty whose vapour pressure is of the same order 
as that of potassium An}d;hing which absorbs equally when the tube is hot 
and when it is cold does not affect the absorption curves, but merely reduces 
the effective mtensity of the source of hght Thus any impunty whose vapour 
pressure is much greater than that of the potassium would quickly boil over 
into the cold part of the tube where it would be ineffective Any impunty 
whose vapour pressure is much less than that of the potassium will have no 
effect because its molecules never get into the vapour state Direct tests have 
been made for absorption due to (1) the oil m which the potassium is stored» 
(2) a compound such as potassium mtride, (3) mercury or a mercury-potassium 
molecule, (4) a film deposited on the quartz windows In every case the 
result of the test was satisfactory 

Sodium 18 really the only impunty which is at all hkely to be causing trouble 
The sodium hues were seen on all absorption spectra except those corresponding 
to small amounts of absorption, but they were much weaker than the corre¬ 
sponding potassium hues If the sodium and potassium are present in pro¬ 
portion to their vapour pressures the proportion of the former would be about 
5 per cent Attempts were made to reduce the proportion of sodium present 
by repeatedly distilling the potassium These were not successful probably 
because the percentage of sodium m the vapour would remam unaltered so long 
as there was any liqmd sodium present m the tube, t e, so long as the vapour 
was saturated Thus the amount of sodium m Ihe vapour would not begin 
to be affected till the amount present in the potassium had been reduced below 
1 m 10* The sodium atoms should not have any absorption for wave-lengths 
much greater than 2413 A U (the sodium senes-limit), and one would expect 
some change in the absorption at this pomt No such chai^ is found even in 
those curves where the change at the potassium limit is strongest 

The above consideratioQS show that it is unlikely that much of the absoiption 
18 caused by impurities, but since it is yvrj difficult to prove a negative proposi¬ 
tion, the following positive argument may be regarded as more satisfactory. 

2 L 2 
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The sbaorpiaoii at the potassium lines is certainly proportional to the number 
of potassium atoms present (when the pressure of the filling gas is unaltered) 
As will be shown below it u to be expected that when the vapour pressure is 
increased by slightly increasmg the temperature, the number of molecules will 
morease more rapidly than the number of atoms Thus if the continuous 
absorption is due to potassium molecules and atoms, we should expect it to 
mcrease somewhat more rapidly than the line absorption (m experiments where 
the {uressure of the filling gas is constant) and this is found to be the case 

(t) Appronmate values of the atomtc absorption ooeffictetUs 

The method described above gives only relative absorption coefficients smce 
we do not know the pressure of the absorbing vapour It is possible to obtam 
approximate values for the mass absorption coefficients if we assume that the line 
absorption (t e ,the mt^;rated absorption over a senes-lme) is always proportional 
to the number of atoms present By heating a httle potassium m an evacuated 
glass bulb to a known temperature the Ime absorption coefficient at the 4044 
doublet may be determined, the vapour pressure being calculated from the tem¬ 
perature • A bulb of the form shown m fig 2b was heated m an electnc furnace 
Temperatures were measured by a tharmo-couple K, placed up against the part of 
the tube which contained the liqmd potassium In order to avoid temperature 
differences, which might be caused by currents of cold air from outside, the holes 
m the furnace wall through which the light passed were closed with quartz 
wmdows 

The difficulty of the method is almost all due to the rapidity with which the 
potassium attacks the glass Preliminary purification seemed to reduce the 
speed of the reaction, and it was hoped that careful distillation might overcome 
the trouble When, however, the potassium had been distilled several tunes, 
the bulb mto which it was finally distilled having been outgassed for several 
hours at a very high vacuum, it was found that there was no improvement 
whatever The action seemed to be rather more rapd than with a bulb that 
had not been outgassed Under the action of the vapour the glass becomes 
opaque to ultra-violet light even before it ceases to transmit the visible This 
made it impossible to make any measurements on the 3446 doublet The rapid 
action of the metal on the glass made it impossible to obtam any measurements 
on the oontmuous absorption of the vapour, but the depth and width of the 
absorption Ime could be determmed by taking the ^ifierenoe between it and the 

* TTAig tiw vafwar pnesoie messtuements ci Kroner ‘ Ann. d. Physik,' vd. 40. p. 488 
(1018). 
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sunounding continuous spectrum The absorption of 4044 for a known number 
of atoms IS thus obtained, and if we wish to know the effective number of atoms 
for one of the experiments in the iron tube it is only necessary to measure the 
4044 absorption This cannot be done accurately because the 4044 hue is too 
near to some of the Imes m the source and also because in most of the iron-tube 
experiments the 4044 absorption is too big to measure, the plate being “ clear ” 
at the centre of the Ime The lowest 4044 absorptions m the iron tube are ]ust 
comparable with the highest m the glass tube For this reason the value 
obtamed is only an approximate one and is more likely to be too high than 
too low 

3 —Results 

The results are represented m figs 6-8 by curves of relative absorption 
coefficient a' (as defined on p 490 above) against wave-length The percentage 
of bght transmitted at any wave-length may be obtamed by taking the anb- 
loganthm of (2 — a') For experiments m the short tube the vapour pressure 
measured in millimetres of mercury is numerically about 10 times the value of 
«' at the senes-hmit For experiments with the long tube it is about 10 times 
less for the same amount of absorption 

Details of conditions under which the curves were obtained are inserted on 
the graphs 

Before discussing the possibility of separating the molecular and atomic 
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abacaptioii, it may be well to call attentioa to the changes in the expenmental 
curves caused by changes of the vapour pressure of potassium, the pressure of 
the filling gas and the temperature 
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Cempanng the difEerent corves of fig. 6 we see that practically no change m 
absorption is caused by varying the vapour pressure by a factor of 3 (from 
about 2 to about 7 nuns ) and the curves obtamed with mtrogen are essentially 
the same as those obtamed with argon Comparing the curves of fig 6 among 
themselves, we see that for a high juessure of the filling gas and a high vapour 
pressure the absorption increases on both sides of the senes-limit, but more on 
the long wave-length side For lower vapour pressures it is approximately 
constant from 3400 A U to 2300 A U Comparing the curves of fig 6 with 
those of fig 6 it may be seen that when the pressure of the filling gas is already 
high a further increase produces only minor differences 
Turning now to the experiments with the long tube (and remembering that m 
all these the vapour pressure is about 10 tunes lower than that for the same 
amount of absorption m the short tube), we see from curve (i) of fig 7 that when 
the pressure of the filling gas is high and the vapour pressure low the absorption 
vanes very httle with wave-length Curve (u) shows that when the vapour pres¬ 
sure IS raised (the pressure of the filhng gas being high) the absorption mcreases 
on both sides of the senes-limit but more rapidly on the long wave-length side 
In the experiments, whose results are shown in fig 8, the pressure of the filhng 
gas was made very low (1 3 ems for curve (i), 3 ems for curves (u) and (m)) 
With lower pressures the potassium distils over so rapidly that it is impossible to 
keep sufficient atoms in the path of the light to produce any measurable absorp¬ 
tion These curves show marked differences from all the previous curves 
The absorption increases rapidly on both sides of the limit and now the mcrease 
on the short wave-length side is much more rapid than that on the long wave¬ 
length Bide A number of subsidiary maxima appear and the size of these increases 
very rapidly when the vapour pressure is increased, t e, when the temperature 
IB raised The exact (xmdition producing those maxima and the maxima m 
curves (m) and (iv) of fig 7 is not completely understood It seems probable 
that at the temperatures usually employed they are too small to be detected— 
BO that they ate seen only when some part of the tube is at a high temperature 
(600° C ox more) In the oi^ of the experiments shown in fig 8, where the 
pressure of the filling gas was low, the temperature had to be raised to mamtam 
the necessary vapour density In the case of the experiments shown m curves 
(m) and (iv) of fiig 7, the temperature of the ends of the tube was made high 
for the purpose of bringing out this effect The most remarkable thing about it 
is the comparatively small difference between the conditions when it can 
scarcely be detected and the conditions when it is strong It is as though it 
" appeared ” at a certain temperature These maxima are possibly due to 
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absorption by molecules which are not ui the normal state • It may bo that the 
steel wall has some catalytic effect on the action which produces these mole¬ 
cules, but the whole effect is exceedingly complex and does not at present seem 
likely to repay investigation 

In all the curves there is a shallow minimum a httle on the long wave-length 
side of the senes-hmit and a change of slope at the hunt This feature is, 
however, very inconspicuous at high pressures of the filling gas and only becomes 
really pronunent in fig 8 It is worth noting that even m curve (i), fig 8, the 
pressure of the foreign gas is over 100 tunes greater than the vapour pressure 
of the potassium It is undoubtedly desirable to have results for lower pres¬ 
sures of the filling gas, in fact for the case of potassium m vacuum These could 
only be obtained m a quartz bulb, and to use this some method must be found 
of completely preventing the potassium from attacking the quartz It would 
be possible to get results for higher pressures of the filhng gas, but the difference 
between the results for pressures of 26 ems and 90 ems is so small that it does 
not seem likely that anything interesting would be obtained by a further increase 
to, say, lO-atmospheres 

4- —Inteepbbtation of Results 

An attempt has been made to separate the atomic and molecular absorption 
on the assumption that the molecular absorption is directly proportional 
to the molecul&r concentration and the atomic absorption to the atomic 
concentration 

Let Mp be the molecular absorption coefficient for amolec ular concentration, 
M and No the atomic coefficient for an atomic concentration N, and consider 
two expenments m which the atomic concentrations are N^, N, and the mole¬ 
cular concentrations M^, Mj respectively Let Xj and be the measured 
absorption coefiicients 

[oci, «!• p> o all refer to one and the same wave-length ] 

Then we have 

Njo + M,p = «, >1 

N,o -f M,p = a, /' ' ^ 

The solution of these two simultaneous equations for p and o may be wntten 



(2) 

where/ = N^/N, and g = Mi/M, 

(3) 


* Smith Boy Soo Froo voL 106, p. 400) saalyaM the aodinm bend absoeption and 
shows that the absorbiiig molecnlM have not all the same initial moment oi inartia. 
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Thus it 18 possible to obtain curves showing the variation of p and o provided 
/ and g are known and that//^ is not too nearly unity The value of / may be 
determined by comparing the hue absorptions and that of g by comparing the 
continuous absorption at wave-lengths considerably on the long wave-length 
side of the senes-lumt smce the absorption m that region should be nearly 
all molecular. 

After the separation has been made it is possible to check the assumptions 
on which it was founded This is done by obtaming two molecular curves by 
subtracting the atomic absorption from the two experimental curves If 
the assumptions are correct the ordinates of the two molecular curves should 
bear a constant ratio (equal to g) for all different wave-lengths If this condition 
is not fulfilled the method of separation has failed and the “ difference ” curves 
are meamngless 

Smce both the molecular and atomic absorptions are affected by changes m 
the pressure of the filling gas, the method is apphcable only to pairs of curves 
obtained with the same pressure When apphed to such curves the test shows 
that in general the assumptions are not justifieil This is probably because 
some of the molecules are not in the normal state For a few pairs of curves, 
however, the test is approximately satisfied, suggesting that in these 
expenments the absorption due to the normal molecule is predominant 

Even though a satisfactory quantitative separation is not possible, one can 
distinguish the mam features of the molecular and atomic absorptions by con¬ 
sidering the progressive differences between the results of expenments done under 
conditions favourable to the production of molecules and of those done under 
conditions favourable to the production of atoms In this way it is possible 
to get defimte results from the molecular absorption, because conditions are 
available under which 90 per cent of the whole absorption is due to molecules 
The atomic absorption cannot be so defimtely distinguished because the atomic 
absorption is never more than 60 per cent of the whole 

The Atomic Abeorjitton 

Theoretically the atomic absorption has been calculated by Kram^,* Milne, f 
Becker:^ and Oppenheimer § Kramers’ theory was worked out for the X-ray 
case and contains approximations which make it inapphcable to the optical 

• ‘PhiL Msg,’ voL 44, p, 836 (1922). 
t ‘ PhlL Msg.,’ vol 47, p. 209 (1824). 
t ‘Z f Phyrik,’ voL 18,p. 826 (1928). 
rZ.t Phyrtk,’vrf. 41, p. 288 (1927). 
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«a8e The theones of Becker and Milne are sunilar in that they both use 
statistical thermodynamics and the pnnciple of detailed balancing to establish 
a relation between the senoB-limit absorption and the probabihty of capture 
of an electron by an ionised atom The difference in their estimates of their 
probability of capture leads to different absorption curves Both estimates of 
capture probabihty are mvahdated by later work, and consequently the results 
for the senes-lnmt absorption are also mvahdated Oppenheimer’s theory is 
based on Schrodinger’s wave-mechamcs and u worked out for a hydrogen-hke 
atom It gives good agreement in the X-ray region and might be expected 
to be approximately true for the optical senes-hmits of the alkah metals It 
takes no account, however, of the possibihty of the absorbing atom being dis¬ 
turbed by neighbouring atoms Thus if there are differences between experi¬ 
mental curves for high and low pressures it might be expected to agree better 
with the latter The curve predicted by this theory is shown in fig 9 (curve 
<i)) The contmuous absorption starts on the long wave-length side of the senes 

limit and mcreases to a maximum at the limit where there is a discontinuous 
change of gradient (but no discontinuous change of magmtude), on the short 
wave-length side it is approximately proportional to The absorption 

value of the atomic absorption coefficient at the limit is 10~^ X, » e, 2 X 
The experimental curve taken under the best conditions for comparison with 
the theory is curve (i), fig 7, where the pressure of the fiUing gas is very low 
and whore the vapour pressure is also low, thus favounng the existence of a 
large proportion of atoms Two “ atomic curves ” obtained by applying the 
method of separation descnbed above are shown m fig 9, curves (ii) and (m) 
Curve (m) is obtained by the separation of two curves with 60 cms and curve 
(ii) by the separation of two curves with 3 cms of filling gas present Com- 
panson of these curves (and others) seems to suggest that, at low pressures, the 
atomic absorption starts on the long wave-length side of the limit, increases to 
a maximum at the hmit and then decreases to about 2700 A U where there is 
mimmum and mcreases again to about 2400 A U The effect of increasing the 
pressure seems to be to smooth out the maximum at the limit and the mini¬ 
mum at 2700 A U , so that at high pressures the atomic absorption increases 
continuously from 3000 A U to 2400 A U 
The observed curve for low pressures disagrees with the theoretical curve for 
wave-lengths shorter than 2700 A U It is quite possible that the molecular 
and atomic curves have not been correctly separated and that the mcrease of 
absorption on the short wave-length side of 2700 A U is all due to molecules. 
If this IB BO it IS difficult to explam why the rate of increase is greatest when 
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the vapour preaaare u least That there is some essential difference between 
the case theoretically considered and that experimentally worked out is shown 



Fm 9 —Atomic Absocptioo. Curve I, Theoretical, II, Atomic Curve (Low PreMure), 
III, Atomio Curve (High Preeeore) 

by comparison of the absolute values for the atomio absorption coefiffoient at 
the senes-bnut The theoretical value is of the order 10“'^, the experimental, 
10"^* As has been already stated the experimental value is more bkely to be 
too h'g h too low Even if the separation of molecular and atomic absorp- 
taon IS completely wrong and all the absorption is due to the atoms there is still 
a discrepancy of a factor of 40 In this connection it may bo noted that Foote, 
Mohler and Chenault* deduce a value 10"“ for sodium fromHamson’st experi¬ 
ments, while the writer has denved the value 10"** for csesium from the photo- 
lonisation experiment of Little J These results show that there is an increasing 
departure from the theory as the atomic weight mcreases This suggests that the 
discrepancy is really due to some fundamental distinction between the “ hydrogen 
like ” atom and the alkah metals A calculation by Suguira§ shows large and 
unexpected differences between sodium and hydrogen line absorptions 

On the other hand it is also possible that the difference may be due to a per¬ 
turbation by other potassium atoms The work of Datta|| has shown that the 

• ‘ Phys. Rev,’ voL 27, p. 87 (1926) 
t‘PhyaRev,’vol 24, p. 466 (1924) 
t‘PhyaRev,’voL28,p 848(1926) 

I ‘ Phil MagvoL 4, p. (1927) 
fl ‘ Z t Phya.’ voL 87. p. 686 (1926) 
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polansation of the resonance radiation is destroyed by other potassinm atoms 
coming with a distance of 10~* cms Under the conditions of the present expen- 
ment the mean distance apart of the atoms is only 10~* oms , so that a serious 
perturbation is qmte possible 

[iVoto added October 20 —It has been su^jested to the writer that the difference 
might be explained if the absorbed radiation were partially or wholly re-emitted 
The transmission of radiation through the vapour would then be analogous to 
Schuster’s investigation of “ radiation through a foggy atmosphere ”• Under 
these conditions the radiation would be reduced by a factor (1 + Niooi)”* 
instead of m traversing a thickness d of the vapour Smce m the present 

experiments N^ocd is never much greater than umty, the difference between the 
two factors is never greater than 50 per cent Thus, even if all the absorbed 
radiation were ro-cmitted and if Schuster’s conditions obtamed, only a small 
portion of the discrepancy would be explamed But the conditions of the 
present experiments are much less favourable to the transmission of the re- 
emitted radiation than the conditions of Schuster’s investigation, since in the 
narrow tube nearly all the re-emitted radiation must strike the walls of the tube 
Most of the radiation which strikes the wall of the tube is absorbed, and of the 
small fraction which is diffusely reflected the majority must strike the wall 
agam and be absorbed 'Thus practically all the light which strikes the wall of 
the tube is lost from the beam The effect of re-emission m the present case 
may be convemently calculated by using an mvestigation on the transmission 
of y-rays through matter f It is there Aown that if ^ is the absorptaon 
coefficient and A is the fraction of the absorbed radiation which is re-emitted,. 
then the mtensity of radiation after passing through a thickness d is 

1 =_ ^ 3 

(P - i* + y)c>‘ - (P - i* - y)e-^ 

where _ 

y = VP(P-*) 

In the present case it is necessary to put h =3 the fraction of radiation re- 
emitted withm the solid angle subtended by the extreme end of the tube at a 
pomt m the vapour Assuming that all the radiation is re-emitted m arbitrary 
directions, h is then of the order 1 per cent and the above expression may be 
simplified BO that I = Iq ~ to a good approximation. Puttang m the 
value of h from the geometry of the apparatus it is found that the effect on the 

* Schuster, ‘ Ap. J .* vcA SI, p. 1 (1905) 
t J J Hioiiisoii, ‘Diaohsige thio^ Osses,’ p. 406 (1006 edn,). 
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absorption ooe£Boient is never greater than 0 3 per cent and is usually much 


It may be worth while to state that a direct test showed that the vapour is 
not emitting any appreciable amount of light at the temperatures used ] 

Mciecuiar Absorption 

For wave-lengths greater than 3100 A U there is no contmuous absorption 
by the atom, and the experimental curve must be regarded as a curve of mole¬ 
cular absorption For shorter wave-lengths the form of the curve is shown by 
the dotted portions of curve (i), fig 7, and curve (u), fig 8 The absorption m 
this region decreases with decreasmg wave-length to about 2500 A U. where 
there is probably a discontmuous change of slope For shorter wave-lengths 
the absorption increases and probably reaches a maximum for some wave-length 
a bttle shorter than 2200 A U The effect of mcreasing the pressure of the 
filUng gas 18 to smooth out the curves The subsidiary maxima disappear and 
the general trend of the curve becomes much more nearly parallel to the axis 
of wave-length 

The exact wave-length of the change of gradient (marked D on curve (la), 
fig 7) 18 not quite certam because it depends on the separation of the molecular 
and atomic absorptions, but the general form of the curve is not subject to this 
uncertamty 

The explanation of the contmuous molecular absorption is suggested by some 
experiments on the photo-electric effect in potassium described by Lawrence * 
The results of these experiments give the relative numbers of ions produced by 
li^t of umty intensity and different wave-lengths There is a photo-electric 
threshold at 2600 A U and for frequencies greater than the threshold frequency 
the effimenoy of ionisation increases with decreasing wave-length. These 
photoionisation results may be explamed equally well if the ionisation is due to 
any of the transitions 

K,->K+-f-K- (1) 

Kj-Kt-f-. (2) 

K,-K+-l-K-f« (3) 

If the third of these is the correct explanation, as Lawrence asumes, the differ¬ 
ence between the molecular and atomic thresholds gives the energy required to 
dissociate the molecule into two neutral atoms This energy according to 
Lawrence is about 0 4 volts f 

• • Phil Mag..’voL 60, p. 345 (1926) 

t Owing to Uw foot that Lawrenoe was nnaUe to use strictly monoluomatio tight this 
value is sohjeot to a small oocEeotkm ol about -f- 0 1 vdt. 



504 


R. W. DitohlmrD. 


The increase of abeorptaon at about 2500 A U. is thus due to processes which 
loxuse the molecule The oontmuous absorption on the long wave-length side 
of the molecular photo-electno threshold may be adequately explained as being 
due to processes which split the molecule mto two atoms, one'm the normal 
and one in an excited state The energy necessary for such a transition is eqiAl 
to E, Ej where is the energy of dissociation and E, is the difference of 
energy between the nth atomic state and the normal state If the quantum 
absorbed possesses more energy than E, + E,, the extra amount is used up as 
kinetic energy of the dissociated atoms and thus truly contmuous absorption 
IS possible • If this explanation is correct we shall expect to have a senes of 
absorption thresholds at wave-lengths corresponding to E,|, (Ej -f E,), (E^ + 
+ ^)i where E^ is the energy necessary to ionise the atom Ej is 
situated at about 24,000 A U so that no measurements are possible in this 
region. (Ej + Ej) is about 5800 A U and some measurements of absorption 
were made in this region to see whether there was any change m the gradient 
of the absorption curve at this pomt A sharp increase is foimd at 5820 A U 
It IS worth noting that there is some contmuous absorption on the long wave¬ 
length side of 5820 A U, so that dissociation by light of the molecule Kg mto two 
normal atoms is apparently possible Changes m absorption might be expected 
at 3447 A U , SOIK) A U 2555 A U, corresponding to Ej -f E,, E^ -|- Eg, 

E,j + Eg None of these can be identified with certamty (except 2655 A U ) 
probably because they are weaker and a small change of gradient is not easily 
distmguished m the presence of the senes-lmes and the faint bands which accom¬ 
pany them The increase at 2560 A17 is clearly seen but is not so sharp as the 
one at 5820 A U This is to be expected since the threshold at 2560 A U is really 
the limit of a converging senes of thresholds The value of the dissociation energy 
obtamed from the difference between 5820 A U and the first excited state of 
the potassium atom gives the best determination of the value of the dissociation 
energy The value thus obtamed (0 51 volt) is used below m the calculation 
of the fraction of atoms associated 

This explanation of the molecular absorption suggests that the molecule is 
ionised mto one neutral atom, one ionised atom and one electron, * e, that 
the third type of transition (desenbed above) really takes place A direct 
experiment to determme the form of the ion is desirable 


* S^snok, Kahn sad BoUefsen have reoently poblitbed woifc on silver-iodide, sodium- 
chloride, eta, for which a shnilar ezplaaaticn Is given. (* Z. f Phya,* voL 48, p. 16S and 
p.ie4). 
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A Fluorescence Experiment 

When the molecule has been dissociated mto one normal and one excited 
atom the latter must return to its normal state either by collision or by radiation 
Thus, if the pressure is low enough, the contmuous absorption of wave-lengths 
shorter than 6820 A U should lead to the fluorescent emission of the first 
doublet of the senes Some difficulty might be anticipated m making the 
observation, because at very low vapour pressures there is too bttle absorption 
and at higher vapour pressures the fluorescence would be quenched by col- 
hsions with other atoms and molecules Since the first potassium doublet is 
in the mfra-red it was decided to look for the analogous effect in sodium, t e , 
D Ime fluorescence as a result of stimulation m the region 6000 A U 3600 A U 

An absorption tube similar to the one shown m fig 2 a, but of a larger diameter, 
was adapted for the observation of the fluorescence A pointobte was used as 
source Direct stimulation was prevented by passing the light through a column 
of sodium vapour in an auxiliary tube and so removing the D hues (and the 
3303 doublet) without seriously reducing its mtensity in the r^on 6000 A U - 
3000 A U After a few prelimmary trials, the effect was quite defimtcly 
observed When the pump was kept running so that the pressure due to the 
occluded gas was kept down to about 0 1 mm the D hues could be clearly seen, 
and there was a dark patch in the spectrum between them and the green bands 
When the pressure was allowed to increase, however, band (or continuous) 
fluorescence appeared m the yellow so that the D lines could no longer be 
distinguished For higher pressures still, only the green bands could be 
seen 

The above experiment shows the existence of excited atoms due to molecular 
absorption These may be produced either by the direct dissociation of the 
molecule by radiation (as we have assumed above) or by the molecule being 
excited by radiation and then dissociated by a collision of the second kmd A 
calculation based on collision frequencies indicates that while the second process 
is possible it IS probably not the effective mechanism 

Proportion of Molecules in the Vapour 

The value obtamed for the energy of dissociation of the molecule (together 
with other known constants) enables us to oaloulate the fraction of atoms 
associated under different conditions of temperature and vapour pressure The 
method employed is the method of partitions derived m the most general way 
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by Fowler * Neglecting the vibrational states of the molecule and states of the 
atom other than the normal state we obtam the dissociation equation: 








( 1 ) 


Where C., and Cg are the molecular and atomic concentrations, R is the radius 
of gyration of the potassium molecule,t U, is the energy of dissociation m ergs 
per mcdecule and the other symbols have their usual meanings Since only a 
small fraction of the molecules is associated we may put 


C, = N— 

' T 700 


(Z) 


where p is the vapour pressure in millimetres Hg 
N 18 the number of molecules per cubic centimetre at S T P 
From (1) and (2) we have 


Fraction associated = f 


inm* N 273 
(wtr? T 760^ 


or 

logio Y = A - 1 6 logio T + logio p 


( 8 ) 

(3) 


The variation of y with T may best be seen by using the vapour pressure 
equation 

logioP = - + B logio T + » (4) 

(where Xg = latent heat of vaporisation as T -> 0 and A, » are constants) 
This gives with (3) the equation 

lo^oY = (A + ») + (B - 1-6) log„ T + ( 6 ) 


Smee B is not large the mam variation of y with T is controlled by the last 
term in the equation Smce| X is greater than Up the term is negative and we 
see at once that the fraction associated in saturated vapour mcreases with the 
temperature This result has been assumed above m exidauung the absorption 
curves, and Hamson and Slater§ make the same assumption m explaining some 
experiments of the former|| on line absorption It is interesting to have this 
quantitative verification 

* ‘HiiL Msg.,’ voL 45, p. 1 (1923). The writer Is indebted to Hr a H. Fowler for 
advice on this matter 

t Obtained from a paper by Smith, ‘ Boy Soo. Froo.,’ A, voL 106, p. 400 (1926) 

^ As dednoed from the vapour pres su re curves Kroner (Ice. otl.) 

I ‘ Phys. RevvoL 26, p. 276 (1926). 

II ‘ Phya Rev,’ vd. 26, p. 238 (1926) 
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In order to calculate the fraction associated at different temperatures it is 
simplest to return to equation (3) and insert numenoal values In this way we 
find 

logioY = -30-l 61og,„T + ‘^®?^-i^^?^ + log„p (10) 
and hence obtain the values 


Temp 

Y 

‘277° C 

(i X 10"* 

377° C 

1 4 X 10-» 

477° C 

3 4 X 10-3 


This gives the fraction of atoms associated m saturated vapour Under the 
experimental conditions the vapour is not truly saturated and the fraction 
associated is therefore less The presence of the filling gas will further reduce 
the proportion of molecules It is not bkely that these effects will be large and 
the fraction associated for experiments m the long tube should he between 
10“* and 10"*, say, 3 X 10"* This gives a value for the molecular absorption 
coefficient of 3 x 10"” compared with 10"” for the atomic continuous 
absorption and 6 x 10~” for the most intense hne absorption 
The above calculation would need supplementing if there were another type 
of molecule with an appreciably different heat of dissociation. The existence 
of such a molecule is not likely, because if it bad a dissociation energy of less than 
1 2 volts its photo-electno threshold ought to have beon detected directly by 
Lawrence and mdirectly by the present work If itS dissociation energy were 
greater than 1 1 volts, a very large fraction of the atoms would be associated 
(giving a result in conflict with vapour density measurements) and also the 
proportion of molecules would decrease instead of increasing with temperature 

Summary 

Experiments designed to measure the contmuous absorption of light m the 
alkali-metal vapours are desenbed The absorption found is believed h) be 
due to a combination of molecular and atomic absorption. The possibihty of 
separating these is discussed 

The results are discussed m connection with the theory of atomic and mole¬ 
cular alMorption The amount of atomic absorption appears to bo much leas 
than that expected 

An experiment m which continuous absorption produces hue fluorescence is 
vot. oxvu —A. 2 u 
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descnbed and e3q>lained m connection with the molecular absorption The heat 
of dissociation of the potassium molecule is derived from the absorption curves 
and used to calculate the degree of association m potassium vapour at different 
temperatures 

In conclusion I wish to express my thanks to Sir J J Thomson for his interest 
and advice throughout this work 


On a Photoelectric Theory of Sparking Potentials 
By James Taylob, D Sc, Ph D , Physical Institute, University of Utrecht 
(Commumoated by 0 W Biohatdson, F BB —Beoetvod October 13,1027 ) 
liarodwtKm 

In recent papers (1) a new photoelectnc theory of sparking potentials was 
put forward, m which it was assumed that no ionisation by collision of the 
positive ions against the gas molecules or atoms is produced, but that the 
additional lomsation required for the imtiation of the self-sustained electnc 
discharge is to be found in the photoelectnc effect at the cathode surface of the 
radiation accompanying the neutralisation of the positive ions there 
According to this theory, the sparkmg potential is a function of the photo- 
electnc emissivity of the cathode for those radiations accompanying the 
neutralisation of the positive ions at the cathode 
If we assume that for n, electrons produced originally at the cathode (by the 
iomsmg factors), ^ (V, p) electrons are gathered to the anode, where ^ (V, p) 
is a function depending upon the voltage across the tube and the pressure of the 
gas, etc , then the number of positive ions arriving at the cathode is 

n = n„[^(V,p)-l] (1) 

The neutralisation of these positive ions at the cathode surface is aocompamed, 
we shall suppose, by the emission of radiation, some of which falls upon the 
cathode surface and produces the emission of photoelectrons Let the ratio 
of the number of deotrons given off from the cathode by the photoelectnc effect 
to the number of positive ions neutralised there be y Then we have the 
fdlowing condition for the production of a self-sustained electrical dischaige, 

Y (V, p) - 1] ^ «o. (2) 
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and consequently the sparking potential for these conditions is given by 

(3) 

If we adopt Townsend’s theory of the function <ft (V, p), equation (3) resolves 
itself for the case of plane parallel electrodes into the following relation, 



where X is the electric field between the electrodes and x is the distance apart, 
a 18 the Townsend ionisation co-effioient 

Now Y IS usually small with respect to umty, so that we may approximate 
equation (4) to the following form — 

v« = ^logi, (5) 

and, further, if we take any function P, such that P — Ny. where N is some 
constant, we may express the equation (6) as 

»« = |[logi+logN] (6) 

The problem now arises of devising a method for the concomitant measure¬ 
ment of Ve and y (or of P) 

Experimental Method 

Discharge Tube System —^Fig 1 shows diagrammatically the composite tube 
used m the experiments The mam discharge vessel comprised electrodes A 
and B, of mckel, of the following dimensions diameter of electrodes, 5 cm , 
radius of curvature, 10 cm , distance between electrodes ~ 20 mms 
A side tube T| contained a special four-electrode hot-wire discharge-tube 
device for the production of radiation It comprised a tungsten spiral filament 
W, surrounded by a mckel cyhnder C, which was provided with two gauze 
windows Wi and Wj The cylinder C was enclosed completely m a mckel 
gauze cage D 

A second side tube T, contamed a mckel electrode X, opposite the wmdow 
W„ and a circular loop electrode Y, of tungsten wire 
A third side tube T, was partly filled with coconut charcoal 
The whole tube was constructed of pyrex glass, with tungsten leads-in. 

The side tube T 4 was connected, via a hquid-air trap, to a high-vacuum 
pumping installation and a gas-supply system, but in such a way that the 

2x2 
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disoliarge-tabe system and hquid-aix trap could be completely cut ofi from the 
rest of the apparatus by pressure-operated mercury seals 

A photograph of the tube before 
it was modified by addition of the 
charcoal adsorption tube is given 
Previous to experiment the 
apparatus was thoroughly “ baked 
out ” The filament and cyhnder 
were “glowed out,” and the 
charcoal was heated for about 
two days at between 400° and 
600° C to activate it 
Gas Punficaiion —^It was found 
after considerable experiment 
that hehum was the most smtable 
gas to utilise—mdeed, it is the 
only gas that can be purified 
rapidly and continuously by 
carbon at hquid-air temperature 
(the most efficient method of 
purification) 

The gas utilised had been pre¬ 
pared from monazite sand, and 
was purified imtially by phos¬ 
phorus pentoxide, heated copper, 
heated calcium and a large calcium 
arc, until “ spectroscopically 
pure ’* I am mdebted to Mr Willemse, of this Institute, for the hehum used 
The gas was introduced into the discharge tube as required, and it could be 
mamtamed pure by keeping the side tube Ts in liquid air 
Electrical Arrangfments *—The sparking potentials were determined in the 
manner previously desenbed (2) 

, Imtially, the action of the four-electrode discharge-tube device was explored 
thoroughly The filament earned a maximum current of 10 amps, but was 
usually run at about 6 Samps It was not possible to detect any photoelectnc 
effect of the radiation proceeding from the heated tungsten filament upon the 

* I am mdebted to the Armstrong College Besearch Fund Committee for an apparatna 
grant for thw work 




PhotodecPnc Theory of Sparhng Potentials 511 

electrode A, at least not with the sensitive galvanometer utilised in the work 
to be descnbed When, however, gas was introduced mto the tube and a 
potential of a few tens of volts mamtamed between the cylmder and the 
filament, a production of radiation occurred part of this radiation passed 
through the wmdows W^ and W,, and “ irradiated ” the electrodes A and X 
Thus, if A was mamtamed at a negative potential and smtably connected to a 
sensitive galvanometer, a measurable current of the order of 10““ to 10"® amps , 
according to circumstances, was obtamed 

The potential distnbutions on the various electrodes required to prevent any 
collection by A of negative or positive ions were exammed Suitable values 
were found to be filament, 0 to 12 volts , cyhnder, 40 or 60, gauze cage, 
— 12 , B and W, zero The potentials of X and A were negative, and could be 
adjusted to smtable values 

Under these circumstances the current from A exhibited all the properties 
of a simple photoelectric current The potential of A was so chosen that no 
ionisation by coUision occurred 

In the imtial investigations many interestmg observations on the fonctiomng 
and behaviour of the four-electrode discharge device were made In the 
actual experiments the radiation emitted by the windows as measured by the 
photoelectnc effect was (other factors Temaining constant) found to be constant 
over very long penods of time, and none of the effects to be descnbed could be 
traced to the discharge box 

The auxiluuy tube T| was used for test purposes, and for examining the 
constancy of radiation, etc 

The electno battenes used gave voltages constant to one part m a thousand 

ExpertmetUal Venfication of the Photodeotne Theory 

We may junwinm that the radiation prooeedmg from the low-potentialdischarge 
device is of approxunatdy the same character as that arising from the neutralisa¬ 
tion of the positive ions This radiation falls upon the cathode A of the 
discharge tube, and produces a photoelectnc effect P that is measured by the 
sensitive galvanometer We may assume that P will be a proportional measure 
of Y, so that we may write P= THy, where N is some constant. Consequently, by 
concoimtant measurements of the sparking potential v« (between the electrodes 
A and B) and the photoelectnc current P, we may examme the vahdity of 
equations (1) to (6) 
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Vanatton of Vt tnlh Progresnve Qas PunfaOton. 

On perfonmng ezpeiuuents, at different pressures, upon the variation of 
with progressive purification of the hehum by means of the charcoal cooled m 
hquid air, remarkable results wore obtained 

In the beginning of the purifying process, when the gas impurities were 
relatively large, there occurred the well-known rapid decrease of the value of 
the sparking potential until a mimmum value was obtamed With contmued 
purification v, did not, as could be expected, remam constant, but a slow rise 
occurred until a value of anything from 10 to 600 volts, according to circum¬ 
stances, higher than the minimum value was attamed 
A senes of sparking potential values, beginning from the tune of putting on 
the liquid air, is shown m Table I 


Table I 


Pieaaure 


Time 


No liquid sit on trap* 

JJquid sir on gls« Imp 
Liquid sir put round onsroosl tube 


1 U 
oonstsnt after 


The wan of the side tube was heated slighUy to give off a minute quantity of gas, whilst aU the 
other oonditions remained the same as before v, fefl immediately to about 2w volts, and rose 
afterwards until it attained the value 262 onoe more 


It might be expected that the final rise m the v« value is brought about by 
decrease in the pressure of the hehum due to cooling by, and adsorption m 
the charcoal Investigation showed that such an explanation was mcorrect 
First of all, it was found that the rate of change of v, with pressure of hehum 
was not great, and, further, the greatest change occurred after the pressure had 
attained an almost constant value (Table II) Finally, mtrodnotion of new 
helium to make up for the pressure loss showed defimtely that the effects did 
not proceed from this cause. We diall Me later that other facts support this 
conclusion 
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Table II 


Imtial vthie before liquid idr pat on 
valU6 

FiniJ maziinQiii taIoo 
More helian woa introduced 
irinal mftziinniii vaIuo 


2 8 

2 8-S 7 
2 7 
2 0 
2 9 


A ohsnm of 0 2 mm prodncca e change of about 6 volte m the value of Vc Now tho maximum 
preeaure diffeienoe between the minimum and maximum value of Vg ia not more than 0 Off mm , 
to that the change of Vg due to preaaure diminution la negligible compared with that ariaing 
from the purifying prooeaa 


Concomitant measurements of P showed a fall from a maxiirnim at the 
minimum sparking potential to a mimmum at the final higher sparking potential 

A number of tentative explanations of the phenomena were considered 
Some of these attributed the final rise m v, to change m the gas properties due 
to the extreme purification, but the difficulties in tho way of such views are 
serious Finally, the following explanation was adopted as being the most 
probable — 

( 1 ) After the hquid air is pot on the charcoal, the helium rapidly becomes 
pure, so that only slight traces of foreign gases remain , a fall of v, to 
a mimmum value occurs, and the gas properties then remam almost 
constant, being unafiected by the extremely small amounts of impurity 

( 2 ) The gas layer on the surface of the cathode undergoes slow change, 
probably by evaporation of the surface gas molecules into the hehum, 
and the final disappearance m the adsorption tube T 3 This slow change 
of the cathodic surface is accompamed by a pr(^;ressive decrease of the 
photoelectnc emissivity (such as accompames “ outgassmg " of metals) 
and increase of Vg, until tho cathode modification has attained equihbrium 
imder the existing conditions of gas-impunty pressure, etc 

This explanation was supported by the observation that if, when the 
maximum value of Vg had been attamed, a small quantity of gas was dnven 
ofE the walls of one of the tubes by local heating with a small flame, a large 
reduction of the value of the sparlong potential immediately occurred, and the 
higher value of v, was only attained again after some considerable time 

Vanaiton of Vg vnth P 

Now if we accept the foregoing explanation d! the variation of the sparlong 
potential with mtensive purification, we have at once a convement method 
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for the concomitant measurement of and P, with pure gas of constant 
properties 

The values of and P must bo measured from the time-pomt corresponding 
to the minimum of onwards, or vice versa Such investigations were earned 
out over a range of pressures The possible pressures were, of course, largely 
detenmned by the necessity of having P sufficiently great for convement 
measurement 

The filament current m tho four-elcctrode device was usually of the order of 
6 6 to 7 amps, the filament-cylmder voltage about 60, and tho discharge 
current of the order of ono/m a 

The experimental procedure was as follows A measurement of F was earned 
out, Vf was detenmned immediately afterwards, and then P was re-determmed, 
or, alternatively, a measurement of P was taken between two measurements of 
V, Smee the measurements are carried out whilst the electrode condition was 
gradually changing, it is not possible to get exactly corresponding values of 
V, and P, and this introduces an expenmental error mto the determinations 

The graphs of fig 2 show the relation between Ve and log 1/P for dificrent 
pressures All the points obtamed arc shown In tho graph for a pressure of 
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1 36 mm the 0 pomts correspond to measurements made with progressive 
purification, whilst the @ are for the reverse process The graphs for 
1 3 mm and 1 35 mm correspond to imtially difierent electrode condi¬ 
tions Vg IS given on the natural scale, but m the abscissee a suitable constant 
IS added for each set of results, so that the curves may be brought on the same 
diagram 

It 18 evident that throughout the region investigated—and, indeed, it is a 
region characterised by considerable changes m Ve—the graphs showing the 
relation between the corresponding values of % and P are smooth curves, and 
the relation between v, and log 1 /P is approximately linear (with one exception) 

These results are m agreement with equations (1) to (6) Further, the values 
of a calculated from equation (6) agreed, withm the hmits of experimental 
error, especially for the higher pressures, with previously dotermmed experi¬ 
mental values (see Table 111) We may consequently conclude that the results 
give strong evidence in favour of the photoelectric thwry of sparking potentials 
for the case of hehum It is probable also that the other rare gases would 
yield similar results 


Table III 


PieMore 

equation (6) 

X 

volts 

oaloulatod 

u/P 

from Oill 

1 and Piddnok 

from QiU 
and Piddnok 

0 S 

77 2 

eo-130 

0 8-17 

2 1-2 46 

10-12 

1 3 

37 6 

80-100 

2 1-2 7 

1 6-1 7 

10-2 2 

1 86 

87 

85-120 

2 3-8 2 

10-10 

2 2-2 6 

2 1 

61 8 

02 6-127 

18-2 6 

1 1-1 e 

2 4-3 8 

6 6 

88 

106 

2 8 

0 6 

3 0 


In a future paper the vanations of y under diflerent conditions will be 
considered 

It IS a pleasure to mo to express my gratitude to Prof Omstein for his 
oontmued interest m the work, and for the great inspiration and help which he 
has afforded during the progress of the research, also to the International 
Education Board for the Fellowship which enabled the work to be earned out 

Summary 

The paper desenbes a photoelectric theory of sparking potentials, according 
to which the latter is a function of the photoeleotnc enussivity of the cathode 
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for the radiations aocompanying the neutralisation of the positive ions at the 
cathode surface It is assumed that no ionisation bj collision is produced by 
the positive ions in the gas 

Adopting the Townsend theory of ionisation by collision by electrons, the 
following expression is arrived at for the sparking potential v* (plane parallel 
electrodes) — 



where X is the electric field (volts per centimetre), a is the number of electrons 
produced per centimetre by one electron, by collision, and y u the number of 
electrons produced at the cathode by the neutralisation of one positive ion 
The validity of the theory is examined for the case of hebnm, which can be 
thoroughly purified by means of charcoal in hqmd air The results show 
defimtely that the sparking potential is a continuous function of the photo- 
electnc emissivity of the cathode for the radiation emitted by the gas The 
quantitative agreement with the above equation is very good 


REFERENCES 

(1) • Roy Soo Proo ,’ A, vd 114, p 73 (1827), ‘ Phil. Mag vol 3, p 763 (1927), 
Diasertstion, Utieoht (1927) 

(2) Referance (1). also * Phil Mag ,’ vol 8, p 368 (1927), OkI., voL 3, p 763 (1927) 

(3) Gill and Pidduok, * Phil Magvol 23, p 844 (1912) 



517 


The Crystal Structure of the Chondrodtte Series 

By W H Tatlob, Research Student, Manchester University, and J West, 
John Harling Fellow, Manchester University. 

(Communicated by W L Bragg, PBS —Received October 22, 1927 ) 

1 —ItUrodudton 

ITie chondrodite group of minerals comprises prolectite (HJUgBSiOe), chon- 
drodite (H^gaSigOi,), humito (HaMg 7 Si 30 i 4 ) and chnohumite (HgMgoSuOig) 
We have so far been unable to obtam a specimen of the first—there seems, 
indeed, to be some doubt as to its existence—and, m consequence, the present 
paper is concerned with the last three members only * 

Our conclusions are based on X-ray data obtained by the rotating crystal 
method and by the ionisation spectrometer None of the crystal specimens 
was suitable for absolute measurements of the intensity of reflexion, and the 
investigation has therefore been wholly quahtative in character This, of course, 
increases considerably the diffloulty of the problem, especially in so far as an 
accurate detenmnation of parameters is concerned , for in attacking crystal 
structures of even moderate complexity, the advisabihty of a quantitative 
study IB being more and more realised In the present case, we are dealing 
with crystals possessing a very large number of parameters {eg,2i in ohondro- 
dite, 36 in humite and 45 m clmohumite), and even a detailed quantitative 
examination might be unsuccessful without the use of some gmding pnnciple 
or pnnciples These pnnciples will bo apparent later 

2 — Interest of the Group 

The chondrodite group is interesting for several reasons 
(a) In the first place, it supplies an excellent example of morphotropy 
Penfield and Howe-)* were the first to draw attention to the fact that m 
passing through the senes m the order given above, the o/a or c/6 ratio changed 
m a sunple and progressive manner with additions of the molecule MggSiOg 

* We ue deeply indebted to Dr A. Hut<ddnfloo, F R.S, of the Minerelogioel Latxvetory, 
Cambridge, for the loan of the orystBls need m this uveetigetiOD. The speoimen of ohondro- 
dite was from the l^lly Foster mine, tiiat of ohnohamite from YeenTins. The last-named 
orystal was measured by MilW and oheoked by Lewis, 
t ‘Z f Kryst,’ voL 28, p. 78 (1894). 
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(olivme)* whilst the o/6 ratio remained unaltered The question was later 
discussed in greater detail and with similar conclusions by Barlow and Popef 
from the standpomt of a theory of atomic volumes in crystals, and the sigmfi- 
cance of the relationship of the series with ohvme was stressed The cr 3 rstal- 
lographic data from which the conclusions were drawn are given in Table I 
Actually the morphotropy is not quite so simple, as will bo clear from Table II, 
which IS based on X-ray data If, however, we denote the thickness of the umt 
cell m a direction perpendicular to the o face by o', simple relations similsr to 
those of Table I for the crystallographic c axis are found to exist for o' (see last 
column of Table IV) 

Table I (from Qroth) 

a b e p 

Frokwtite [8 i 04 ]M^Ma (F, 0H)1, monooUnio pnam 1 080? 1 3 x 0 6287 90 

Chondrodito [Si04]iHb[Mg (F, OH)], „ 1 0803 1 S x 0 6280 00 

Htiimto [ai04],M&[Mg (F, OH)], Aomb bipyr 1 0802 1 7 x 0 6201 — 

CUnohuDUte [Si04],Mg,[Mg (F, OH)], monoolimo prUm 1 0803 1 > 0 X 0 6288 00“ 

6 2a 2e 

ObviM [Si04]Hg, ibomb Inpyr 1 0736 112 x 0 6200 


Table II 



No of 
molsoalM 
to cell 


6 


» 

e' 

Ohondrodite U8(F, OH), 8Mg,Si04 
Hninite Mg(F, OH), 3Mg,SiO, 

CUnohamite Mg(F, OH), 4Mg,Si04 
Ohvine Mg,a04 

2 

4 

2 

4 

1 

i 783 

4 788 

1 746 

4 796 

A 

10 27 
10 23 
10 27 
10 21 

7 87 
20 86 
13 68 

6 08 

109 2 

100 60 

A. 

6 X 1 488 
14 X 1 400 

0 X 1 402 

4 X 1 406 


Table III 



Indices (OiystaUogiaphio) 

Indices (X ray) 

Cfltondrodita 



Hiimite 

hkl 


OUnohamite 

hkl 


Olivine 

hkl 

1 

j h,h.l 


* A portion of the m a gn w w u ni in the ohondrodite senes is isonunphously replaoed by 
iron , we have therefore descmbed the Hi^O, as ohvuie rather than fbrstente. 

t Baiiow and POpe, * Trans. Chem. SoovoL 89, p 1675 (1906), Pope, ' Proo. Boy. 
Inst.,’ p. 828 (1010) 
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With further regard to the morphotropy of the senes, it is cunons that whilst 
the addition of one molecule of MggSi 04 to the monoolimo ohondrodite raxHea 
the symmetry to that of orthorhombic humitc, the addition of a further 
molecule of Mg,Si 04 lomra the symmetry to that of monoclimc clinohumite 
Any proposed structure must, of course, explain this change 
(6) The senes is interesting in the second place because all three crystals are 
RjBfldTto bo based on the hexagonal form of the two possible close-packed arrange¬ 
ments of oxygen atoms It is mdeed the early realisation of this fact which has 
sunpliiiod and made possible an attack on the struetures The important 
question of oxygon close-packing in certain crystals has been discussed fully, 
with examples, in a senes of recent papers * Wo have, therefore, in a later 
section, only mdicated the evidence for such packing in the present case 

(c) A further point of mterest lies in the fact that the Mg 4 Si 04 portion of the 
crystals is found to possess the ohvme structure This evidence of the incor¬ 
poration of a structure—itself not simple—withm a further structure is of 
considerable importance It is hardly likely that this senes constitutes a sohtary 
example, and it is tempting to suggest that many of the complex silicates may 
in reahty be compounds of this character, ( e , may mclude withm themselves 
structures which are known to exist alone Such a possibihty is at any rate 
worthy of consideration when mvestigating crystals of complex composition 
and low symmetry, for apart from its interest, it facilitates enormously the 
general analysiB of the structure 

3 —The Vmt CeUa 

Data relating to the umt cells are given in Table II The cell dimensions 
were first found approximately in the usual way from the rotation photographs, 
and then determined more accurately on the spectrometer In order to make 
the senes convemently comparable with ohvme, wo have taken the crystal¬ 
lographic b axis as our a axis, and vtee versa This is a little unfortunate m 
the case of the monoclimc members, smee it departs from the conventional use 
of ^ as the mteraxial angle diffenng from 90° For purposes of reference, 
therefore, we give in Table III the connection between the crystallographio 
indices based on Table I and those adopted m the present paper from the data 
given m Table II Apart, however, from the question of termmology, it will 
be noticed that m the case of chondrodite and olmohuimte, the true o axis is 
not perpendicular to the a and 6 axes as hitherto supposed, and m the case of all 
* Bragg and Brown. ‘ Boy Soo. FrooA, voL 11(^ p 84 (1026), Bragg and West, ibuL 
voL 114, p. 460 (1027). 
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three crystals the true axial ratios e/a are not equal to, although they are simply 
related to, the crystallographic axial ratios Dimensional considerations will 
show that it 18 of course possible to dioose from the lattice points a cell (not 
the true one) which will satisfy the crystallographic data 
Examining Table II we see that whilst the a and b axes remam unchanged 
throughout the senes, o', the thickness of the umt cell perpendicular to the 
c-face vanes m a simple manner as mentaoned above This relationship, as well 
as the similanty of the members of the senes to ohvine, is illustrated by fig. 1, 
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Fra 1 —Comparison of Spectra from o-Faoce. 


m which are collected the X-ray spectra from the c face of the four crystals 
concerned Neglecting for the moment the small spectra, we notice that 
although the main reflexions in each case occur at the same glancing angle 
(about 12®, corresponding for BhK. radiation to a spacing of 1 49 A), it is the 
fourth order reflexion m olivino, the fifth in ohondrodite, the fourteenth in humite 
and the ninth m clinohumite We may remark here that the existence of this 
large reflexion (and of its second order at 24°) shows that m each crystal there 
are densely packed layers of atoms parallel to (001) spaced at intervals of 1 49 A 

4 —The Space Groups 

(a) HumUe ,—^Taken m conjunction with the fact that humite belongs to the 
rhombic bipyiamidal class of crystals, an analysis of the usual six X-ray rotatioii 
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photographs taken about the three rectangular axes in turn as axes of rotation, 
shows the space group to be Vi* 

For details of this space group, reference should be made to any of the usual 
sources, e g , Niggb’s ‘ Ckomeizisohe Knstallographie des Diskontinuums,’ 
p 201 We shall merely note that the umt cell, which is simple orthorhombic, 
has two reflexion planes parallel to the o-face and contains two sets of symmetry 
centres The general position mvolves eight eqmvalent pomts, whilst a position 
on the reflexion planes or at a symmetry centre mvolves only four If we 
denote by 6j, fl,, 6, (where = 27cx/a, 6, = 2nylb, Og = 2mlc), the co-ordinates 
of an atom m the general position, then the structure factor for the resulting 
eight equivalent positions when considenng reflexions from a plane (h k 1) is 
proportional to 

8 cos [A 01 (A -f- k) ic/2] cos [A 0| -f- (A -(- A 1) Tt/2] 

cos fl 0, H-Z it/2], (1) 

an expression which contains the cntena of the space group 

(6) Chondrodite and dtnohumUe—Thoao two are both members of the 
monoclimc prismatic class We have therefore to choose from six space groups 
C|g Gig An analysis of the rotation-photographs taken about the 
crystal axes and an axis perpendicular to the c-face as axes of rotation shows the 
space group to bo either CJ* or C|g, the lattice being simple monoclimc The 
only distmction between the two groups is to be found m the spacing of the (AOO) 
planes (these would according to crystallographic convention be the (OAO) planes) 
In the former case, C|*, they are normal, in the latter they are halved A 
careful examination on the ionisation spectrometer of the a-faces of chondrodite 
and chnohumite showed all spectra to be absent except the fourth and eighth 
orders It seems very unhkely that the space group can be C^, for this would 
requure the structure factor for the two crystals to be zero m six out of a possible 
eight reflexions, whilst in the case of Cjg we require a zero factor for the (200) 
and (600) only Further, the strong similarity existing between correspondmg 
rotation-photographs of olivme, humito, chondrodite and olmohumite leads us 
to expect that the (200) and (600) spectra, which are very weak or absent in 
ohvme and humite, may well be absent in chondrodite and clmohunute In 
adopting Ctt as the space group of chondrodite and olmohuimte, we are aware 
that we are making an assumption, we cannot consider the space group proved 
On the other hand, m view of the clear evidence of structural similanty amongst 
all the members of the senes, it is perhaps signifloant—as m the case of Vj*, 
the space group common to humite and ohvine—that the space group 0$;^ 
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in contradtsttndton to possesses a set of screw axes parallel to the a axes 
of the crystals concerned, this is, in fact, the essential difference between these 
two alternative space groups 

Details of the space group Gl^ are given in Niggh’s book, p 168 We may 
note, in contrast to the case of humite, that the unit cell (which contains two 
molecules instead of four) has no reflexion planes, but has four sets of centres of 
symmetry The general position involves four eqmvalent points, whilst each 
set of centres of symmetry mvolves two such points Denoting by 0, 63 , 
as before, the co-ordinates of an atom m the general position, the structure 
factor for the resulting four equivalent positions is proportional to 

4 cos [A e, + (A + A)7t/2] cos [A 0, -1- 1 0s -1- (A -f A) 71 / 2 ] (2) 

6 ~ The Struelures 

Prdimimry dtscueston - In fig 2 are collected sets of corresponding X-ray 
rotation-photographs for olivine and the members of the chondrodite senes 
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Fio 2.—C(»nparuon of Corresponding Botation-photognphs 

The very defimte similanty which is seen to exist amongst them can only be 
explained by supposing a basic similanty m structure Such a similanty is 
further supported by the dimensional and other data given below m Table IV 
The structure of ohvme has been determmed by W L Bragg and G B 
Brown,* and for details reference should be made to the original paper. Bnefly, 
* Bragg and Brown, 'Z f Kiyst.,* voL 68, p. 088 (1986). 
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Table IV 



• 

6 


Volume 

Befreo- 

ti-ve 

Index 

Obvine 

A 

4 7JU 2 X 2 38 i 

. i 

A 

10 21 = 4 X 2 SS j 

A 

4 y 1 406 

A» 

18 20 

1 66 


4 783 ^ 2 X 2 37 

10 27 - 4 X 2 57 

5 X 1 488 

18 10 

1 62 

Hamite 

4 738 ==> 2 X 2 37 

10 23 4 X 2 56 

14 X 1 400 

18 10 

1 60 

Clinohninito 

4 74fi >«■ 2 X 2 37 

10 27 ^ 4 X 2 67 

0 X 1 402 

18 18 

T 


the structuze is based on a simple orthorhombic lattice, space group VJ”, the umt 
cell containing four molecules The oxygen atoms are very nearly m hexagonal 
close packing, and the metal and silicon atoms are distributed amongst the 
available mtcrstices so as to form a three-dimensional pattern consistent with 
the symmetry requirements of the space group 

If in the case of chondrodite, humite and clinohumite we suppose that 
dimensionally the OH group may be treated as an oxygen atom—m this case 
both the oxygon atom and the OH group will be mcluded m the term “ oxygen 
atom ”—we may reasonably mfer from the above facts that such atoms are 
arranged at any rate m approximate hexagonal close packing, and suppose that 
the differences in the crystals are due to the differences m the patterns formed by 
the metal and silicon atoms (eff, tt will be clear later that the minor spectra m 
fig 1 are almost wholly due to the silicon atoms) From the further fact that 
with very few exceptions all the reflexions are promment which m hexagonal 
close pa<^ing should be strong, we must suppose that the distortion from such 
‘ oxygen” arrangement is small By n^ecting the distortion we simplify 
the problem, for the latter now reduces to that of determimng the pattern formed 
by the Mg and Si atoms which must occupy some of the interstices amongst the 
“ oxygen ” atoms, » e, we have to find which “ holes” those Mg and Si atoms 
occupy Smoe some distortion of a regular arrangement is possible, we must 
further investigate the precise position of each Mg or Si atom 

6 —The SCfuctures »n Detatl 

It IS convement to deal first with chondrodite since it mvolves the smallest 
number of parameters. 

(o) Chondrodtle —The unit cell contains four Si, ten Mg, sixteen 0 atoms and 
four OH groups. 

Pontunu of 0 atoms and OH groups —Treating the OH groups as 0 atoms for 

VOL cxvn.— A. 2 js 
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the moment, trial shows that the only way of fitting these hexagonally close 
packed atoms mto the scheme of symmetry elements is that illustrated in fig 3 
No symmetry centres are oocnpied, but the atoms are “ m contact ” at two of 
the four sets of centres present,* so that we have one set of OH groups and four 
sets of O atoms m the general position. 

The Mg atoms —Now, except for the sets of qnaametry centres which mvolve 
two equivalent pomts, all other positions have four eqmvalent points Since, 
therefore, owing to the peculiar arrangement of the “ oxygen ” atom only two 
sets of symmetry centres are available and since there are ten Mg atoms, it is 
clear that one only of the sets of symmetry centres is occupied by the Mg atoms, 
the remai nin g eight atoms being divided into two sets m the general position 
Wo note that these symmetry centres—^and therefore two Mg atoms—are at 
the centres of groups of six O atoms We may reasonably suppose the 
remaining eight Mg atoms to be similarly placed (this supposition is indeed 
justified by spatial considerations as well as by analogy with olivine) 

The Si atoms —Only one set of symmetry centres is now available, and we 
have only four Si atoms m the cell These must, therefore, be in the general 
position Moreover they cannot lie withm groups of six “ oxygen ” atoms as 
do the Mg atoms, for, unless we suppose a large and improbable departure 
from the close pocking justified above, the resulting character of the crystal 
planes are found to be too simple to explain the observed reflexions The 
Si atoms are therefore withm groups of four “ oxygen ” atoms 

Dtsttnehon between OH groups and O atoms —It is not possible at the present 
stage of structure techmque, oven with quantitative data, to distinguish directly 
between an OH group and an 0 atom In the present case, however, we can 
do so indirectly if we assume that the “ oxygens ” surrounding the sibcon 
atoms are wholly o^gens In this case by fixing the positions of the Si atoms 
we fix those of the S1O4 groups, when the OH groups will be automatically 
located 

Presence of the oltmne Hrudure —^The number of possible arrangements of 
Mg and Si atoms is not great, it can be further reduced if we suppose, as is 
most reasonable, that the atoms will be distributed through the structure m a 
diffuse manner Two of the possMe arrangements are found to include the oUmne 
structure as a unit tn the pattern This is, of course, very suggestive, it might 
almost be anticipated from the similanty between the X-ray data for ohvine 
and chondrodite refened to above 

In one of these possible structures—that which analysis diows to be correot 
* We have tekea one of these oeotrae of lymmetiy as the origin of oo-oidinatee. 
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—the OH groups are situated immediately about centres of symmetry The 
arrangement is represented m fig 3 


O O O O O O o 



® • ® • • • 


o o o o o o o 

Fia 3 —Chondrodite (ezolnding Silicon Atonu) 

# 9 ^ stomB m plaiw of paper and below this plane. 

O 9 0 atoms « OH gronps ia above and ia below plane. 

Astenslu denote oentcee of symmetry in unit celL 

The olivme umt, whioh is of course orthorhombic, is mdioated by broken hues, 
as also IB its repetition across a centre of symmetry, the umt cell, which is mono- 
symmetnc, is represented by full lines Actually, the “ olivme ” extends 
mdefijutely m directions parallel to the o and 5 axes But as will be clear from 
the din gram, m a direction perpendicular to these axes (and therefore parallel 
to o') there are penodic disoontmmties where we find Hg atoms and OH groups. 
"We have in effect, alternate layers of Mg(OH)a and olivme m the proportion 
represented by the chemical formula We have for this reason chosen to write 
the formula M^OH), 2 Mg,Si 04 

It would be absurd with the data at our disposal to attempt to determine 
accurately the values of the numerous parameters mvolved We find, however, 

2 N 2 
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that if we give to our “ olivine unit ” the actiutl ohvine structure in which certain 
small displacements are given to the Mg and Si atoms from the ideal positions 
at the centres of their respective groups of oxygen atoms, the agreement between 
the structure factors and the observed intensities of reflexion is defimtely bettor 
than if we use what we may term an ideal structure ♦ 

The co-ordinates of the atomic positions adopted for chondrodite arc given 
m Table VI They have been deduced from an analysis of the intensities of 
reflexion from a very large number of planes of which only the ooi senes is 
represented in Table V In eiamimng this table and the similar tables for 
humite and clinohumite, it should be remembered that the intensity of reflexion 
faUs ofl rapidly as the glancing angle umreases, and that the scattering power of 


Table V —Results for Chondrodite 


Indices 

ffin e 

Approximate oontribntion of atoms * 

Observed 

intensity 

0 

Vg 

& 

001 

0 0412 

0 

0 

-12 

mw 

002 

0 082a 

0 

0 

-3 2 

m 

003 

0 1237 

0 

0 

3 2 

m 

004 

0 1630 

0 

0 

1 2 

ml 

OOS 

0 2002 

-20 

-10 

-4 


006 

0 247B 

0 

0 

1 2 

ml 

007 

0 2887 

0 

0 

3 2 

w 

008 

0 3300 

0 

0 

-3 2 

w 

009 

0 3712 

0 

0 

-1 2 

nil 

0010 

0 4128 

20 

10 

4 

m w 


Reflexions from sixty orystal pUnee were ezsmined 
* / s , when the flgure 20 is plaoed in oohunn 0, it implies s oontnbntion to the amplitude 
of the reflected wave which is twenty times as great as that dne to a single oxygen atom 


Table VI —Co-ordinates of Atoms in Chondrodite 


Atom 

Number 

- 2«/o 

B, = 2nyjb 

8, = 2iT2;r 

Oi 

i 

4 

-90 

12 

108 

Ou 

4 

-90 

84 

36 

Oo 

4 

90 

60 

180 

Oi> 

4 

90 

-48 

108 

OH 

4 

90 

24 

36 

Mgi 

4 

0 

61 

108 

Mgi 

2 

180 

0 

180 

Hb 

4 

180 

-36 

36 

& 

4 

36 

54 

-108 


* We have allowed the “ oxygen ’’ atom to remain in the ideal position (as m olivine), 
altfiongh it Is probable that a sUght distortitm will ooour 
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an oxygen atom dimmidies more rapidly as the angle of scattering inoreasea 
than do those of Mg and Si 

Returning to fig 2, it is clear that the structural similanty of chnohunute 
and humite to ohvme must be of the same character as that of chondrodite 
Now we have seen that the structure of chondrodite includes within itself 
that of ohvme We may assume this will be true of clmohumitc and humite 
Further, in chondrodite, the Mg( 0 H )2 and Mg^SiOi occur as alternating layers 
parallel to the e-face The occurrence of these layers might be expected to confer 
some special property upon the crystal not possessed by ohvme, and perhaps it 
IS worthy of note that, unlike ohvme, all the members of the chondrodite senes 
exhibit lamellar twinning We may anticipate, though wo do not assume, the 
occurrence of alternating layers of Mg(OH )2 and Mg 2 Si 04 m appropriate relative 
thicknesses m chnohunute and humite 
The assumption that the Mg 2 Si 04 m the two remaining crystals exists as 
ohvme, faalitates enormously the analysis We have already justified the 
assumption of “ oxygen ” close packing Our problem therefore reduces to 
that of distnbuting the Mg and Si atoms amongst the available holes in such a 
way that whilst obtaimng the ohvme arrangement we satisfy the symmetry 
elements of the apace group The problem is qmto simple, and automatically 
reproduces the alternating layer arrangement of Mg(OH), and ohvme as found 
for chondrodite Our experimental results are m complete accordance with the 
structures so obtained We may, however, further pomt out that we have 
explored but rejected other structures which were possible geometncally 
In view of the detailed treatment of chondrodite above, we give only a bnef 
outline of the work on clmohumite and humite 

(b) Chnohumxte —In the unit cell we have eighteen Mg, eight Si, thirty-two 
O atoms and four OH groups As m the case of chondrodite, which has the 
same space group, only one set of symmetry centres is occupied, and that by 
two Mg atoms , the remammg atoms are all m the general position There 
were four molecules of MggSiOf mthe unit cell of chondrodite, and the “ ohvme 
block ” referred to above was found to be the actual umt cell of ohvme In 
clmohumite, we have eight molecules of 1 ^ 2^104 In view of the morphotropic 
relations already discussed, this su^^ts that if an ohvme block exists m 
clmohumite, it can be obtained by extending that m chondrodite to twice its 
thickness m the o' direction Owing to its sue, there are only two ways of 
fitting such a block into the umt cell of clmohumite In one of them the OH 
groups are about symmetry oentres, and of those tried it is this structure which 
has been alone found to explam the experimental results The symmetrv 
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elements cause the repetitioii of this block to result m a senes of layers of 
ohvme separated by layers of Mg(OH)„ the layers of ohvine bemg tmoe as 
thick as those m ohondrodite A diagram of the structure is given m fig 4 
In Table VII we give a portion of the results of a companson between the 
observed mtensity of reflexion and the corresponding structure factors based 
on the co-ordinates of the atomic positions of Table YIII 
Table VII —^Results for Clinohumite. 



Table VIII —Co-ordinates of Atomic Positions in Clinohuimte 


Atom 

Number 

S, ■= 2w#/a 

3. 2nylb 

8i — 27rz/e 


4 

-00 

0 

60 

Ob 

4 

—90 

HO 

20 

o„ 

4 

90 

40 

100 

o„ 

4 

-00 

100 

100 

o« 

4 

00 

120 

60 

Or 

4 

00 

140 

140 


4 

-00 

20 

140 

Ok 

4 

00 

60 

180 

OH 

4 

00 

20 

20 

Mg, 

4 

0 

40 

60 

Mg, 

4 

180 

-20 

100 

Mg. 

4 

180 

-40 

20 

Mg. 

S 

180 

0 

180 

Mb 

4 

180 

01 

140 

a. 

4 

38 

66 

-60 

a. 

4 

36 

26 

140 
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Chondrodite ChnohumiU 

Fra 4 .—Stoacturos viewed along a sxia. 



O atomi and OH groups respectively Those fully visible are in a layer 
above, those partially visible are below plans of paper 
Ug atoms. Those folly visible are }a above, ud those partially vunUe 


are in plane of paper 

The 8i afawns are not ahvays visible in such a position the tetrahedrons of O atoms which 
enolooe them are therefore outlined instead. 



indicates a groop with apex upwards the corresponding Si atom is 
therefore a/8 above the oxygen plane AAA. 
indioates a group with apex downwards the ootiesponding Si atom is 
a/8 below the oxygen plane AAA 


HumUe —There are four molecules m the unit cell, so that we have to locate 
twenty-eij^t Mg, twelve Si, forty-eight O atoms and eight OH groups The 
space group is VJ*, and txial shows that th»e is only one way of fitting the 
assumed hexagonal close packed arrangement of O atoms and OH groups mto 
the scheme of symmetry elements. It is one in which oiqrgen atoms (or OH 
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groups) he m pairs immediately about centres of symmetry, eight he on the 
reflexion planes parallel to the o-faoe and the rest are in the general position 
There are a number of opfaons for the positions of the Mg and Si atoms Owing 
to the oxygen arrangement, no centres of symmetry are available; since there* 
fore the general position involves eight eqmvalent points, at least four Mg and 
four Si atoms must he on the reflexion planes, the other atoms being ii\ the 
general positions A direct deduction of the structure from first principles 
would be very involved, but with the evidence of the structures of chondrodite 
and chnohumite before us, we may assume the Mg 2 Si 04 portion of humite to 
possess the ohvine structure There are twelve molecules of Mg,Si 04 in the 
umt cell, and we find that by appropriately placing in the cell a block of olivine 
identical with that in chondrodite, except that its thickness is one and a half times 
that m chondrodite—and therefore contains six molecules—we are able to 
account completely for our experimental results The block is situated on the 
reflexion planes, the OH groups once more being about symmetry centres The 
structure agam reduces to a set of alternate layers of Mg(OH)g and ohvme, 
the layer of ohvme m humite being one and a half tunes that in chondrodite 
A diagram of the structure is given m fig 4 Certain experimental results 
and the co-ordinates of the atomic positions are given m Tables IX and X 
respectively 


Table IX —Results for Humite 



Sin 8 

Approximste oontnbution of stoma 

1 Obaorvod 

0 

Mg 

lateiiaity 

Si 

002 

0 0204 

0 

0 

-2 4 w 

004 

0 0688 

0 

0 

-3 2 w 

006 

0 0882 

0 

0 

-8 8 m 

008 

0 1170 

0 

0 

8 8 m 

0010 

0 1470 

0 

0 

3 2 T w 

0012 

0 1764 

0 

0 

2 4 V w 

0014 

0 2008 

-66 

-28 

-12 0 vt 

0010 

0 2362 

0 

0 

2 4 ml 

0018 

0 2040 

0 

0 

3 2 nU 

0020 

0 2040 

0 

0 

8 8 rw 

0022 

0 3234 

0 

0 

8 8 r w 

0024 

0 3628 

0 

0 

3 2 nU 

0026 

0 3822 

0 

0 

2 4 tnoe 

0028 

0 4116 

60 

28 

12 0 taw 
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Table X —Co-ordinates of Atomic Positions m Humite 


Atom 

Number 

8 , — Swx/a 

8 . 2vylb 

8 , =1 2ir>/e 

Oa 

8 

1 

-90 

1 

75 

64 

Ob 

8 

90 

16 

64 

Oo 

8 

-90 

75 

13 

On 

8 

90 

105 

39 

Oi^ 

4 

90 

105 

90 

Ok 

4 

-90 

-15 

90 

On 

8 

-90 

-15 

39 

OU 

8 

90 

15 

13 

Mg. 

4 

ISO 

56 

90 

Mg. 

8 

0 

34 

39 

Mg. 

8 

ISO 

-45 

13 

Mg. 

8 

0 

136 

64 

Si, 

4 

36 

- 9 

90 

Si, 

8 

216 

99 

39 


6 —Conduston 

In brief, the three structures discussed above consist of alternate layers— 
parallel to the c-face—of Mg(OH )2 and Mg,Si 04 based on an arrangement of 
oxygen atoms and OH groups in hexagonal close packing The oxygen 
atoms appear to determine the dimensional relations of the umt coll whilst the 
Mg and Si atoms appear to control the pattern and therefore the cell symmetry 
Moreover the Mg,Si 04 portion possesses the olivine structure 
From the standpomt of layers, one fundamental difference lietween the three 
structures lies in the fact that whilst the Mg(OH), layer maintains the same thick¬ 
ness in all the crystals, that of the olivine layer (measured perpendicular to the 
c-face) has the ratio m chondrodite, hunute and chnohumite of 2 3 4 respec¬ 
tively (cf the formulsD MgfOH), 2 Mg,Si 04 , Mg(OH), 3 Mg 2 Si 04 , Mg(OH), 
4 Mg 2 Si 04 ) This variation in thickness affects, of course, the character of the 
atomic pattern and the distance within which this pattern is repeated For 
example, whilst the pattern is repeated withm the same length m the directions 
of the a and b axes m all the crystals, this is not so m a direction perpendicular 
to the c-face, this results in the morphotropic relations discussed earher 
A further difference between the layers of ohvine structure is that, nnhke 
those m chondrodite and clmohunute, the layers in hunute are bisected by 
reflexion planes parallel to the c-face, the difference is an inevitable consequence 
of the number of rows of oxygen atoms in each case This causes alternate 
layers of Mg (OH), in hunute to be mirror images of each other The ultimate 
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result 18 an atomic pattern of higher symmetry than obtains in chondrodite 
or clinohumite, a result achieved by moreasing the sue of the unit cell (see 
Table II), This explains the orthorhombic symmetry of hnmite m contrast 
to the monoclinic symmetry of the two other members of the senes 

In conclusion, we wish to express our wannest thanks to Froi W L Bragg, 
F R S, for his interest and generous advice throughout the course of the work 


The SUructure of Surface Fdms Part X —Phenols and 
Monoglycendes 

ByN K Adam, W A Bsbrt, andH ATubukr, 

(Communicated by Sir WiUiam Hardy, F B S —Beoeived November 3, 1927— 
Revised, November 28, 1927 ) 

In Part VIII of this senes,* the expanded films were shown to be of two mam 
kmds, the hqmd expanded films, which are defimtely coherent films having a 
small surface vapour pressure, and the vapour expanded films, which had no 
region of constant vapour pressure but passed contmuously into the gaseous 
state on mcreaaing the area 

The structure there suggested for the hqmd expanded films was that the 
molecules were m contact, the chains being coiled down in hehces with vertical 
axis, the diameter of each coil of the helix being about the same as the diameter 
of the cyclohexane nng The reason for thu suggestion was that all the liquid 
expanded films known at that time had an area at no compression very close 
to 48 sq A U, and there seemed no reason for the coincidence of area in so 
many different cases, other than that the chains, in some pecuhar configuration, 
determmed the area of the film The hypothesis however presented some 
considerable difficulties, notably in the manner m which the area decreased 
with increasing compression 

Now two senes of compounds have been found m which the areas of the 
hqmd expanded state differ widely from this ^;ure, and the hypothesis of 
coiled chains must be abandoned 

The Phenols 

Fig 1 shows the pressure-area curves of p-dodecyl and p-nonyl phenols 
The curve for nonyl phenol is the dotted one at the nj^t. Dodecyl phenol 
*‘Roy Soo. Fmo ,* A, voL 112, p. S72(1926). 
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gives s condensed film bdow 16°, the area at no oompresuon being 24*6 ±06 
sq A U, m fair agreement with the area of the condensed filwm of the longer 



phenols described m Part IV • No doubt this is the cross-section of the 
benzene nng vertically in the surface There appears to be a perceptible 
thermal expansion of the condensed film near to the expansion temperature 
The condensed film is sohd and shows some hysteresisf, if a compression is 
apphed suddenly the pressure rises and then falls slowly to a pomt rather 
below the initial value , if the compression is lowered, the pressure falls and 
then rises slowly The hysteresis is less than that of hydrolecithm, described 
m Part VIII, but is quite noticeable with the improved apparatus 
The hysteresis is puzzling, it is not clear why a comparatively simple group 
like phenol should unpack slordy from a close-packing on removing compression, 
and It IS a little surprising that on compression the final packing should not be 
taken up at onoe The compressibility shows that there is iwobably little 
re-arrangement of the heads of the molecules on compression. It is of the order 
1 per cent decrease in area for 6 dynes per centimetre mcrease of pressure, 
assuming that the phenol heads of length roughly 6 A U bear the whol. of this, 
* • Boy Boo. Froo.,' A, voL 103, jk (W8 (1928) 

t This delayed adjustmwit of ftram to stre* should perhaps be olsssifled as “elastio 
after-worldng,” not “ hysteresis.” 
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the pressure required for 1 per cent decrease is 83 megabars, which is little 
below that needed to compress benzene by 1 per cent of its volume 
The expanded films are liquid expanded They show an extremely small 
vapour pressure, about 0 01 dyne per centimetre for dodecyl phenol and 0 03 
for nonyl phenol The half expansion temperatures under 1 4 dynes are 19° 
± 2 for dodecyl phenol, for nonyl phenol some 30° lower, but this has not, of 
course, been observed The process of expansion is of the usual nature, but 
since the area of the expanded film is less, and that of the condensed film greater, 
the distances along the abscissa are shorter than usual and the transition regions 
between expanded and condensed films are steeper 
The methyl ether of dodecyl phenol gave almost identical curves and had the 
same expansion temperature withm experimental error The film has a tendency 
to collapse, like those of the longer chain phenol methyl ethers, but it has a 
greater stability than the hexadeoyl compound This is in accordance with the 
usual rule that the longer the chain the less the resistance of the film to collapse 
The area of the expanded film of dodecyl phenol, at no compression, is 37 sq 
A U , and that of nonyl phenol 39 These fnay be identical within experimental 
error, but are quite different from the 48 sq A U of the ma]onty of the pre¬ 
viously examined compounds There is nothmg unusual, except the ares, 
about these liquid expanded films, and up to S0° there is no further expansion 
beyond the slight steady increase of area with temperature which the expanded 
films always seem to undergo 

In Part VIII, hexadecyl phenol was among the compounds mcluded in the 
table of areas about 48 sq A U But with this compound the measurements 
had to be made at about 60°, because of the high expansion tempera¬ 
ture, and the unavoidable contamination at temperatures above 50° is so great 
that there is grave danger of too large areas being recorded For this paper, 
care was taken to select compounds with sufficiently short chains to make 
measurements at or about room temperature, and the areas ate probably correct 
within two units. It seems certain that the phenols form liquid expanded 
films of an area close to 38 sq A U at no compression 

TAe QL-Monoghfoendet 

Fig 2 gives the curves for a-monomynstm and a-monopalmitm, 

CxsHsiCOOCH, 


CHOH 



D^nes 
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They form both condensed and expanded films The expansion is of the usiud 
type, but the area at no compression is 70 sq A U ±3 The surface vapour 



Fio 2 

preeauro is 0 17 for mouomynstm and less than 0 04 for monopalnutm There 
IS very little change in area of the expanded films between 0® and 40° The 
transition region between expanded and condensed film is longer than usual, 
and more nearly horuontal, because the area of the expanded film is unusually 
great, but the transition region is definitely not horizontal The only respect 
in which these liquid expanded films differ from earlier ones is that the coefficient 
of thermal expansion is too small to measure 
The condensed films are liquid, though rather viscous at low temperatures, 
dust on the surface obviously does not move very easily The films do not 
pack to close-packed chains, but to the close-packed head variety of film in 
which there is no appreciable re-arrangement under compression The area at 
no compression is 26 3±06Bq AU This is probably contact of the 
glycerine heads of the moleculee, with the three carbons nearly vertically above 
each other, the attached oxygen atoms could easily account for the area being 
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some 30 per cent greater tlian that of close-packed oliaiiu The compressibility 

15 about 1 per cent decrease for 2 6 dynes per centimetre compression between 

16 and 25 dynes, if we suppose that the glycerine heads, which must be about 
4 2 A U in length, bear the whole of this compression, the pressure for 1 per 
cent decrease in area amounts to 60 megabars, which is not far short of 
the pressure required to compress most orgamc compounds by 1 per cent of 
their volume There does not seem therefore to be much re-arrangement on 
compression 

Note on the “ dose packed head *’ and “ dose packed chain ” tifpes of condensed film 

Midler* has recently found the cross section of a hydrocarbon cham, by 
X-ray measurements on crystals, to be 18 3 sq A U In the thm films on water 
the area 20 6± about 0 3 sq A U has been found with a great variety of 
heads, the long hydrocarbon cham being present m each case It has been 
supposed that the type of film in which this area occurs is one with close-packed, 
vertical, chains, for no closer packing has yet been found with the films, and 
the compressibihty of the films in this condition is so small as to indicate that 
the molecules are close-packed along a considerable length In the thin films 
there is often also another type of condensed film, m which the area is greater 
and IS determined by the nature of the heads These have been supposed to 
have the heads closely packed, and there seems no reason against this 
hypothesis Probably, with the “ close-packed head ” type of film, the area 
IS first deternuned by the packing of the heads, and then the chains, being 
flewblc, adjust themselves so as to fill the space above the close packed heads 
as completely as possible This will probably mvolve a tilt of the choms 
In many cases simple compression forces the *' close-packed head ” structure 
mto the “ close-packed chain ” one, the heads are probably tucked away into 
the recesses which must eiust m the chains It is experimentally found that 
certam bulky head groups, such as the bromo-acid, and the phenol, will not 
pack away sufificiently for the chains to come mto contact, and in some cases the 
heads form a practically incompressible structure, as with the mono-glycendes 
of this paper 

The close-packed cham structure, m view of Miiller’s results, cannot be a 
vertically oriented mass of chains packed as closely as in the crystal If the 
chains are packed as closely as m the crystal, they must be tilted at about 
27° to the vertical If, however, they are vertical they must be spaced out 
m some manner to about 10 per cent greater area than in the crystal There 
♦ • Roy Soo Proo,* A, toL 114, pw 689 (1927) 
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18 no direct evidence to decide which alternative is correct It is possible that, 
bj carefully ro-measuAng each senes of compounds which has been thought to 
give the same close packed cham type of film, the mean area of which is 20 6, 
differences might bo found characteristic of each senes, and with the new 
apparatus now in use it is possible with great care to obtain results to 2 per 
cent accuracy in areas. If such differences are found, the films formerly called 
“ close-packed chains ” will have to be considered as havmg the heads only 
packed as closely as possible, the chains being shghtly tilted Further work is 
requu*ed on this pomt 

Strudure of the Ltqutd Expanded Films 
The coiled cham theory mentioned above becomes untenable with the wide 
range of areas now known 

To account for the area by a tilt of the molecules, a tilt of about 75° to the 
vertical would give an area of 70 sq A U, and one of 67}° the area of 48, assuming 
that the very much tdted chains are packed as closely as are the vertical chains 
in the condensed films The assumption is so uncertam that little weight can 
be attached to such estimates of the degree of tilt 
The puzzle is, why should the molecules find a stable state of the films at one, 
and only one, tilt of the chains ? 

Forms of the tilted chain theory of the expanded films have been discussed 
recently by Langmuir* and Garner f It has been suggested that if the tilt 
18 uniform, we should except solidity in the expanded films, whereas these films 
are always liquid The argument is not conclusive, because very often 
condensed films, with the molecules close-packed and nearly vertical, are liqmd 
Langmuir’s theory is that there is no defimte tilt but that the chains are m 
constant motion, similar to that of chains in a hydrocarbon liquid, except for the 
more or less considerable restriction imposed by the necessity of keeping the 
heads m the water At present we see little evidence either for or against this 
view, or that of a defimte tilt 

Langmuir also suggests that the expanded film is a kmd of compromise between 
the condensed state and the gaseous, the heads tiding to make the film gaseous 
and the chains to retam the molecules cohering We think the evidence avail¬ 
able 18 against this view, for the heads seem to make a considerable contribution 
to the lateral attraction between molecules, both in the condensed and the 
expanded states Some idea of the magnitude of the lateral attraction between 
*“8rd OoDdd Symp p. 72 (1925), “(Mold Clhemit^,’’ ed. Alexander, 

voL 1. p 543 (1926) 

t ‘ Thuu. Faraday Soo.,’ voL 22, p 498 (1926) 
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heads m the condensed iUms can be obtained by oonsidenng the expansion 
temperatures, with a constant length of chain, the greater the contribution 
to the adheuon made by the heads, the higher will be the expansion tempera* 
tore In the expanded films, the cohesion can be estimated roughly by the 
degree of departure from the gaseous condition. There are a few cases whore 
a condensed film expands mto a gaseous film with but little cohesion, others 
form “ vapour expanded ” films, which pass on diminution of pressure mto 
gaseous films without discontinuity, others form bquid expanded films, where 
the cohesion is sufficient to form a separate surface phase The following table 
shows that, as a general rule, those films which have the low expansion tempera¬ 
tures form vapour or gaseous films when expanded Since the differences are 
only in the nature of the heads, the contnbution of the heads to the lateral 
adhesion between molecules must be of the same nature in the expanded as in 
the condensed states, and the influence of the heads m the condensed films is 
very marked Hence probably the heads contribute substantially to the 
cohesion m the expanded state 


Table of expansion temperatures and states of expanded films Cham CieHg, 
m each case Temperatures of half expansion under 1 4 dynes per 
centimetre 


HubtUnne 


Jlcsd 


Maixfuio aoid (on N/10 NaOH) 


COONa 


Hexadeoyl aootate 
a bromoBtrano aud (on H('l) 
Kthvl margarato 
Methyl margarate 
Hexamyi methyl ketone 
Margario acid (on HCl) 
Margario aldozime 
Margario amide 
Heptadecyl alcohol 
Hexadocyl phenol 


OOO CH, 
CH.BtCOOH 
COOC.H, 
OOOCH, 
COCH. 
(X)OH 
CH MOH 
CONH, 
CH.OH 
C,H,OH 


Temperututv 

8Ute 

ta 2 

G 

20 

V 

22 

L 

23 

V 

•M 

prob V 

U 

V 

17 I 

L 

42 


41 

L 

W 

\. 

6S 

\. 


G - gaaeoiu film V »= vapour expanded-—in all thoae ca«ea there w much oohomon m th® 
vapour expanded ftlma near the expanxion temperature 1. -> liquid expanded 


The bromo-acids are the only substances which are out of place m the table 
There is a quite probable reason for this, for the bromine atoms keep the chains 
a little spaced out beyond their closest packing, so that though the lateral 
adhesion between heads may be large m the condensed state, the chains may 
exert less than their normal adhesion, and consequently the expansion tempera¬ 
ture is lower than would be expected from the other members of the table. 
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Thu influence of the bronune atoms would not bo so large, if present at all, lu 
the expanded films, owing to the tilt of the molecules 
The table u not fiinal, as the observations on the state of the filmw are not yet 
very numerous, sometimes the observations have had to be made on a sub¬ 
stance of rather different chain length from that of the table The exterpolation 
as regards expansion temperature u probably always correct to 3 “, in the case 
of the state of the films, observations are available on one member of the senes, 
and there is the rule now established on about eight series, with a moderate 
vanation of chain length, that if one member of the senes has a given state of 
expanded film ]U8t above the expansion temperature, all the others have the 
same state near their expansion temperatures 

The evidence seems to warrant no more than saying there is either a dehmto 
and uniform angle of tilt at each stage of compression of the expaniled films, 
or a motion of the molecules through various angles of tilt, which is equivalent, 
averaged over time and in its effect on the area, to a single angle of tilt 
It 18 not elcar, from the structure of the molecules, or the probable contour of 
the fields of force, why there should bo just one stable position of tilt between 
the vertical and horizontal onentations Neither is it obvioiu what direction 
future research should take m order to discover the line details of structure of 
these films, or the cause of their existence 

Preparation, and Identification of Material 
The phenols w ere prepared by a slight modihcntion of the methoil employed 
jn Part IV of this series * The purified acid was converted into the aciil chloride 
and condensed with anisolo in the presence of aluminium chloride The ketone 
so formed was reduced wth amalgamatiHl rinc and hydrochloric acid according 
to Clemmensen’s method This gave a derivative of anisolo with one long chain 
in the nucleus The position of this chum m relation to the methoxyl group 
was not determined in the two cases of this papiT , but certainly it is practically 
a para orientation, since Krafft has shown that the hexadecyl phenol identical 
with the one described in Part IV is para, that the ketone made with palmitic 
acid is also para, and in addition it is practically always the case that the acyl 
groups enter in the para position to the methoxyl groups in the Pnedel Crafts 
reaction 

Finally the long chain substituted anisole was boiled for several hours with 
concentrated hydnodic acid, to remove the methyl group, and the phenol 
remauung was distilled »« vacuo, after washing p-dodecyl anisole mdted at 
• ‘ Roy 8 oo IToc ,* A, voL 103, p 078 (1923) 

2 O 
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27-28®; jHlodeoyl phend at 64‘6-66*6® AaalyBia gave C «= 82 21 per ee«t, 
H =s 11 60 per oeot ., theory 82 37 per cent and 11 63 per cent 
The p-nonyl anieole was not purified p-nonyl phenol melted at 38-40* 
C n 81 64, H » 10 96 per cent , theory 81 75 per cent and 10 99 per cent 
The a-monogylcendes vere prepared by the action of the acid ohlondea m 
pteeenoe of quinoline on acetone (^yoenne according to Fieoher’a method, and 
subeequently hydrolyau of the acetone compound of the monoglycende by acid.* 
We found a-monomyrutm melting point 70-71®, C — 73 78, H = 10 66 per 
cent, theory 73 86 per cent and 10 42 per cent Hydrolysu with N/& alcoholic 
eoda gave the total mynstic acid 76 6 percent (theory 76 6), titration showed 
an inapj»eciable amount of free acid (sensitivity 0 4 per cent) 
a-monopalmitm melting point 76-77®, Fischer’s value 78-79® Hydrolysis 
showed 77 6 per cent total palmitic acid (theory 77 6), free acid was inappreci¬ 
able (sensitivity 0 24 per cent) 

Modifications of Teekmque 

Some slight modifications have been made in the apparatus with tomon 
wires for measuring surface pressure, which do not affect its working but simplify 
its construction and use The silk or silica fibres connecting the float to the 
framework (“ miorobalance ”) mounted on the upper torsion wire, and to the 
mirror, have been replaced by very fine silver wires soldered on Wures of 0 04 
mm diameter stand ordinary working conditions for a long tune, wires of 0 03 
mm break rather frequently on the apparatus used for measurement of the 
higher pressures They can be soldered without serious difficulty 
The gold nbbons at the ends of the float have been replaced by platmum, 
which u far easier to solder, as the gold dissolves, if the iron is applied a second 
too long 

The mampulation has been simplified by always setting the dial to aero 
before taking a reading Three aero adjustments have been used, in decreasing 
order of coarseness, first, nder weights on the " miorobalance ” arm, second, 
turning of a torsion head on the lower wire which carries the mirror, third, 
raimng or lowering the scale on to which the spot of li^t from the mirror is 
thrown, by rack and pmion, till the light spot is on a defimte mark with the dial 
at aero The last two adjustments take together only a few seconds To 
eliminate unnecessary calculation the coarser instrument has been graduated 
to read dynes pa oentunetre directiy, the graduation can be verified m a 
mmnte «r two and remains practically constant. The sdulkons are usually 
* ‘ 6«r. dmt Ohsm. Cks.,’ voL 6S, p. 1606 (lOlOy. 
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iDAde up BO that the scale leadings m ceutimetra are also areas per 
m square A U, with 20 drops from the fine pipette Leaks past the ftnHa of the 
barrier and of the ribbons may occur, they are found by putting on a film under 
compression and dusting the suspected spot, any escape of the film is at once 
made visible by the movements of the dust To stop leaks, the water is led up 
by a fine pomt until the crack m the bamer system is entirely submerged, and 
once stopped in this way, the leaks never seem to recur, unless the apparatus is 
moved 

Wo are much mdebted to Messrs J Crosfield & Sons, Ltd, for a gift of pure 
fatty aoids 


Sunmary 

Two senes with liqmd expanded films of area (at no compression) different 
from 48 sq A U have been found, the phenols of 39 and the a-monoglycendes 
of 70 sq A U The hypothesis of coiled chains for the liquid expanded films 
cannot therefore be maintamed The possibilities of tilted molecules are dis¬ 
cussed and the evidence found inconclusive m favour of any specific form of a 
tilted molecule theory, although all forms appear possible 

Since the heads appear to contnbute to the cohesion m the expanded films, 
Langmuir’s theory that the chains hold the films together against a disruptive 
force exerted by the heads appears incorrect 
The monoglycendes form condensed films with dose-packed heads, not 
appreciably re-arranged by compression, area 26 3 sq A U at no compression. 
Mtiller’s suggestion that the chains arc tilted is not incompatible with the 
theory of close-packed heads 

The condensed film of dodecyl phenol shows elastic after-working on 
compression and decompression. 
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By T R Merton, F R S 
(Received Novembet 29, 1927 ) 

There are a number of spectra which are seen under appropriate conditions 
of excitation in vacuum tubes contaming helium with a small trace of some other 
gas, but which are difficult to isolate under other conditions In particular 
the arc spectrum of carbon* and the band spectrum known as the comet tail 
spectrum can be observed very favourably under these conditions This latter 
spectrum, which is characteristic of the tails of comets, was first observed m 
the laboratory by Fowlerf in carbon monoxide at very low pressures, and 
recent analyses of the spectrum leave no doubt that it is to be attributed to 
the carbon monoxide molecule In the course of the mvestigation of this 
spectrum m vacuum tubes containu^ heliumj; some very peouhar types of 
stnated discharge were observed, and further inveshgation leads to the con¬ 
clusion that these strue are of a very special type and are qmte different to those 
which are usually observed in vacuum tubes They exhibit certain peouhanties 
which may perhaps justify the suggestion that this type of discharge is akin 
to the rare phenomenon known as ball lightning The stnee usually observed 
m vacuum tubes may be classified as stationary and moving strue The former 
have been observed smce the earliest investigations of the electnc discharge 
m gases at low pressures, and their appearance and behaviour is so well known 
as to need no descnption The moving stnations, first observed by Wullner,§ 
have recently been the subject of more critical investigations by Aston and 
Kikuchill and Whiddington,^ who by the apphcation of stroboscopic methods 
have observed in pure gases stnations moving with velocities of from 10* to 
10* cm per second 

More recently Langmuir** has deacnbed a peculiar type of streamer discharge 
which he has observed in argon contaimng a small amount of tungsten vapour 
which was introduced by the sputtenng of a tungsten filament Whilst the 

* Merton and Johnson, ‘ Roy Soo Proo A, vol 103, p 383 (1023) 
t‘MNR Ast Soo,’vol 70, p 484(1910) 

I Merton and Johnson, toe eU 

I ‘ Pogg Ann ,’ Jubelband, p 32 (1874) 

II ‘ Roy Soo Proo ,’ A, vd 98, p 60 (1921) 

^ ‘ Proo. Roy Inst,’ p 1 (1928) 

** ‘ Sdenoe,’ vol 60, p 3M (1824) 
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j^enomena deaonbed by Langmtur bear a certain resemblance to those descnbed 
in the present communication, inasmuch as in both oases the formation of a 
particulate cloud has been observed, the conditions of experiment are so 
different as to make it almost oertam that the phenomena are different in origin. 
Langmuir’s observations were made with a direct current discharge, using an 
electrically heated tungsten hlament as the cathode, and the streamer dis¬ 
charge observed by him was very sensitive to weak magnetic fields, whilst the 
disc discharge which has been the subject of the present mvestigation can only 
be maintained with an alternating current discharge, and is entirely unaffected 
by weak magnetic fields 

The discharge tubes used m the present mvestigation were provided with 
tubes of about 20 mm bore and from 20 to 40 cm in length m place of the usual 
capillary Electrodes of carbon were used, and side tubes blown out into small 
bulbs containing phosphorus pentoxide, caustic potash and potassium per¬ 
manganate were attached A palladium regulator was sometimes used for the 
removal of any excess of hydrogen In the case of tubes fiilled with helium, 
purification was effected by means of charcoal cooled with liqmd air, and 
tubes filled with neon and argon were freed from diatomic impurities by means 
of side tubes provided with magnesium electrodes When a heavy discharge 
was passed between these electrodes, all diatomic impurities excepting hydrogen 
were rapidly absorbed The phenomena can be observed over a faurly wide 
range of pressure, but a pressure of from 30 to 40 mm of mercury seems to be 
most favourable 

Hehum tubes when prepared m the manner described above show at first 
the Angstrom carbon bands and the Swan bands with the line spectrum of 
helium, but after prolonged runmng and heating of the palladium regulator 
these bahds are replaced by the comet tail spectrum, and at an intermediate 
stage the triplet system of bands* is generally seen At a certain stage there 
IS sometimes a magmfioent display of strue which wave about in an irregular 
manner, sometimes rotating about the axis of the tube, and are obviously m 
a very unstable state It u worth recording that when condensed discharges 
are passed through those tubes there is a “ clean-up ” of diatonuo gases It 
may be mentioned that if a tube with carbon electrodes is filled with mtrogeu 
ftnH excited with an unoondensed discharge, the mtrogen is rapidly absorbed 
and a brown film, presumably of paracyanogen, is formed on the glass round 
the electrodes A state is reached at which tiie hehum tube, when excited by 
the uncondensed discharge from a high tension transformer fed with alternating 
* Merton end Jduuon, foe. e$t 
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current at 50 oyolea, shows an almost uniform green glow, the speotnun of which 
consists of the comet tail bands, a feeble Ime spectrum of helium and faint 
Swan bands With currents of mod^ate mtensity this state of affairs will, 
as a rule, persist without any apparent change for a long time, but it is possible, 
either by mtroduoing a condenser and spark-gap into the oircmt or sometimes 
by a sudden variation of the current, to start a disturbance which gives nse to 
an entirely different type of discharge It has been shown that a condensed 
discharge under these conditions gives nse to the band spectrum of helium 
and the arc spectrum of carbon By means of a suitably designed switch the 
uncondensed discharge could be rapidly changed over to the condensed dis¬ 
charge and back again to the uncondensed discharge After this has been 
done several times, the glow m the tube becomes irregular, and bnght yellow 
patches, showing the helium spectrum bnlliantly, are seen The patches form 
a rather irregular spiral down the length of the tube, but as a rule disappear 
a short time after the condenser and spark-gap have been cut out After a 
time a stage is reached at which, m place of the irregular spiral patches, a 
symmetncal disc, sometimes 10 mm m thickness, seems to gather together 
rather suddenly after the condenser and spark-gap are out out, and after showing 
at first some tendency to wander about the tube ultimately settles down in 
some fixed position The disc sometunes will persist for as long as 10 minutes 
before breaking up and leaving the uniform green glow which was at first seen 
in the tube A number of these discs are frequently formed in a long discharge 
tube, but this state of affairs does not appear to be so stable, and the discs either 
break up or more often join together to form a single disc The union of two 
discs IS a very stnkmg phenomenon and mvanably follows the same course 
The two discs slowly approach one another and are suddenly replaced by a 
group of bnght longitudinal streamers, usually about 20 mm m length, which 
rotate about the axis of the tube for some time and are then suddenly replaced 
by a single disc These phenomena are of quite regular occurrence, but there is 
another type of stna which is occasionally seen, namely, a single narrow longi¬ 
tudinal band which rotates round the axis of the tube The bnght groups of 
longitudinal stnse, which are always formed for a short time when two discs 
umte, can be made more persistent if the spark-gap is closed without tokmg 
the condenser out of the curcuit Under these conditions, by a careful regulation 
of the current, either the longitudinal groups or the discs can be mamtamed, 
the latter being formed at higher current densities 
The spectrum of the discs differs in two respects from that of the green glow 
The hehum bnes, which are feeble in the green glow, and the comet bands are 
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very bnght in the disoB, but the Swan bands can only be seen m the green glow, 
being entirely absent in the discs 

Prof R W Wood has suggested to me that, as in the case of Langmuir’s 
experiments, an examination with a powerful beam of light nught be of value 
A beam of sunlight, with the aid of a heliostat and a large aperture lens, was 
brought to a focus m tho tube It was at once apparent that the sunhght was 
scattered strongly m the neighbourhood of the discs, the scattered light being 
almost sky blue m colour, and examination with a Nicol pnsm showed that it 
was almost completely polansed There can be very little doubt that this 
scattering is due to very small particles of carbon, and the discs 
seem to be surrotmded by an envelope of these scattenng particles 
Under favourable conditions the blue light scattered by the cloud 
may be visually almost as bnght as the green glow, in which there 
IS no perceptible scattenng The scattered bght can as a rule be seen 
for some time after the discharge has been cut off, and this method has 
revealed another mterestmg fact When the discharge is m the condition m 
which there are groups of longitudinal strue rotating round the axis of the tube 
(or better still the single rotating longitudinal band), these strue also show power¬ 
ful scattering, and on switching off the discharge it is seen that the longitudinal 
streaks of scattered bght, which persist bke ghosts of the strue, contmue to 
rotate The same effect has occasionaUy been seen in the case of very small 
discs which do not fill the entire tube, but rotate round the axis This shows 
that the rotation is not simply duo to a change in the path of the discharge but 
that the gas itself is set in motion 

The structure of the discs is not uniform They have a rather bnght core 
and the central section seems to be rather bluish m colour, the outer parts 
being a light salmon pink An examination of the discharge has been made by 
two stroboscopic methods In the fimt method a disc provided with narrow 
slots was mounted on a synchronous motor which was dnven from the same 
source of alternating current as that which suppUed the high tension trans¬ 
former, thus enabling observations to be made at any desired phase It was 
found that the discs became narrower at maximum and widened out with a 
slight minimum m the centre as zero phase was approached, and there was no 
perceptible afterglow at zero phase This is m harmony with the observation 
that if the current was switched off for more than a fraction of a second, the 
diHp. did not reappear on turning it on again, but with a short mterruption of the 
current the dim» would sometimes re-form itself from a diffuse region of lummosity 
which rapidly contracted to the normal condition of the disc An ezaminatwn 
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with a rotating mirror has confirmed theee obaervatiorui and has revealed the 
fact that, in addition to the stationary dues, there are rapidly moving stnations 
throughout the tube, sinular to those observed by Aston [loo cU) and by 
Whiddington (loc at ), but these are very famt m comparison with the discs 
Mr A C G Egerton, F R S, has kindly allowed me to repeat some of these 
observations m his laboratory with a transformer operating at 600 cycles 
Under these conditions the discs are much thinner, m harmony with the observa¬ 
tion that they tend to spread out towards zero phase 

It IS well known that the stnations usually observed m tubes containing air 
and many other gases are very sensitive even to weak magnetic fields, and that 
when a permanent horseshoe magnet is brought near one end of such tubes, 
the stnsB along the whole length of the tubes are displaced Under similar 
conditions the discs are unaffected, and a magnet brought nght up to the tube 
where the disc is situated produces no noticeable change in its appearance 
On the other hand, if a piece of earthed metal foil is wrapped round the tube, 
the discs tend to settle inside it 

Investigations with unidirectional discharges have thrown a good deal of 
light on the mechanism of the disc discharge A commutator was fitted to the 
synchronous motor, and by a suitable arrangement of brushes the high tension 
alternating current from the transformer could bo made umdirectional A 
change-over switch was arranged so that the disc could be formed in the usual 
manner with the alternating discharge, and then by throwing over the switch 
the current could be mode umduectional This is a very stnking experiment 
On throwing over the switch the disc breaks up and at the same time moves 
towards the anode so rapidly that its motion can be barely followed by eye, 
and m the course of 10 or 10 seconds it is seen that practically the whole of the 
volatile carbon compounds have migrated to the cathode end of the tube, the 
anode bulb and about two-thirds of the positive column, showing practically 
nothing but the line spectrum of helium That this localisation of the spectra 
IS not due to the changed electneal conditions but to an actual transfer of the 
carbon compounds is shown by the fact that it persists for some considerable 
time after the discharge has again been made alternatmg, and, indeed, until the 
gases have again become mixed by diffusion It has been known for many 
years that migration of gases occurs under certain conditions m the electno 
discharge, but the extreme rapidity of the effect m these tubes, considering that 
the pressure is in the neighbourhood of 36 mm of mercury, is very stnking 
The disc can be made to travel down the tube with any desired velocity by 
connecting a number of accumulators m senes with the high tension alternating 
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conent, thus giving the current a certain bias m one or the other direction. If 
the aooumulators are thrown in after the stationary disc has been formed m 
the usual way, the disc immediately wanders ofi m the direction of the anode, 
Its velocity depending on the voltage apphed With a bias of as httle as 16 
volts It moved slowly but definitely, and with 100 volts its motion was qmte 
rapid 

A large number of mixtures of gases have been investigated, but in no other 
case excepting that of a neon tube provided with carbon electrodes has the 
disc discharge been observed, and m this case it was only observed four times 
for a few seconds The results obtamed with neon and argon tubes with 
carbon electrodes are of some mterest The tubes were exactly similar in con¬ 
struction to those used in the case of hehnm The comet bands appear rather 
feebly in neon but cannot be observed at all in the argon tubes * 

In neon it is very rare that the conditions necessary for the production of 
the disc discharge are realised, though on four occasions after passing the 
condensed discharge the discs formed for a few seconds when a very heavy 
current was used On one of these occasions it was possible to make the 
observation that the discs moved to the anode when the current was made 
unidirectional As a rule the appearance of the discharge in neon and argon 
18 quite different, and m neither of these gases has any fog been observed The 
most usual type of discharge in neon after the condensed discharge has passed 
for some tune is that of a pair of filaments, one starting at each pole and ter¬ 
minating in a bright ball about a centimetre from the other pole Sometunes 
more than two filaments are formed, and in argon there are generally two or 
three filaments starting from each pole These filaments seem to wander 
about aimlessly but avoid one another On bringing up a horsehoe magnet it 
IS seen that the filaments starting from one polo are dofloctod in one direction 
and those starting from the other pole in the opposite direction, showing that 
some filaments convey one half of the cycle and the others the other half 
This has been confirmed by stroboscopic investigation In both qeon and 
argon, as in the case of helium, there is a rapid migration of the carbon com¬ 
pounds to the cathode when the discharge is made umdirectional It may be 
mentioned that in hehum containing a trace of nitrogen a similar migration of 
the mtrogen is observed With other gases the effect is not conspicuous 

A theoretical treatment of all these phenomena cannot at present be given, 
but a discussion of oertam mam features may be attempted In the first place 

• Jiduuon Cameron, ‘ Roy Soo ProoA, vol 100, p 105 (1924), Cameron, ‘ Phil 
Itfag vol 1, p 406 (1920) 
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the formation of the carbon fog eecms to present no theoretical difficulty Direct 
observation shows that the discs contain a high concentration of excited hehum 
atoms, and it may be presumed that these have the energy necessary to deoom' 
pose, by colhsions of the “ second kind,” the carbon monoxide molecules It 
IS to be presumed that very few, if any, neon or argon atoms acquire sufficient 
energy to accomplish this In the second place the migration of the carbon 
compounds to the cathode can bo accounted for by a ssu m ing that these molecules 
readily lose electrons, but only rarely acquire a negative charge, resulting m a 
general migration to the cathode The explanation of the disc discharge is 
not so obvious, but it is probably closely related to the migration of the carbon 
compounds 

The spectrum of the disc shows that it is a region of much higher potential 
gradient than the rest of the positive column, in which the luminosity is feeble 
and the Swan bands are seen in addition to the comet bands and weak hehum 
hues One of the tubes had a short piece of fine tungsten filament sealed in 
the wall of the tube and extending across the tube perpendicular to its axis 
With a rather heavy current it was soon that the filament was heated to visible 
redness when a well-developed disc passed over it Experiment shows that 
something in the nature of a cataclysm is needed to establish the disc at all, 
but granted that it is once formed its maintenance may perhaps be accounted 
for by assuming that the steep potential gradient m the disc is due to a scarcity 
of carbon monoxide molecules m this region, and that this scarcity is kept 
up by the fact that any molecule that strays into that region at once loses an 
electron and is shot out towards the cathode for the time being We now see 
why the direct current bias superposed on the alternating current causes the 
disc to travel towards the anode, since the removal of carbon monoxide mole¬ 
cules IS more effective in one direction than the other The part played by the 
formation of the carbon fog is not quite clear, and whilst it is an experimental 
result that the disc discharge has only been observed regularly where a carbon 
fog 18 formed, it is not certain whether the formation of a particulate cloud is 
essential to the disc discharge or whether it merely makes it easier to produce it 
in the laboratory The discs observed are certainly regions where cbA tninal 
decomposition is taking place Prof F A Lmdemann, F R S, has pointed 
out to me that a considerable amount of energy is absorbed in the formation 
of a particulate carbon fog, and this may well have some effect on the ease with 
which the phenomenon can be produced The disc discharge is moat readily 
obtained with rather powerful discharges, and on the few occasions that I have 
seen it m neon, currents of the order of 0 2 ampere were employed One mi ght 
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perhaps suppose that with suflaoiently powerful discharges the disc discharge 
mi|^t be formed m other gas mixtures, and it is very temptmg to speculate that 
the rare phenomenon known as ball lightning is an example of a single disc 
descending from a charged cloud to the earth. If, for example, the disc gave rise 
to a copious supply of mtrogen atoms, m place of the carbon fog observed in the 
laboratory, the damage which is said to occur when ball lightnuig encounters 
material objects would be accounted for 


The Restored Electron Theory of MHals and Thermumto FormidcB 
By R H Fowler, P R.S 
(Received December 6,1927 ) 

In a recent paper* Sommerfeld has completely reinstated the electron theory 
of metallic conduction and other thermo-electno effects m good conductors 
by applying the Fermi-Dirac statistics to an atmosphere of free electrons m 
the metal, of a concentration of the order of one per atom It is the purpose of 
this note to call attention to an apphcation of this theory which Sommerfeld 
does not discuss, namely, the calculation of the density of evaporated electrons 
in equihbnum with the heated metal f This calculation, of course, bears on the 
well-known formula for thenmomo emission and gives it a form on which I 
wish to comment 

It IS for some reasons desirable to establish the vapour-pressure formula on 
the new basis without particularised assumptions as to the mechanism of 
emission and absorption of electrons To do this we have only to consider the 
equihbnum state of an assembly of electrons in two phases—one a volume out¬ 
side the metal m which the energies of the electrons are the charactenstics of 
the Sobrddmger waves proper to such an enclosure in which the potential energy 
of an electron is zero, the other a similar volume inside the metal, with similar 
charactenstics, but now, of course, all diminished by a large (constant) negative 
potential energy Xo- Outside the density is low and the d^neracy is negligible, 
BO that we have (practically) classical distnbutions Inside the electrons are 
almost tight-packed and the degeneracy is of do minant importance It follows 

* Sommerfdd, ‘ Natorwiss,’ p 826 (1027) 

11 have teoently learnt that this appUcation too wlU be oonaideied by SommecMd in a 
more detailed aoooniit of this theory now in ooutm of pablioation. 




550 


B. R Fowlar. 


at once by the usual statistical arguments* that if N is the average number of 
electrons in either phase, c, the charaotenstios and g, the weights for electrons 
in that phase, then 

N = fi ^ log (1 + lie-**/") (1) 

In this equation p is a parameter equivalent to the thermodynamic partial 
potential of the dectrons In all cases g, = 2, the number of orientations of the 
electron, but we shall retain the symbol g for ease of comparison with 
Sommerfcld, since he omits it and takes ^ = 1 In the vapour p is small and 
we have, if ti/ is the equilibrium concentration there, 

, 2 , 

In the metal pc**/" ig large [m fact log p + Xo/^T is itself largo] and we have, 
if n IS the equilibrium concentration, 

- ^ ^^ [|(1^ + I(1^ (S) 

Terms of order {log (ps**/")}-®/* have been omitted m (3) The equilibrium 
state 18 characterised by the same value of p m all phases, so that, solving (3) 
for p and inserting in (2), we find 
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Formula(6) differs from those recently usedmthenniomctheoryt mtwo ways, 

by the factor g (= 2) and the extra term m the exponential The latter is 
equivalent to takmg account of “ the specific heat of electricity ” Sommerfeld 

• For the development ci these fonnulw, see Dirso, ‘ Roy Soo ProoA, vol 112, p 661 
(1926), Pauli, ‘ Zeit fttr Phys ,’ vol 41, p 80 (1927), Fermi, ‘ Zext fttr Phys vol 36, p. 
902 (1926), Fowkr, ‘ Roy Soo Proo,’ A, vol 118, p 432 (1926), ‘ M N R A.Svol 87, 
p 114(1926) 

t S6^ for example. Dnshman, ‘ Phya Rev.,’ vd. 21, p 623 (1928), • Th, 

Emlaaion of Eleotiiolty from Hot Bodies' (1921) 



Electron Theory of Metals 551 

has altaady diBOUssed tihis, and shown that the value given by the theory is in 
good general agreement with the observed values It is small and need not be 
further analysed here, beyond recording that, as o is an equilibnum property 
of the metal, and terms depending on it are perhaps most simply obtamed, as 
here, by direct calculation of the thermodynamic functions 

The occurrence of the extra factor 2 (g) in (6) is of some mterest, and has not 
been previously noted, though its presence must have been suspected by many, 
ever smee the spinning electron was mtroduced If we apply the usual argu¬ 
ment about the equahty of rates of emission and rcabsorption m the cquiUbnum 
state, the thermionic saturation current denved from (6) is 

I = (1 - r)T*e-x/« 

where A has the usual value* 

. 2nA^c 
A=-^. 

c being the electromc charge The numerical value of A when the current is 
reckoned in amperes per square centunetro is sufficiently nearly 60 The 
fraction of electrons reflected out of those mcident on the metal from the gas 
phase IS r, and r may depend on the temperature 
It has been found that the best determinations of the electromc emission for 
the metals tungsten, molybdenum, tantalum and platmum (and probably others) 
«n a very pure state agree very well with this value 60, that is, with making 
jr (1 — r) = 1 The emission observed, however, from metals affected by sur¬ 
face impurities, e g , csesiated or thonated tungsten fllaments and many of the 
oxide-coated fllaments used in Wehncld cathodes, do not agree with this value, 
but require smaller values, as small, perhaps, as 3 amperes per square centimetre 
I refer only to emissions which have been properly observed and analysed over 
a wide temperature range, so that the form of (7) with r constant is known to 
hold sufficiently exactly It has always been to me an unsatisfactory feature 
m the theory of this effect that agreement was ever reached (on the older theory) 
with a value of the reflection coefficient r practically zero Direct experiments 
to determme r, so far as these can be rehedon, never suggest a zero reflection, 
but rather a reflection of the order of J f Moreover, adnutting tlie extreme 
sensitivity of thermionic effects to the nature of the surface layer, it is still 
unreasonable to expect a vanation of r over almost the full range 0 to 1 with the 
nhAiiging nature of the surface The present theory is far more satisfactory 
* Duihman, he cU. 
t Biohaidwm, foe ctl, pp S6,170 
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m suggesting that the Tninimnm value of r is about occumiig for perfectly 
clean metallic surfaces The maTiTniim remains as before at 1 The minimum 
18 then in full accord with direct experiment • 

The argument of the foregoing paragraph has been presented as if the observed 
vanations in the constant A' of the equation for the current 

I = A'T*c->^« (9) 

were to be mterpreted directly as variations in the reflection coefficient of the 
surface It is assumed, of course, that the current is known to be accurately of 
this form I do not know if any other writers have ventured to comnut them¬ 
selves exphcitly to this view I beheve it to be certainly correct The mam 
object of this note is to present this view and suggest that it is of some impor¬ 
tance Changes of A' due to surface films are almost invariably connected with 
changes in x m a way which can be accounted for theoretically 
To make this further progress m themuomc theory it is necessary to consider 
the mechanism of the reflection process, and a discussion of this mechanism on 
simple assumptions seems now to be possible, using quantum mechamcs and the 
electronic theory of the metal reinstated by Sommerfeld In a paper now m 
course of pubhcation Nordheimf has shown how to derive formula (7) by con¬ 
sidering the numbers of electrons mcident on the discontmuity or sharp gradient 
of the potential at the boundary of the metal, and their reflection coefficient 
there But he has gone farther by actually evaluatmg the reflection coefficient 
byastudyof the behaviour of the plane Schrodinger-do Broglie wave representmg 
the electron when it falls on a plane of discontmmty or sharp gradient in the 
potential If the nee m the potential energy of the electrons takes place m a 
single clean step at the surface, as might be expected for an uncontaminated 
metal, then the theoretical reflection coefficient is of the order of ^ If, then, the 
surface is contaminated and this is represented by a thin layer in which the 
potential gradient is reversed so that the complete step from inside to outside is 
diminished, the coefficient (1 — r) is also diminished, it may be in smtable 
cases by a large factor, just as the observations show One must not press the 
numcnoal agreement as, of course, the problem has been over simplified by 
abolishing the atomic structure of the metal A complete discussion will be 
found m Nordheim’a paper 

* In oertom oaaea where the soifsoe film la more eleotro poutive than the pnmaiy metal 
values of A' appear to be obtained from the form (9), which are greater than ISO Snob 
values, if substant i ated, must be aoooanted fw somewhat differently 

t Nordheim, • Zeit far Phys'(m ike fVsss) 
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Gaseous Combustton at High Pressures Part IX —The Infiuence 
ctf Pressure wpon the "Explosion Limits" qf Injlammohle 
Gas-Air, etc., Mixtures 

By William A Bonb, D So , F R S , D M Nkwitt, Ph D , and 
C M Smith, B So 

(Received November 24,1927 ) 

Introduction 

It has long been known that for mixtures of any particular combustible gas 
and air (or oxygen) there are, under given ph 3 r 8 ical conditions, certam limits 
of composition withm (but not outside of) which self-propagation of flame will 
occur mdefinitely after igmtion has once been effected These hmits, usually 
referred to as the “ lower ” and ** upper ” limits of mflammabibty, respectively, 
at given temperature and pressure vary somewhat (i) with the position of the 
source of igmtion, since the progress of the flame may be assisted or retarded 
by convection currents according as it has to pass m an upward, horizontal, or 
downward direction, and (ii) according to the size and matenal of the contain¬ 
ing vessel 

It has also been established during recent years that what may be termed the 
“ range of inflammability '* of mixtures of any particular gas and air (oxygen) 
IS widened when the temperature is raised Thus, for example, according to 
H Q White, the “ ranges of inflammabihty ” for downward propagation of 
flame at atmospheric pressure of gas-air mixtures steadily widen with increasing 
temperature,* eg — 


CombutiUe gas. 

Hydrogen 

Carbonic oxide 

Methane 

Tem^ “ C 

Per cent 

Per cent 

Feroent 

0 4 to 71 0 

16 3 to 70 0 

6 3 to 18 9 

100 

8 8 to 73 6 

14 8 to 71 6 

6 96 to 13 7 

800 

7 0 to 76 0 

13 5 to 73 0 

6 60 to 14 6 

400 

6 3 to 81 6 

11 4 to 77 6 

4 80 to 16 6 


Comparatively bttle, and that less certainly, is known about the influence of 
pressure upon such “ limits of inflammabihty,” because until qmte recently 
little or no work had been done at mitial pressures higher than about 10 atmo- 
* ‘ Trans. Ohem Soo., ’v«d 127, pp 672-84 (1926) 
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spheres, and even so the available data have been insufficient for a proper 
judgment of the matter 

In the year 1914 Terres and Plentz* found that the “ ranges of ezplosibility ” 
of mixtures of air with hydrogen or oarbomc oxide, respectively, were narrowed 
at each end on increasing the pressure (at room temperature) from 1 to 10 
atmospheres In the case of methane-air mixtures, however, an opposite effect 
was observed, the “ range of explosibibty ” widemng shghtly with said pressure 
increment, in the sense of the “ higher ” limit being raised a little more than 
the “ lower ’’ Their data, which referred to downward propagation of flame 
at room temperature m a closed cyhndncal iron vessel, 37 cm long x 8 cm 
diameter, were as follows — 



Pzploaion range 

IVroent oombnsbUfi gaa at 


1 atmoapheve 

10 atmoepherae 

H^rogen ur 

Mettume ur 

9 0to68 5 

15 9 to 78 9 

6 0 to 13 0 

9 5 to 67 5 

18 4 to 62 4 

6 6 to 14 0 


The above results for methane-air mixtures were substantially confirmed in 
1918 by W Mason and R V Wheeler, whose published data for downward 
flame propagation at room temperature were as followsf — 



Feroentage methane m mixture at 


Lower limit 

Upper limit 

760 

6 00 

13 00 

1260 

6 05 

13 15 

2900 

6 20 

13 60 

4600 

6 40 

14 00 


As it seemed desirable that the matter should be mvestigated over a much 
wider range of initial pressure than had been employed by the workers referred 
to, some months ago experiments were instituted mthe Impenal College High 
Pressure Research Laboratones with such object m view The present paper 
embodies the results of our observations upon the " explosion-ranges ” at room 

* * J QubeL,’ yol 57, pp 995,1016, 1025 (1914) 
t ‘ Truu. C9iem. Soo,' vol 118, p 45 (1918) 
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temperatnie of hydtogen air, methane-air, and carbonic oxide air mixtnree 
at varying imtial pteasuree up to 12fi atmoapherea 
Whilat our expenmenta were m progreaa, however, G Berl and 0 Wenger* 
pubhahed the reaults of some expenmenta recently made by them upon the 
influence of pressure upon the “ combustion limits ” of mixtures of air with 
vanoua inflammable gases and vapoiurs They showed, tnfer alui, that the 
“ lower ” limit for hydrogen air mixtures, which started at 7 0 per cent at 
atmosphenc pressure, rose steeply with pressure up to 10 8 per cent at 21 
atmospheres, after which it fell gradually to 8 4 per cent at 210 atmospheres 
With “ weak igmtion ” the curve of the “ upper limit ’’ rose with pressure, 
smoothly concave to the pressure axis, ^m bO per cent of hydrogen at 1 
atmosphere to 73 6 per cent at 210 atmosphere s, but with strong ignition,” it 
feU from 71 5 per cent at 1 atmosphere to 69 per cent at 10 atmospheres, then 
slowly rose to 74 per cent at 210 atmospheres The ” combustion range ” of 
methane air mixtures was found at first to dimmish somewhat as the imtial 
pressure rose from 1 to 21 atmospheres, after which it rapidly increased with 
pressure up to 400 atmospheres, thus — 


PreMtue 

Atmoapheren 

j Combiiation range 

Per oent methane with air 

1 

e e tu li 7 

81 

7 0 to la 0 

400 

S 2 to 40 0 


Wo shall refer to these results later on in discussing our own, meanwhile, 
from Berl and Wenger’s experiments (which, however, did not include any with 
GO air mixtures) it seemed that whilst generally the “ combustion ranges ” of 
the mixtures studied widened with increasing pressure, m some oases the 
effect of a moderate pressure increase (eg, up to about 20 atmospheres) might 
be to narrow them somewhat 

In our experiments the “ explosion limits ” at room temperature of hydrogen- 
air, methane air, and GO air mixtures have been determined from imtial 
pressures of 1, 6, 10, 30, 60, 76 and 126 atmospheres, respectively, whilst those 
of GO-“ bAlmm air ” and CO “ argon-air ” (t e, of mixtures of carbomo oxide 
with an “ air ” composed of 20 9 per cent of oxygen and 79 1 per cent 
of or argon, respectively) were m each case detenmned at imtial 

pressures of 10 and 60 atmospheres, respectively The results showed un 
* ' Z sagew (^lemie,’ v(d 40, p 246 (1927). 
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nuBtakably that, whereas the general effect of moreased pressure is to widen 
the “ explosion limits ” of either hydrogen-air or methane-air mixtures, those 
of CO-air mixtures are steadily narrowed thereby, and particularly so when 
the “ inert ” constituent of the “ air ” is mtrogen 

Exfbrimxntal 

CnUna of “ ExpUmon LimUs ” 

Except in experiments at imtial pressures of 1 and 5 atmospheres, and 
occasionally at 10 atmospheres also, one or other of our two sphencal bombs 
Nos 2 or 3 (fig 1, explosion chamber in each case = 240 o c) descnbed m 



Fm 1 


Parts III and V of this senes* {q v ) was employed In such cases, although it was 
impossible to see the flames, the explosion could be followed both by means of 
pressure-time records, obtamed by means of our Potavel recording manometer, 
and by chemical analysis of the products The cntena of " limit mixtures ” 
finally adopted after a senes of preliminary trials were — 

(i) For Hf-Atr and CB^-Avr Mixtures —The lower and upper hmits wore 
indicated by the weakest and strongest mixtures, respectively, which when 
fired propagated flame with 99 to 100 per cent combustion, this being regarded 
as proof that the flame had completely filled the explosion chamber 

(ii) With CO-Atr Mixtures —Each of the two “ limit-mixtures ” at a particular 
* * Roy Soo Froo .* A. vol, 103, p 200 (1828), and vol 108, p 893 (1920) 
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presattre was clearly indioated by au aloupt obange la the “ percentage oombus- 
tion ” when mixtures of slightly varying C(>~contents m the neighbourhood of 
each “ limit ” were fired m the bomb, as shown m each case by the pomt of 
intersection of the horizontal and vertical portions of the “ percentage com¬ 
bustion diagrams ” accompanying the text * A careful study of these diagrams 
m conjunction with the corresponding tables will, wo think, satisfy everyone 
familiar with the art that the explosion limits ’ at each particular pressure 
may be correctly aacertamod m this way 

In experiments at imbal pressure of 1, 6 and sometimes even lO atmospheres 
we employed out cylindrical liomb No 4 (hg 1, explosion chamber — 75 cm 
long X 5 cm diameter, capacity = 2 . hires) htted at each end with a quartz 
window, so that the explosion could be judged by the eye Here the criterion 
of the “ lower ” or ‘ upper ” explosion limit, as blie case might b<, at any 
given pressure was the weakest or strongest mixture, respectively, at that 
pressure through which, on ignition, there resulted propagation of llunie from 
one end to the other of the explosion chamber It should here be oxplamed 
that, whereas as soon as the upper limit m a particular case had been passed, 
flame usually ceased to be propagated at all through the mixture, there were 
always mixtures weaker than the ‘ lower ” limit mixture which would allow 
of a ccrtaiu limited flame propagation with all degrees of partial combustion, 
none of these mixtures, however, would propagate flame mdeimitely In the 
coses of some very weak mixtures, which on ignition gave up to about lb per 
cent complete combustion, this ma> have occurred merely m a halo or cap 
around tlio source of igmtion, but was extinguished before it h id js'iictratid 
far into th( mam body of the mixture 

Thu experimental results for the various mixtures mvesligatcd ran lie shown 
most conveniently in the following series of tables and i urves, iiitorspi rs<«d with 
such explanatory (sirographs as may lie luwssaxy to their int«>rjiTetution In 
the tables. 

Pi = initial pressure m atmospheres at whic h the imxtun’s were fired 
P* _ oliserved maximiiin (in ssiire in atiincspheres attaiui tl iii the explosion 
— time m secoiuls taken for the attainment of P„ from the commence- 
mout of the pressute-nso 

It should also be noted that such expressions as “ 100 -per eml comhttdton ” 
always mean that so much of Hie combustible gas or oxjrgen (whichever was 
present m defect) was usod up in the explosion 

* Part Vn hereof, , vol 110. p 45 (1937) 

VOL. CXVU —A. 22 Q 
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The source of igmtion used for all explosions between the “ upper ’’ and 
“ lower ” limits was always the fusion of a holf-mch length of thm platinum 
wire (diameter = 0 006 mch, stretched between two studs m the igmtion plug) 
by means of an electric current from a battery of secondary cells with p d — 
12 volts In some cases, however, after the “ upper ” limit had been passed we 
tned fusing the wire by means of D C direct from the mams (p d =110 volts), 
in which circumstances the fusion of the wire is always of an explosive character 
In no case, however, did such drastic procedure effect the igmtion of a mixture 
outside the hmits as determined by the first-named method of igmtion. 

We think that, in each case oxammed,the proportion of combustible gas in 
the “ lower ” and “ upper ” limit mixtures, respectively, may be deduced 
from our expcnmental results always to within 0 3 per cent (and usually leas) 
of the true value In the case of the “ lower " limit mixture, this is probably 
slightly “ lower,” butm the case of the “ higher ” limit mixture slightly higher, 
than that found expenmentally We have, therefore, placed ” arrow ” signs 
m the tabulated results accordingly 

It should also be noted that (i) our limit values arc independent of any surface 
combustion effects at the source of ignition, and (ii) in all cases the gases em¬ 
ployed in making the various experimental mixtures were very slowly passed 
mto the bomb from cylinders (at 100 to 150 atmospheres) through an 8-mch 
long tube packed with freshly prepared and specially purified phosphoric 
anhydride, so that in each case the explosive mixtures would Im fired in a 
umformly extremely dry condition 

Hydeogen-Air Mixtures 

(1) TFuA P« = 1 Atmosphere 

The “ lower-limit ” mixture, as determmed in the oylmdrical bomb No 4, 
uintamed 9 9 per cent of hydrogen, owing to tho very faint visibility of the 
flame at this pressure, however, a reliable figure for tho U,-contcnt of the 
“ uppor-linut ” mixture was unobtainable 

(2) Wtth Pj = 6 Atmospheres 

Tho visibilities of tho flames at this pressure permitted the determinations of 
both limit mixtures m our ryliiulrical bomb No 4 as follows 
Tjower-limit mixture — 9 9 Hj/'Kl 1 Air 
Uppei-luxut mixture = 68 4 H|/31 C Air 
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(3) With Pi = 10 Aimospherea (Sphenod Bomb No 2) 


H, in mixture 

P«oli8 


I’crcentajic 

uombuation 

I’er oont 

Almoaphoroii 

titKMIluU 


8 4 

18 0 

0 70 

40 0 

0 e 

20 0 

1 00 

71 0 

10 0 

27 5 

0 

04 0 I*i«-Lr 

lU 2 

34 0 

0 40 

100 0 limit 

10 7 

38 0 

0 30 

100 0 

67 4 1 

42 0 

0 10 

loo 0 

68 4 

42 0 

0 n 

1(8) 0 

68 0 

40 r> 

0 ir» 

100 0 ITpjur 

68 0 


would not 6ro 



DetenninationB made m the cybndncai bomb No 4 gave results closely 
agreeing with the above, which were thus coniinned 

(4) With Pi = 30 Atmospheres (Spherical Bomb No 2) 


Hj m mixluiv 

l*«olw 

(» 

I’on-oiiUigu 

uumbiuttiDn 

Per cent 

0 0 

Atniospheiwi 
60 0 

SoouiicIm 

0 66 

64 0 


9 7 

80 0 

0 80 

03 0 


10 0 

00 0 

0 86 

06 4 

tiower 

10 0 

07 0 

0 76 

100 0 

iiittlt 

71 1 

116 0 

0 40 

100 0 


71 4 

113 0 

0 63 

0 63 

100 0 

t'ppor 

72 0 V 
72 8 1 

would 

not flro 

limit 


2 Q 2 
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(fi) Wttk P{ 50 Atmospheres {Sphertoal Bomb No 2) 


H,in inixturo 

PmoIm 

<• 

ItsFuenttige 

combustion 

iVr ccul 

Atnumphuntt 



It 2 

142 0 

1 29 

86 8 

« 5 

151 0 

1 04 

89 0 

9 7 

184 0 

0 60 

97 2 





lU 0 

197 0 

0 39 

99 8-< - 




hunt 

72 8 

1(11 0 

1 26 

100 0 

7a 1 

190 0 

0 HO 

100 0 

71 1 

17« 

0 1)0 

Uppil 




limit 

71 1 

ao 0 

1 25 

1 

5.1 0 

(6) Wuh = 

= 75 Atmospheres {Sphertoal Bomb No J) 

U| in iQututt) 

•c 

r 


j PtreunUKo 
cumbuHtiou 

l^)r cent 

AtmoHphiitH 

Sreondi) 


9 0 

249 0 

1 04 

75 0 

9 3 

200 (t 

0 90 

89 2 

9 6 

277 0 

0 72 

92 0 

0 0 

J" 277 0 

0 74 

90 0 Isjwcr 


\ -U0 0 


limit 

10 0 

280 0 

0 90 

100 0 

10 3 

314 0 

0 34 

loo 0 

72 0 

310 0 

0 51 

100 0 

73 a 

281 0 

0 90 

loo 0 

73 7 

27J 0 

1 21 

100 0 

71 2 

270 U 

1 13 

100 0 Up|)cr 

74 (1 

a.dn. 


limit 
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(7) Wvth P< = 126 Aimosfheres {Sphenodl Bomb No 4), 


H, in niixliiro 

Pa, oIm 


Pt roi‘ntnK<' 
com hint ton 

l\ir oont 1 

Atmospheres 

SocondM 


9 a 

440 0 

1 00 

02 0 

Txiwcr 

0 9 

“■ 


100 0<--^ 

limit 

11 0 

480 0 

0 08 

IflO 0 

72 0 

aio 0 

(I 43 

](N) 0 

71 2 

495 0 

(1 'ii 

100 0 

74 1 

470 0 

0 57 

KKl 0 

74 H 

4(15 0 

0 70 

KR) 0 TTpptr 
-4- 

7fi 2 

did not hrn | 

h nit 


Nummanf — T\xe expenmonts showed unmistakably that (i) whilst at all 
prcHSiirfs there were mixturoa contaming less hydrogen than our criterion for 
the “ lower limit,” which could bo ignited without the flame spreading through¬ 
out the whole of the explosion chamber, (ii) the composition of the “ lower- 
limit ” mixture giving 1(K) per cent combustion was hardly (if at all) affecteil 
by any iiu reasi* in the initial pressure betwei ii 1 and 126 atmospheres, but (ui) 
the hydrogen content of the “ upper-limit ” mivtiiro steadily increased as the 
initial pressure was raised between said limits, as follows — 


Initial prewnre 

Porueotsfte H, in 
*' iipprr-Lmit ” nuxtoie • 

AtmosphcrcH 

68 4 

5 

10 

68 6H 

JO 

71 9 

50 

71 3 

76 

74 2-1- 

125 

74 8-1 


It 18 thus seen that, whilst the composition of the “ lower-limit ” mixture 
(namely, about 9 9 H,/90 1 air) giving 100 per cent combustion was, prac¬ 
tically Bpeakmg, unaffected, the ” explosion range ” of hydrogen air mixture 
was progressively widened by successive increases in the imtial pressure, at any 
* A -4- or — sign in this (or similar other) edanm denotes that the figure in question is 
probaUy fractionally loww or higher, respectively, than the true volne 
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rate at presaures above 10 atmospherea Thu is also shown graphically m 
the curves reproduced m fig 2 



of Initial Frestoie. 

B —^Mbthakb-Air Mixtubbs 


The methane used m the experiments was chemically pure, having been pre¬ 
pared by the action of ddute hydrochloric acid upon alummum carbide and 
subsequently freed from hydrogen by hquefaction and fractional vaponsa^ 
tion of the liquid hydrocarbon, whose purity was finally confirmed by an 
explosion analysu The same criteria were adopted for the “ lower ” and 
“ upper ” explosion limits as m the hydrogen-air ezpenments 

(1) TTtiA P* = 1 and 6 Atmoajdterea (Oyltndnoal Bomb No 4) 


The compositions found for the two “ limit" mixtures m each case were as 
follows — 



1 PHeentsge OH, in limit mlxtaie 

Pi 

“ Lower ” 

"Upper" 


5 6 

14 3 

S 0 

« 7 1 

16 4 
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(2) Wuk Pi =>= 10 AJtmoajberet {Bfhenoal Bomb No 2) 


Ca«in 

mizton 

P«obs 

*» 

Percentage 

oombnetion 

Per oent. 


Seconds 


5 7 

88*0 

0 44 

17 2 

B 8 * 

36 0 

0 00 

18 1 Lower _ 

e 0 

U 0 

0 78 

100 0 ^ hroit ^ 

0 8 

S2 0 

0 48 

100 0 

16 0 

34 0 

0 00 

100 0 

16 8 

41 0 

1 19 

100 0 

17 1 

48 0 

1 88 

100 0 Upper 

17 i 

16 4 

“ 

78 0 limit 


In ootresponding experiments with the i^riindnoal bomb No 4, results (namely, 
Q 8 pet cent methane for the lower ” lumt and 17 0 per cent methane for 
the “ upper “ lumt mixture) almost identical with the above were obtamed 


(3) IFuA Pi =s 30 Atmogfberes {Sphmoal Bomb No. 2) 


0H4in 

mixture 

F,obs 


Percentage 
combos tion 

Per oent 

4 7 

Atmoepheree | 
didno 

1 Seconds 
t fire 


5 StoB 6 

oomboitum 
speedily 1 

started bat 
died out 

7 to 8 only 

Lower 

B 9 

148 0 

! 098 

100 0 lumt. 

6 8 

108 0 


100 0 

88 8 

167 0 

1 OB 

100 0 

88 9 

IBB 0 

1 36 

100 0 

83 B 

101 0 

1 04 

100 0 

84 6 

149 0 

1 77 

100*0 Upper 

84 9 

83 7 

46 0 

40 0 

0 00 

limit 

'1 oombnstion 

V started tot 

J soon died out 
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(4) Wuk P 4 = 60 Atmoejiuim {Spkeneal Bomb No 2) 


UH4iii 

mixture 

PMobs 

<• 

FBioaiiUge 

oombuation 

Per eont 

4 8 

a 3 

fi 4 

0 7 

5 « 

AtmoHpItoreit 

78 U 

HU 0 

227 0 

227 0 

242 0 

Heoondi 

1 21) 

1 37 

1 00 

3 only Blight 

1 ooiubiui&in 
f whioh Boon 
j died out 

Lower 

limit 

100 0 

100 0 

27 1 

28 4 

28 r> 

2fl 0 

20 8 

243 0 

203 0 

231 0 

248 0 

70 0 

2 01 

1 04 

2 30 

1 80 

100 0 

lOO 0 

100 0 

100 0 Upper 

limit 

only alight 
uumbnation 

(G) WUh l\ = 

1 126 Atmospheres {Sphmoal Bomb No 3) 

CH4 in 
mixture 

P* olw 


T'croentngo 

fombuHtitm 

Pi r«out 

7 4 

At iniMubcixH 
1(K) 0 

iinoondR j 

■) 6to7 

5 K 

210 0 


1 ^)on dux) 

J out 

fi 7 

ftOO 0 

1 08 

100 o.<- m 

R 8 

748 0 

1 41 

limit 

100 0 

li 9 

810 0 

0 81 

100 0 

41 4 

626 0 

1 60 

100 0 

40 0 

600 0 

2 39 

100 0 Upper 

1« 0 

180 U 


3 Bbont o' limit 

48 4) 

180 0 

- 

^ Boon died 

J out 
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Summary —Thaw renha ahow omautekably that, whilst the methane con 
tent of the “ lower-timit ” methane au muctore u bat little (if any) affected, 
thatof the “ upper hmit' mixtuze is considerably raised by progreasiyemcieases 
m the initial pressure between 1 and 126 atmospheres, thus, we have — 


TnituU pmiiimi 

Pot omit mpthano in limit inj\(uie 

Liwwr j 

Uppei 

Atmosphenii 

1 0 

S 0 

14 i 

5 U 

5 7 

16 4 

10 0 

6 0- 

17 1+ 

K) 0 

5 9- 

24 B| 

00 0 

0 4 

29 0-1 

ito 

0 7 

40 0-1 


The above am alito abowii grapbically in bg i 


It should however, be ob'torved that, m the experiments with thi sphe ncal 
bombs (of same capacities) when pressure time records were taken it was found 
that as the initial pressure moreased the tune taken for the attainment of 
maximum pressure (t.) with each ' limit mixture also mi n ased thus we 
found — 


P, 

1 lor biml mixturtK 

fioww 

Ipjxr 

AtmnHphorM 

tfeoondx 

Hpoond* 

10 

0 78 

1 23 

10 

0 98 

1 77 

CO 

1 39 

1 SO 

130 

1 S8 

2 39 


C—Oabbonic Oxidk-Aib Mixtcibks 

In working with these mixtures it was soon found that at or near the two 
“ explosion limits ’ combustion was never quite ‘ 100 per cent oon^letc,” 
although the flame had undoubtedly filled the explosion chamber Conse¬ 
quently, a rather different ontenon had to be adopted for judging the actual 
“ limit mixtures ” from that used in either the hydro^n air or the methane Air 
senes After a number of preliminary experiments, the ontenon explained on 
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p 667 was adopted as being m our judgment the best. This will (we think) 
bo evident from a study of the “ peroentage combustion ” diagrams shown m 
figs 3 and 4 respectively 



Fio 3 —Peroentage Oombostion of 00-Air ICiztniee at and near the “ Loww ’’ limit 

The carbomc oxide used m the experiments had been prepared by warming 
a mixture of formic and sulphuric acids, the gas evolved being subsequently 
well scrubbed by passage through a tall tower packed with pumice down which 
a strong solution of caustic soda was dropped, and it was quite free from either 
hydrogen or any hydrocarbon impunly 
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Fia 4 —^Poroonto^ Combtutum of CO-Ak Mixtuiw at and near the “ Upper ’* limit. 


(1) TFt/A P( = 1 Of 5 Atmo»fhons (C^indncal Bomb No 4) 

The composition found for the two “ limit ” mixtures m each case was as 
follows “ 



Per cent CO in limit miztuie 



Lower 

Upper 


Atmoiphereg 

1 0 

14 2 

71 0 


n 0 

18 4 

67 8 



Combustion was never mote than between 90 8 and 94 4 per cent complete, 
although flame was propagated throughout the whole explosion chamber in 
each case 
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(2) WtUi P< = 10 Alttuntpheres {Sphmcal Bomb No 2) 


coin 

mizturo 

Poiol* 

Im 

IVrueD(«ge 

cnmbiisUun 

Por cent 

16 0 

AtnuMiilierm 
24 6 

Seconds 

0 61 

82 2 

16 7 

82 0 

0 61 

58 0 

17 1 

38 0 

0 56 

68 4 

17 8 

36 0 

0 71 

Lower 

93 !-<- m 

17 9 

42 0 

0 62 

92 H 

19 0 

62 1 

0 43 

97 0 

21 0 

67 1 

0 28 

100 0 

M 0 

6.3 6 

0 25 

09 0 

'57 0 

49 0 

0 40 

00 8 

r>9 2 

46 0 

0 50 

05 9 

flO 7 

46 0 

0 60 

02 7 

*52 6 

43 7 

0 60 

00 1 

62 0 

41 0 

0 6J 

Upper 

87 2-<- ^ 

(5.1 i 

JO 2 

0 40 

00 1 

(U (1 

28 0 

0 48 

6.3 6 

04 9 

22 0 

0 61 

11 8 

(5A 1 

10 0 

0 00 

10 0 
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(3) Wi^ Pi = 30 Atmosfheres {Spkenoal Bomb No 2) 


coin 

nuxtuie 

]>«obe 

tm 

Percentage 

oorobuetlon 

P«r cent 

ID 4 

10 1 

ID S 

20 3 

22 1 

Atmoepheree 
00 0 

02 0 

112 0 

107 « 

188 0 

itocoudu 

0 80 

0 70 

0 73 

0 70 

0 54 

26 7 

05 0 

71 5 

Lewir 

"'himt^^ JCt) 

08 2 

iU 0 

171 0 

0 53 

00 0 

fl7 1 

170 0 

0 50 

1)9 0 

'M 8 

153 0 

0 80 

04 . 




limit - 58 H < O 

50 0 

no 0 


78 0 

00 2 

70 0 

1 00 

n 6 

(4) WUh P* - 

= 60 Almonpheres (Sphenml Bomb No 2) 

CO III 



Pomeutagu 

mixture 



conibiMliuii 

Per cent 

Atmoipherm 

Sooondii 


10 0 

no 0 

0 OO 

35 0 

20 ] 

02 0 

0 85 

01 1 

20 3 

208 0 

1 08 

06 0 I/>wor 

20 0 

275 0 

0 05 

00 0 limit = 20 0 CO 

22 8 

320 0 

0 01 

00 6 

23 0 

342 0 

0 40 

100 0 

GO 0 

203 0 

0 02 

05 7 Upper 

W 0 

200 0 

1 10 

96 7 limit - 60 8CO 

87 0 

253 0 

1 06 

02 7 

07 2 

103 0 

1 05 

63 0 

07 7 

ISO 0 

1 07 

49 0 
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( 6 ) With P 4 = 126 Atmospheres (Sfhmoal Bomb No 3) 


coin 

mlztnre 

Pm obi 


P«Toenteg« 

oombuitlon 

Per cent, 

20 2 

20 2 

20 4 

20 6 

20 7 

21 1 

21 7 

Atmotpherea 1 

830 0 

860 0 

867 0 

900 0 

048 0 

046 0 

Seoonda 

1 10 

1 10 

0 80 

1 24 

1 34 

0 (14 

32 6 

83 0 

84 6 

87 0 

liowor 

' hmit ^ ^ 7 CO 

08 8 

08 0 

00 8 

860 0 

1 04 

00 0 




Upper 

01 8 

SlU 0 

1 27 





limit = 61 eco 

61 0 

760 0 

1 00 

80 0 

13 3 

200 0 

0 0 

32 0 


Summary The so ascertained CO-contents of the “ lower ” and “ upper ” 
limit CO-air mixtures, respectively—assuming the validity of the criterion 
adopted, which, wc think, will be evident from the “ pccceatago-combostion ” 
diagrams shown m hgs 3 and 4—are shown m fig 5 and the following table — 



Per cent CO in limit mixture 


Ixiwer 

Upper 

AtmuHphcrcH 

1 0 

14 2 

71 0 

1 0 

16 4 

07 6 

10 0 

17 8 

02 8 

W 0 

20 3 

68 8 

60 0 

20 6 

r>6 8 

126 0 

20 7 1 

61 0 


It thus appears that, contrary to what has lieen OKtublished for both hydrogen- 
air and methane-uir mixtures, the “ explosion range ” of carbomc oxide-air 
mixtures narrows considerably os the mitial pressure rises The composition 
of each of the two “ limit" mixtures was shifted by inoreasiug pressure towards 
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that of the most explosive mixture But whilst that of the “ lower ” limit 
mixture seemed to be but little affected by further pressure-rises beyond 30 



Fig 6 —Litnits of Ezidoaibility of CSarbonio Oxide with Nitrogen-, Argon, and Hebum-Air 
Influenoe of Initial Pressure 

atmospheres (doubtless due to the fact that the “ theoretical ” mixture— 
which IS nearly, if not quite, the most explosive of all—contains 28 3 per cent 
of carbonic oxide) that of the “ upper ” hmit mixture was progressively altered 
throughout the whole pressore-range investigated Indeed, it would seem 
possible that at a sufficiently high pressure the two limits would meet, or, in 
other words, that no CO-air mixture would propagate flame at room temperature 
or thereabout This is a point which, however, could not be determined by 
moans of the apparatus at our disposal, but with the new bomb apparatus 
(capable of withstanding pressures up to 20,000 atmospheres) which will 
shortly be installed in our laboratory, we hope in due course to settle it 

1) —(Carbonic Oxidk ‘ Ublium-Air ” Mixtobi-’s 
It was thought advisable to pursue the matter a stage* furthi'r by cxammmg 
the behaviour of mixturos of oarlioiuo oxide with an “ air ” contuimug 20 9 
of oxygen and the remamder hehum, so as to eliminate altogether any nitrogen- 
influence from the system Accordingly, two senes of exporunents w^ 
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made in spherical bomb No 2 with mixtures of X CO with Y (2^*9 0, + 
79 1 He)—^where (X + Y) = 100—at imtial pressures of 10 and 60 atmospheres, 
respectively, using the same cntonon for “ limit ” mixtures as had been emplo 3 red 
throughout the OO-air senes The results, details of which are plotted in the 
“ percentage combustion diagrants ” shown in figs 6 and 7, showed the following 
probable CO-oontents for each of the two “ limit ” mixtures in each case — 


J*or will CO m bmit mixture 





Gitaeous Comhwtwn at High Presmrea. 
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Fia 7 —CX) HeUum Air Mixtures near Upper limit of Exploeibility 

It 18 thus soea that, whilst a slight narrowing of the “ explosion range ” 
resulted from i ncr eas in g the initial pressure from 10 to 50 atmospheres, it was 
nothing like that observed in the corresponding experiments with nitrogen as 
the diluent (see fig 6) 

E — Cabbonto Oxidb and " Abgon-Atb ” Mixtobbs 

Finally, the effects upon the “ explosion bmits ” of nsing an “ air ” con¬ 
taining 20 9 per cent, of oxygen and 79 1 of argon as the “ supporter ” of com¬ 
bustion werp studied m No 2 sphenoal bomb at mitial pressures of 10 and 
60 atmospheres, vnth the following summansed results for the CO-oontents of 
each of the two " limit ” mixtures at each pressnre The detailed results of 
each of the senes of experiments mvolved are plotted on the “ percentage 

▼OL. OXTn.—^A. 2 K 
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combustioii diagram ” shown in figs 8 and 9, and summansed in fig S, from which 
their character may be judged 



Fio 8 —CO Argoa>Aur BfixtutM near I/iwer Limit of ExpkwibiUty 



0cut6o%u Combwtion at H%gh Pressures 
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Fta 9 —CO Argon Air Mixtureo new Upper Limit o< Exploeibility 


Oenered Summary 

From tho foregoing it will be seen that, in cases of hydrogon-air and methane- 
air mixtures, our results confirm those of fieri and Wenger so far as the general 
widening influence of increasing {iressure upon the explosion range is oon« 
cemed, although our actual figures for the two limits differ somewhat from 
theirs The differences, however, are perhaps not greater than might be 
expected considering that, whereas their figures refer to downward propagation 
of flame, ours refer to propagation more or leas horuontally across a sphere 
Another point of difference between our results and theirs is that, whereas 
they found distmct evidence of a narrowing of the limits between 10 and 30 
atmospheres (after which increasing pressure widened them agam), wc found 
only a very slight indication of such tendency round about 10 atmospheres 
initial pressure Possibly m their case the observation in question yfas (as 
they themselves suggested) due to igniting conditions, for whereas they used 
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Spark-Ignition, we have used the electncal fosion of a platmum wire, which 
we have found to be more independent of pressure than spark-igmtion. 

In the case of C0-" air ” mixtures a progressive increase m the mitial pressure 
progressively narrows the exjdosion range, a feature which is much more marked 
with mtrogen or a^n than with helium as the diluent From our experimental 
results it seems probable that at some very high imtial pressure carbomc oxide* 
“ air ” mixtures will become non-explosive at ordinary temperatures, but this 
18 a point which we propose mvestigatiug as soon as our new super-pressure 
bomb (which is on order) has been installed m our laboratones 

In conclusion we desire to thank the Department of Scientific and Industrial 
Research as well as the Qovemment Grant Committee of the Royal Society for 
generous grants out of which the cost of the expensive apparatus used in the 
research has been defrayed, and to the D SIR we are also mdebted for 
personal grants which have enabled two of us (D M N and C M S) to devote 
our whole tune to the research 


On a Metiwd of Determmtng the State of Polansatum of Downcoming 
Wvrdess Waves. 

By £ V Afflkton, F R S , and J A Ratoliwii, B A 
(Received November 23, 1927 ) 

1 Introduet%on 

In recent papers* an account has been given of the application of oertam 
experimental methods to the study of the characteristics of wireless waves 
deviated through large angles by the upper atmosphere Observations by 
those methods have shown that, for wave-lengths of the order of 300 to 000 metres 
the downcoming waves possess, m general, components of electric force both m 
and at right angles to the plane of propagation and that somewhat similar 
changes of mtensity take place in both components during the dark hoius, 
but information on the nature of the polarisation (»e, on the numencal 
values of the constants of eUiptioity) has been lacking Such information 
would be of mterest from two standpomts In the first place it has been 
*‘Boy Soo. Proo.,* A voL 109, p. 021 (1926){ toI. 113, p. 430 (1026) , voL IIS. p. 201 
(1927). 
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diown tiiat, if the eleotnoal oamen in the upper atmosphere are of electronic 
mass, the inflnenoe of the earth’s magnetic field would be such as to 
cause the reproduction of magneto-optioal phenomena for wave-lengths 
within the wireless spectrum In such a case we might expect to find some 
relation between the measured constants of ellipticity and the direction of 
transmission with reference to the earth’s magnetic field Secondly, a matter 
of practical mterest, since all recent experimental work has confirmed the 
ongmal suggestions of Eckersley and Bellini that the errors expenenced in cod 
direction finding are due to the presence of a component of electric force at right 
angles to the plane of propagation, and, smce signal variations are due to the 
component in the plane of propagation, we might expect some correlation 
between directional errors and fading, if the downcommg ray is of sensibly 
constant polarisation Attempts to find such a correlation have been made by 
Reich* but with negative results 

2 Theoretuxil Basts of Methods used 

Lot us assume that the downcoming wave possesses normallyt polarised 
components of electric and magnetic force and H^, while the corresponding 
magmtudes for the abnormally polarised component are E/ and H/ In our 
particular experimental conditions (reception at a distance of 70 to 80 nules 
from a 400-metre transmitter) a ground wave, with electric and magnetic 
vectors Eg and Hg is present Let the phase difference between the ground 
wave and the normal and abnormal components of the dovoicoming wave be 
6 and 6' respectively Our problem is to determine the ratio of the axes 
Ei/E/f (or Hj/Hi') and the phase difference (6' — 6) by means of measurements 
ma4| on the ground We must, therefore, consider m detail the stationary 
mtenerence system produced at the receiving station by the ground wavra, 
the downcoming waves incident on the ground and their reflected components 
at the ground 

Let us first consider more closely the specification of the downcoming wave 
Suppose that the positive directions of the normal and abnormal components 
of electno force are represented by OY and OX m fig 1 The magnitudes of 
these two forces are shown in the diagram, p being the angular frequency of 
*‘J Franklin Inst,’voL 208, p. 0S7 (19»). 

t Aa m {ffevioua papen, the normally polanied component of eleotno force hea in the 
plane of propagation, whioh u a vertical plane through the aending and receiving stations 
t AetnaUy we determine not Ei/Ei', but Bt/B,' ooe h, where f, is the angle of inoidence 
of the downooming ray at the ground, but since is measurable by experimente p^ioualy 
described, the value of Bi/Bt' may be deduced 
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the waves and t the tune. The direction of propagation is here aasomed to be 
at nght angles to the paper and away from the reader. The direction OX la 
, to the right for an observer lookiDg from the sending to 

the receiving stations For inoreasing values of t, such 
as we are oonsidering, the rotation is left-handed if 
(6' — 6) lies in the first or second quadrants while it is 
right-handed if it hes in the third or fourth quadrants 

_We must thus know the sign and magmtude of (O' — 0) 

° Fio 1 to be able to complete the specification of elliptioity 

This rather elementary point is mentioned because it 
happens that the first part of the experimental method to be desonbed }ridds 
directly only the value of coa (6' — 6) There is thus an ambigmty as to the 
sign of 0' — 6 which means that although the t 3 rpe of polarisation is known 
the sense of rotation cannot be specified From other considerations, however, 
we are able to deduce from the data the value of sin (6' ~ 0) so that the value 
of (6' — 9) and thus the sense of rotation can be stated 
When the downcoming ray reaches the ground it is reflected there, and, for the 
400-metre waves we have used, the reflection approximates to that from a 
perfect conductor We thus have a ground plan of magnetic forces* as shown 
m fig 2a Here both OA and OB are horizontal, OA lying m the plane of 
propagation, while OB points to the nght for an observer looking from the 
sending to the receiving station. The magmtudee of OA and OB, in terms of 
the atmosphenc and ground ray mtensities, are shown m the figure The 
system 18 completed by a vertical electric force of magmtude (Eq sm jj* + 2 Ej 
sm sw (pi -f 9)) passing through O, the positive direction of which is out of the 
paper 
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Leb aa suppose that we ate able to measuxe the amphtude of these homontal 
niagnetio forces by observations on the signal electromotive forces prodnced 
m three difEercnldy onontated vertical loops the planes of which (see fig 2b) 
cut the hoiuontal plane of fig 2 a m CD FA and OH Here one loop (No II) 
IS in tho plans of propagation while the other two are inolmed at 46° to it * 

The magnetic forces linked with the three loops are therefore in order 

Loop I sm+ 2Hism(j< + 0) 

— 2Hi cos sm (p< + 6)) 

Loop II (Ho sm + sm(irf +0)) « (1) 

J oop III (Hq fein pt + 2Hi sm (pi 6) 

4- 2Hi cos Bin (p( \ 0)) 

We note that these expressions involve six unknowns Hg llx 0 0 ind 
cos ii so that even were we able to mi asure the resnltant magnetic forces linked 
with the thre loops tho determination of the unknown quantities is impossible 
Iroin the point of vi< w of the presint investigation howev r w may regar 1 
cos 1 , as a single variable since by other xpenments we can imd the value 
ofAlso smci the ground wave is known to be « nsibl) constant we can 
make 2H,/Ho and 2Hi cos our variables (written a and b respectively) 
thus expressing our results m terms of Hg the magnitude of which could li 
necessary be determine I by a separate xperiracnt The numlicr of variables 
has therefoie been reduced from six to four Imt the problem appears stall 
insoluble since only three equations can be made W e the refore cannot proceed 
by the duxet method of measuring the signal amplitudes on the three loops and 
have to resoit to the artifice of making a small wave length change at the send 
mg station and observe the resulting signal maxima and nununa at the reeeiviug 
station In this way we can m effect make 0 and a certam function of (6 — 0) 
pass through known values md by using m our calculations only the signal 
magmtmles for which th known values can bo assigned to these quantities 
so reduc e the number of vanabks i or such an artifice to succeed there must 
obviausly bo some other sacrifice in generality In this problem it is that w« 
have to assume that the quantities Hj and (0 — 0) do not alter when the 

* Tfie aai^ of 45° has twen eboMn for oaaTemeaoe m oshwlstioa. Mauf expartamts 
havebeHimadensuiganon8yiiiiuetDoalairan^,ementof kwpa Nothing a gaiaadthMafiy, 
■0 far as the puinoii^e of the experiment le oooeerned but auoh expeniDeaU wen 
oonndend as being neoenaiy to ocmllrm the leeutts obtained with the synunetnoal 
wnoganMot 
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wave-length of the trananutter la slightly changed and also that they are not 
altered by natural fluctuations duimg the period (usually about 15 seconds) 
required to get a photographic record of the signal interference maxim a and 
minima on the three loops m succession Mention is made below, m the dis¬ 
cussion of the results, of the reasons which lead us to beheve that these 
assumptions are justified m the examples taken for calculation 
Let us now consider the effect of changing contmuously the transnutter 
wave-length for a case such as we are considering We take the example of 
the signals received on No II loop The magnetic force linked with this loop 
may be written 

Hfl am p« -f 2Hi sm p ? j, 
or 

Hu Bin pt I- am (pt 0), 

where 

0=-£5 ( 2 ) 

c 

D 18 the path difference between ground and atmospheric waves and o the 
veloaty of hght 

Thus we may say that 8 mcreases m a positive direction when the sending 
station frequency is decreased, and m a negative direction when the frequency 
IS increased 

The expressions m (1), for the magnetic forces linked with the three loops may 


be written 


Loop I 

;^(8m p{ Vo* — 2a6 cos * -f 6*8m (pt -f 0 + Cl)) 

Loop II 

Hu (sm p« -t- o sin (pf + 0)) 

Loop III 

where 

(am pe -1-Vo*-f 2o6 008 i-1-6* sm (p<-f 0 + Cs)) 


X = S'—0, tan = —b sin x[{a—b cos x) and tan IJa — 5 *m a!/(o-f6 cos x) (4) 

Now during a wave-length change 0 alters gradually and the values of the 
electromotive forces produced m the loops, which are proportional to the 
expresBions in (3) for the magnetic forces, pass through maviTiniim and mmimnin 
values. 
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A nmxininni vake \nll be denoted by M and a nunimtun value by m. From 
(3) we may therefore write 

(^)_ = V.»-8<*oo.x+6*, 

( «T^ ) = V'o*4-2ab 008 *4-6* 

+ »»/in 

where the subscripts refer to the particular loop concerned The quantities 
on the left-hand sides of (6) may be determined from measurements of the signal 
maxima and mimma as measured separately using the throe loops m rapid 
succession and thus the three unknowns a, b and cos x may bo determined As 
mentioned previously these quantities specify the type of polarisation of the 
downooming wave so far as the ratio of the axes and phase difference is con¬ 
cerned, but they do not tell us which of the component vibrations loads m time 
We can, however, determine the value of sm z m the following way During 
an mcrease of the frequency of the sending station we assume, m accordance 
with our convention, that the angular phase difference between ground and 
atmospheno rays passes m order through the quadrants from the fourth to the 
first whereas for a decrease of frequency it passes in the reverse order For 
any particular frequency of the transnutter (such as that corresponding to one 
of the end points of the wave-length change) we can therefore road off from the 
photographs the quantities 0, (0 -f l^j) and (0 + both in sign and magnitude 
It IS convenient to take these m pairs from which we can find the values of 
Cl, C* and (Cl — Ca) Smee o, h and cos ® are known we can find tho value of 
sm X from the value of Ci or Ca or Ci — Ca> and when both cos x and sin ® ore 
known the value of x may be specified Further, smee when cos z is known, 
sm X can have one of only two possible values, the substitutions in (6), (6) or 
(7) serve as a rough check m the values of a, b and cos x deduced from the 
amphtudes of the mterference “ fringes ” obtamed on the three loops 

3 Expenmental Arrangements 

The experiments consisted in recording the signal variations, due to a coii- 
tmuous change of transmitter wave-length, as received successively on throe 
loop aerials. The loop aerials were all similar, each consisting of a smgle turn 
of wire forming an isosceles tnangle of height 14 metares and base 35 metres 
The loops were arranged with their vertical axes of symmetry coicident One 
of the loops (No 11) was always directed towards the transmitting station and 
was thus situated m the plane of propagation The other two loops wore 
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always perpendicular to each other and, as preyiously mentioned, were usually 
symmetnoaJly arranged with respect to No II loop On occasions they were, 
however, arranged to make unequal angles with the plane of propagation 

By means of a switchmg arrangement any one of the three loops could be 
made to form part of a tuned circuit to which was coupled a “ flatly-tuned ” 
high frequency amplifier The arrangement of switches was such that when 
one of the loops was tuned and coupled to the amplifier, the other two loops 
were entirely disconnected Since no current flows m the idle loops it is believed 
that they do not sensibly distort the electromagnetic held m the vicimty of the 
loop in circiut, although there is, in general, an appreciable mutual inductance 
between two loops situateil at 40° to each other To make qiute sure on this 
point experiments were ijimed out using a single wire aerial in place of loop No 
II In this case the vertical wire oenal was situated along the axis of symmetry 
of loop I anil III so that there was no magnetic coupling between any two 
of the three aerial systems Similar results were obtamed m this case as in the 
case m which the three loop were used 

The amplifier characteristic was arranged to bo flat over a wave-length range 
of 10 metres about a mean wave-length within the 300 to 600-metre range 
This was accomplished by using a six valve amplifier employing transformers 
wound with resistance wire, or, m the case of the more powerful transmissions, 
a resistance-capacity coupled amplifier The amplified high frequency currents 
from the output end of the amplifier were passed through a transformer in the 
secondary circuit of which was a stable crptal detector m senes with an Bin- 
thoven string galvanometer On testing the whole assembly by means of a 
calibrated oscillator it was found that the galvanometer deflection was, to the 
required degree of accuracy, proportional to the square of the high frequency 
electromotive force introduced into the loop circuit, and this relation has 
therefore been assumed in all calculations 

During a set of observations the transmitter wave-lei^th was changed alter¬ 
nately up and down the range of 10 metres, each change being made m 3 soconds 
I’he upiH'r and lower 1 units of wave-length were maintained for 2 seconds between 
the changes During the pauses the amidifier was switched* from one loop to 
the next The loop were usually switched on in the repeated order I, II, III, 
so that in a record lasting a minute examples of the signal variations resulting 
from both an increase and a decrease of wave-length were obtamed on any 
prtioular loop 

* Tekphonio ooramaiucstion wm mafaitatned between the tauismittaig and leoohrlng 
staUoBS to facilitate ooneet tinlng. 
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4 Method of Intorprehtig tho Signal Records 
The actual methods employed m calculating tho values of a, b and x are best 
illustrated by the consideration of an example Pig 3 represents tho signal 
current curve obtained at 4 66am GMT on May 28, 1927, using the Bir¬ 
mingham BBC transmitter The signal records were made at the Radio 
Research Station, Dogsthorpo, Peterborough The symmetrical arrangement 
of receiving loops was used 

For the first wave-length change wo can read off the signal maximum and 
immmum values and, allowing for the square law relation between signal 
electromotive force and current, calculate for any adjacent pair (such as y„ 
and yi), tho value of M/m 



Using an average value of M/m the value of (M — m)/(M -f m)i tan be found 
In a similar way tho corresponding quantities for the other two loops may be 
calculated From these values, using (6) the values of o, b and ixis jr may be 
found Noi\ fur these particular experimental conditions the value of tj is 
known to lie between 24" and 30" for wliuh < os t, lies between 0 91 and 0 87 
Taking an average value of 0 89 we see that, knowing a, h and cos x the ratio 
of the axes Hj/Hi' (or 0 89 a/6) and tho phase difference of tho components of 
tho downcoming ray may lie stated 

As will be seen from tho results given lielow, the ratio of tho axes is found to 
be approximately imity, while the value of cos x is approximately zero for all 
the cases investigated- Such results indicate that the downcoming ray is 
approximately circularly polanscxi, but do not distinguish between righVlianded 
and left-handed rotation The method used for doing this will now be described 
by reference again to the example of fig 3. The first wave-length change was 
an increase of frequency so that, in accordance with our convention, the phase 
diffevenoe (6 + Ci> between ground and atmospheric waves at the end of the 
ohaagSMSeeiktobeahoiii — Jx For the same conditions on the second loop 
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the phase difference 0 u approximately -f- w Thus tan IJi is approximately — 1 
and since m (6) cos ® is found to bo approximately zero, and a and h are, roughly, 
equal, the value of sm 2 is approximately + 1 so that (6' — 8) is approximately 
+ mdicnting anti-clock-wise rotation m the example considered 
In ]ust the same way we can find or — C*) from appropriate pairs of 
adjacent ond-pomts of the “ fringe ” records and thus find approximate values 
for sin X 


6 Sumnuuy of ExpenmetUal SeauUa 

Observations have been made for transmissions in a south to north direction 
using the National Physical Laboratory transmitter, and m a west to east 
direction using the Birmingham BBC transmitter In all, some three hundred 
sots of three successive records on the loops have been made, but as the results 
have been remarkably uniform only a few examples need be quoted m detail 
apart from the general result As previously mentioned, the method is only 
valid if the downooming ray is not altered m polarisation during, the wave¬ 
length changes By examining the constancy of the “ fringe ” amplitudes 
and also the constancy of the phase relation during the pauses it has been 
possible to make sure that these conditions were f ulfill ed m the examples taken 
for calculation Occasionally instances have been observed m which the nature 
of the polarisation has changed as the wave-length has been varied For 
example, in one case, there were always more interferenee maxima and minima 
in loop III than on loop II indicating that the phase angle (0 — 0') underwent 
a progressive change with frequency 



The figures m the above table are chosen to give an indication of the values 
commonly measured The mean and most frequent values of over a hundred 
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such sets for the Nation^ Physical Laboratory transmissions and over fifty sets 
for the Birmingham transmission are as shown in the table below - 


Tisnnnittw 

H./H/ 

Phase dilbtmoe 


Mean 

Most fteqnent 

Mean 

Mont frequent 

Nstional Physical Labontoiy 

0 VI 

0 92 

86 

90 

BinninglMun 

0 90 

0 90 

100 

100 


The result of theee ezpenments is therefore that the downroming ray is 
approximately circularly polarised with a left-handed rotation 

6 Dtaousaum of ReauUa 

In attempting to explam the results obtained in this senes of experiments we 
naturally consider first whether the left-handed circularly polarised wave, 
detected as a downcoming wave, was originally emitted by the sending station 
and has preserved this polarisation dunng its passage through the atmosphere 
A consideration of the shapes of the aenals at Teddington and Birmingham lends 
little support to such an explanation, for m e«K;h case any unbalanced horuontal 
portion of the aenal lies m the plane of propagation for the case of a receiver 
at Peterborough, so that in the case of both transmitters the emitted wave is 
approximately normally polarised Wo therefore conclude that the circular 
polarisation has been broftght about by the action of the atmosphere Such a 
conclusion is m keepmg with the deductions made from observations on 
directional errors 

In considering the influence of the upper atmosphere in dotermimng the 
nature of the polarisation of the waves returned from it, there appear to be, at 
first Bight, three possible ways m which the abnormal polarisation could be 
brought about 

In the first place, if the ray were laterally deviated, so that it departed from 
the plane of propagation, the abnormal polarisation mig^t be brought about by 
reflection at a sharp boundary of ionised gas But the experiments of Smith- 
Bose and Barfield have shown that such lateral deviation is not very appreciable 
for conditions s imilar to those of the present senes of expenments Moreover, 
it 18 difficult to see why such obhque reflection from the layer should always 
result m the production of a left-handed polaonsation. 

The two other possibilities are concerned with the action of the earth’s 
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magnetio field, and differ only in so far ae we T^[ard the waves as being reflected 
or gradually refracted by the ionisation in the upper atmosphere If the waves 
were reflected at the lay^r we should expect phenomena analogous to those of 
the Kerr effect (magnetic) to occur, and, since the earth’s Imes of magnetic 
force are more nearly vertical than horizontal, the rotation and production of 
I'lhpticity asHOciated with polar reflection might be expected We believe, 
however, that for the wave-lengths we are using, the degree of transition from 
non-conduotivity to conductivity is not sharp m terms of a wave-length and 
that the deviation takes jilace by ionic refraction We are therefore led to 
inquire whether any satisfactory explanation of the results of the experiments 
can lie given, taking mto account the &ct that both the refractive index and the 
absorption coefficient of the ionised gas in the layer are influenced by the earth’s 
magnetio field 

The chief phenomena to be expected due to the influence of a magnetic field 
for propagation m a straight Ime through an ionised gas, have been previously 
given The mam result of the presence of the field is that, in general, for any 
given direction, two waves of different polarisations and experiencing ddhuent 
attenuations are propagated with different phase velocities For example, 
m the cose of propagation in the direction of the magnetio field, the refractive 
index (1 and the alisorption coefficient k are given by 


and 


( 6 ) 


1 

2xc{pTpof 




where N is the number of electrons (of charge e and mass m) per cubic centi¬ 
metre, T the time between two collisions of an electron with gas molecules, 
p the angular frequency of the waves and pg a characteristic frequency corre¬ 
sponding to a wave-length of about 200 metres The velocity of radiafaon m 
free space is denoted by c For both and k there arc therefore two values 
corresponding to the double signs The upper sign, m the case of negative 
electrons, corresponds to the case of a nght-handed circularly polansed ray, 
while the lower sign corresponds to a left-handed ouoularly polansed ray 
We thus see that for propagation m this direction and for our conditions, m 
which po IS approximately equal to 2p, the absorption coefficient of the nght- 
hauded ray is about nme tunes the absorption coefficient of the left-handed 
ray If the absorption is at all marked therefore, while the waves are travelhng 
in this dufytion, the effect of the relative weakening of the nght-handed ray will 
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oauae the resulting ray to become left-handed clliptically polarised In the 
case inwhiohthe nght-handed ray la very strongly absorbed, the final polarisa¬ 
tion will be ourciilar and left-handed 

But smoc we possess practically no information about the gradient of fonisa- 
tion in the layer, we ore unable to picture the trajectory of the ray and are thus 
unable to estimate the relative absorptions and polormations of the oorapouent 
vibrations throughout the atmospheric path, although we cun, of course, derive 
formuhe similar to those of (9) and (10) for any direction of propagation relative 
to the magnetic field The solution of the general problem therefore seems 
hopeless m the present state of our knowledge, but perhaps 1 he following less 
general considerations have some bearing on it 

We should expect that the polarisation of the downcoming ray would oorrestiond 
to that which it lost possessed when in the ionised layer Now for high-ungle 
deviation in England, we know that the ray leaves the layer m a direction 
luohned at a small angle to the lines of magnetic force In the cose of the 
National Phjrsical Laboratory transmissions this angle must lie approximately 
zero, whUe in the case of the Birmingham transmissions it is probably about 
30° If there is appreciable absorption while the dowtiflomiQg waves travel in 
this direction, we should expect that the differential absorption would leave 
the resulting pobnsation at the ground predominantly left-handed Accord¬ 
ing to such an interpretation we should not expect much difference between the 
south to north and west to east transmission, which agrees with the expen- 
montal results Most prolwbly the greatest difference is to be expected between 
south to north and north to south transmissions and when facilitos are avad- 
ablo we hope to test this point But it will easily be seen that the most direct 
test of the above interpretation would be to carry out simdar expenments at 
corresponding points in the Southern Hemisphere, where the resulting polarisa¬ 
tion should be nght-handod if the effect is due to the action of the earth’s 
magnetic field 

It has been mentioned m the introduction that, if the downcoming ray has a 
reasonably constant state of polarisation, wo should expect to find a close 
correlation between " directional errors " and “ fading ” In order to detect 
such a correlation it » essential to make observations on the apparent bearing 
and signal strength as nearly as possible at the same place Reich (loc d) 
used observing stations one or two miles apart In expenments, carried out 
at Peterborough, using aerials at the same place, and arranged so that no 
mutual coupling exists between them, we have found that there is a close 
correlafaon between directional errors and fading, such as could bo oi^kuned 
by aswiming that the downcoming ray was circularly polarised 
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This work was earned out as part of the programme of the Radio Beseaioh 
Board and is communicated by permission of the Department of Scientific and 
Industrial Research We are much indebted to those who have co-operated 
m these erpenments, to Dr R L Smith-Rose. Mr E L Hatcher and Mr 
A C Haxton, of the National Physical Laboratory, to Dr M A F Barnett 
and Mr W C Brown, of the Peterborough Radio Research Station, and to 
the Chief Engineer (Captain P P Eokersley) and Birmingham Station Staff 
of the Bntish Broadcasting Corporation 

Summary 

1 An experimental method of determining the polansation constants of 
ellipiacity of downooming wireless waves is described 

2 The use of the method m a series of measurements in England with 400 
metre waves has shown that the downooming waves are m general eUiptically 
polarised and that the polansation is approximately circular The sense of 
rotation is found to be left-handed 

3 It IS shown that, according to the magneto-ionic theory of atmosphenc 
deflection of wireless waves, in which the influence of the earth’s magnetic field 
IS recognised, such left-handed elliptical polansation might bo expected if the 
electnoal carriers m the ionised layer are of eleotromc mass, but that s imil ar 
measurements made m the Southern Hemisphere would peld evidence which 
would very materially confirm or disprove such an interpretation 
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A Theory qf the Optical and Electrical Properties qf Liquids. 

By Prof. C V. Baman, P R.8 , and K. 8 Krishnan. 

(Rcoeived September 19, 1927 ) 

1 Iidroduetum 

Theories of the optical behaviour of bqtuds generally base themselves on the 
postulate that the well-known Lorcntz formula (n* — l)/(n* -|- 2)p = constant 
correctly expresses the relation between the refractive index and density of a 
hquid It has long been known, however, that this formula is at best only an 
approximation The quantity (n* — l)/(n* -|- 2) p is found experunentally 
to be not mvanable, its deviation from constancy becoming more and more 
marked as the density is mcreasod The diangc in the value of (n* — 1) /(n* + 2)p 
m passing from the state of vapour to that of a bquid under ordinary conditions, 
IS usually quite appreciable, as might be instanced by the case of benzene, for 
which Wasastjema* found for the D-hne a molecular refraction of 27 20 in 
the vapour state, while the corresponding value for the hquid is 26 18, that is, 
3 8 per cent lower The deviations from the Lorentz formula appear most 
striking when wo use it to compute the change in the refractive index of a 
hquid produced by alterations of temperature or pressure Here, again, we 
might instance the case of benzene, for which the observed value of 
dnidt = — 6 4 X 10“* per degree Centigrade for the D-lmo at 20” C, and 
that of dnidp = 5 06 X 10~'‘ per atmosphere, while the calculated values are 
dnfdt = — 7 15 X 10~* and dnfdp = 5 66 X 10"® The observed values are 
thus numencally about 10 per cent smaller m either case, indicating that 
(n* — l)/(n* -f 2) p diminishes more and more quioldy as the density is 
increased An expression of the form (n* — !)/(»* + 2) p = o — 6p*, where a 
and b are positive constants, has been found to represent the refraction of 
carbon dioxide over a wide range of density more closely than the original 
Lorentz formula f It has been deduced theoretically on certain suppositions 
regarding the magmtude of the polarisation field in hqmds, which are, however, 
somewhat arbitrary m nature. 

Ckmsidenng next the electrical behaviour of hquids, we find that the formula 
proposed by Debye (t — l)/(e -|- 2) p = A -J- B/T is not adequate to explain 

• • Soo. Soi. Fenn., Phys.-St»thvoL 2, No 18 (1984). 
tPhimpa,‘Roy Soo PtooA. vol. 97, p. 225 (1990) 
von. oxvu—A. 2 8 
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tho dielectric properties of many known liquids To illustrate this, we may 
agam consider the case of benrone, whose dielectric constant has been detenmned 
over a wide range of temperatures* and pressures f Since A and B m the 
formula are essentially positive constants, it follows that (c — l)/{* + 2) p 
should remain invariable when the liquid is compressed isothermally, and that 
it should dxmmish with rising temperature Actually it is found with benzene 
that the quantity in question falls steadily with increasing pressure and 
xncreaaes with rising temperature A similar apparently anomalous behaviour 
IS shown by many other hquids whose molecules have a n^ligible electrical 
polarity Liquids of marked electrical polarity show a diminution of 
(e — l)/(e + 2) p with nsmg temperature as demanded by tho formula, but 
they deviate from it by showing a diminution of the same quantity when 
isothermally compressed, the latter effect being usually even more marked 
than for non-polar compounds J 

It will be clear from the foregoing review that the existing theories of the 
optical and electrical behaviour of liquids are far from being satisfactory It is 
proposed m this paper to put forward a new theory which appears to us com¬ 
petent to offer at least an insight into the whole range of facts referred to We 
believe that it is capable of doing more, that is, of actually giving a quantitative 
explanation of the behaviour of actual hquids for which the necessary data for 
evaluating the constants appearing in our formuke are available In order, 
however, not to lengthen the paper unduly, we shall confine ourselves to a 
general discussion, leaving the details for fuller treatment in separate papers 

2 The Befractxmly of Liquxds 

We shall first consider the optical problem, which is relatively simple In 
any satisfactory treatment of it we have necessanly to take into account the 
fact which has been clearly established by recent investigations, namely, that 
a liqmd can be regarded as an optically isotropic medium only when we do not 
push the analysis of its structure mto regions of molecular dimensions In 
the first place, it is estabhshed by investigations on light-scattenng that all 
known molecules are optically anisotropic, in other words, that they are polans- 
able to different extents m different directions From this circumstance it 
follows that the refractivity of a hqmd is really an average effect determined 
by the contributions of molecules variously onentated relatively to one another 

« Imsrdi, ‘ Z i Fhynk,’ voL 9, pu 158 (1982) 
t nsooke, ‘ Ann d. Fhysik,* voL 77, p. 169 (1926) 
t Gronaoher, ‘ Ann, <L Phyrik,’ vol 77, p 138 (1926) 
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and to the field of the incident radiation. Further, it u known from X-ray 
studies that many actual molecules are highly as}rmmetnc m their geometric 
form In view of this fact we would not be justified in treating the distribution 
of polansable matter surrounding any given molecule in a dense fluid as com¬ 
pletely symmetrical It follows, therefore, that the local field acting on any 
molecule due to the polarisation of its immediate neighbours, cannot be regarded 
as independent of the orientation of the molecule m the field The study of 
light-soattenng in hqmds furnishes striking evidence m support of this idea and 
indeed enables us m simple cases to actually detemune how the polansataon 
field acting on a molecule vanes with its onentation with respect to the incident 
beam of bght We shall m what follows proceed to develop the theory of 
refraction m hqmds on the assumption that the molecules are optically aniso¬ 
tropic and that the polarisation field acting on the molecule is a function of its 
onentation 

Let us choose the optic axes of any given molecule as the axes of a co-ordinate 
sjrstem y), fixed to it, whose onentations with respect to another system 
of axes X, y, z fixed m space are given by the Eulenan angles 6 , <{^ Let 

it, 63 be the moments induced in the molecule per unit field (due to a light¬ 
wave) aetuMy acting on it respectively along its three axes v), When the 
external field is incident along any one of those axes, say along the ^-axis, the 
polarisation field acting on the molecule will, in general, have components also 
along the r^- euid l^-axes Let Pii, p,„ pi, be the numerical factors which deter- 
mme the polarisation fields acting along the ^-, >}-, l^-axes when the external 
field IS incident along the ^-axis, and let p,j, p,,, p„ and p,i, p,^ p,, be similar 
factors when the external field lies along the yj- and C-axes, p* = pw 

Suppose now the field of the incident light-wavc, equal to E, say, lies along 
the 2 -axis Then the moments induced m the molecule under consideration 
along Its three axes are obviously 


K [«! + X (Pii«i + Fai«* Fsi^s)] ^' 
b, [<*9 + X (I>19*1 + F94«9 + P»9«3)] E 

and 

^8 [«8 + X (Pl3«l + Pisffs + P88»8)l E - 


( 1 ) 


respectivdy, where ^ is the mean moment induced m umt volume of the flmd 
by umt field of the mcident light-wave, a^, a,, Ks are the oosmes of the angles 
which the y)-, l|-axes make with the direction of the field E, and are given 

0 } = —smOcostp, a, = Bm6Bmi{>, as = cos6 (2) 
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These momeats when resolved along the dueohon of the incident field are 
together equal to 

t^i (1 + PvX) «i* + 6s (1 + Pi£L) * 1 * + 6, (1 + j»,aX) “a* 

+X {Jhi (6i + 6,) «i<ta + Pt» (6s + 6,) a,a, + p,i (63 + X E (3) 

Now the average values of oli*, 9.* and as* taken over all onentations of the 
molecules with respect to the inadent field are equal to while the average 
values of aio,, aga, and a,ai vanish Hence it readily follows that the average 
moment induced in a molecule m the medium by umt mcident field is given by 

m = i{6/ + 6,' + 6,'). (4) 


where b^, 63', 6,' denote the coefficients of a^*, as*, as* respectively in ( 3 ) above 
Further 

3^ =, vm == (tt* — l)/ 4 rt, (6) 

V being the number of molecules per umt volume and n the refractive index 
Putting 

Pii = + ffi. Pss = Jn + <ft> Pa = + ffs. 

and using relation (6), we obtam from ( 4 ) 

«* - 1 _ 47c 6, + 6, + 63 ■ n* - 1 V, + 6,0, + _ 

n* + 2 3 3 ~ n* 4- 2 3 ’ ' ' 

which may be written m the form 


where 


n»- 1 
n* + 2 




0 = J (6i<Ti + 6,0, + 6,0,) 


( 7 ) 

( 8 ) 


and C IB a constant chuactenstac of the molecule. We shall now consider three 
special cases 
Cose (a) 

®i = ®s = ®8 = 

and therefore 

Pa = Pu = Pn = 4 " ( 9 ) 

We find in this case that equation ( 7 ) reduces absolutely to the Lorentz 
formula. 

The assumption ( 9 ) is equivalent to the supposition that the local field acting 
on the molecule is equal to that at the centre of a sphenoal cavity excavated 
around it 
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Case (6) 
and therefore 


®i + == 


Vii + J>ii + Pas = 


(10) 


If, in addilaon, 6 ^ = 6, ^ 6g, a e , if the molecule u optically isotropio, equation 
(7) agam reduces to the Lorentz formula Equation (10) amounts to assuming 
that the local field acting on the molecule is equal to that at the centre of an 
eUipsoidal cavity with three uneqned axes,* scooped around the molecule 
It may also be mterpreted m the sense that the mean polarisation field acting 
on the molecule averaged over all onentations is the same as at the centre of a 
spherical cavity 
Case (c) 

Oi 4- Of + Oa 0 


This IS equivalent to the assumption that the mean polarisation field differs 
from that obtainable at the centre of a sphenoal cavity around the molecule 
In Case (a) we obtam no deviation from the Lorentz formula at all In Case 
( 6 ) we obtam a deviation provided the molecule is optically anisotropic, and m 
Case (o) we may obtain a deviation from the Lorentz formula even for optically 
isotropic molecules 


3 The Dideatno CmslarU of Liquids 

For the corresponding eleotneal problem we choose the pnnoipal axes of 
electrostatic polansabihty of the molecule as its i]-, !^-szes When an electro¬ 
static field E IS incident in the medium along the z-axu, the actual fields acting 
on the molecule along its axes are given by 


El = [*i + X* (?u*i + ?n*8 + ?8i«8)l E 
Ej == [«l + X. (?18*1 + ?*a*8 + ?88*8)] E 

and 

Es = [*S + (?18«1 + 388«8 + 3 s8*8)] E , 


( 11 ) 


where is the mean electrostatic moment produced in mut volume of the 
medium per umt incident field, and the g’s denote the constants of the static 
polarisation fields acting on the molecule, analogous to the p’s m the optioal 
problem If |ii, (ig, (x, be the components of the permanent electric moment 
(1 of the molecule resolved along the y)-, l^-axes and < 4 , a^, a, the moments 
mduced m it by umt field acting along these axes, the oontnbution from the 
* See Bonth,' Analytioal Statics,^ voL 2, p. 100 
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molecule imder conndcration to the moment along the dueotion of the moideot 
field IS given hj 

L ■= [oj (1 + Jiix,) «i* 4- a* (1 + qt£t>) + «8 (1 + ?8aZ«) “s* 

+ {jit (oi + a,) aja, + 9 m + «») «*«» + 9m (®s + ai) X E 

+ f*i*i + (*s «8 + J* 8 «s- ( 12 ) 

The potential energy of the molecule in the field due to the existence of the 
pennanent moment m it, is given by 


u — — (fiiEi 4- 4- fi»Es) 


= — (M^aj 4" higaj 4" Mjag) E, 

(13) 

Ml = (ii 4- (9iif*i 4- 9n (*8 4- 981 f^s) T 


M, = fl8 4- X* (9ll(*l 4- 988(^8 4- 9881^8) 

(14) 


Ms = (1, + X. (9i»l‘i + 9M|ii + 9 m>^) J 
By Boltzmann’s theorem the number of molecules per unit volume whose onenta- 
tions in the field correspond to the range sin 6 <26 d<f> is equal to 

ce—^8in6d0d^d<ji, (16) 

where c is a constant which can be evaluated from the obvious relation 

cf* r P = V, (16) 

J «»0 J^acO 


the total number of molecules per umt volume 
The average contribution from a molecule m the medium to the moment along 
the field 


L sm 0 (28 (2^ di|» 
sm 0 <20 (2^ 


= mja (say), 


(17) 


the limits of integration being the same as in (16), and negleoting terms 
involving £> and higher powers of E. On actual evaluation of the mt^prals 
in (17) we obtam 


+ «| (1 + iiaa} +9tSLt. S«Xr) 

3 

+ 3^ (Mipi + M,|i, + Mjiig) 


(18) 
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Further, 

a») 

where c le the dielectno oonstant 
Usmg this relation and putting 

3u = 4n + »1. g$t == 4" + *». ?8S = +h 
we obtain from (18) 


«—1 _ 4? V / <»i+q«+<H I M-* \ 1 «—1 f 0i«i+02«»+g»«s 

e+2 3 \ 3 ^3iT/‘^e+2 I 3 

+ 3 ^ (E|n*Si+ 2 S|iifiiga)} 



ire 

3 


+a,+o»^Jii\ , S-ly/y , 1 0\ 

3 ^3JH’/^e+2 \ ^3ifeT / 

(20) 

where 





T 


K», 

i»i + + della) 

(21) 

and 





0 

= 


L + itt\ + f*a*«8 + 2 (Piflrfi, + p,prf,» + Psl*l?8l) 

(22) 


The second term in (20) containing T and 0 appears as an addition to the 
first term which is identical with Debye s expression We may rewrite (20) 
m the form 


c- 1 
e4-2 


.^TC Oi + Os + g^ , I ^ I «- 

\3 3 ^« + 2 /^3ifcTU ^eH 


The first term on the nght hand side of (23) has a form similar to the eiqpression 
for refractivity obtained in the preceding section and does not exphcitly involve 
the temperature The second term, on the other hand, is inversely propor 
tional to the absolute temperature 


4 Dtacutsum of the Theory 

Our formnle offer a natural explanation why with increase of density the 
Lorents refraction constant usually diminishes Equation (7) runs 

!iz:l = vC4-v2^<l>, 

n*+2 ^ n»4 2 ’ 

where 

<& =»= 4 (biOi + bfit -} 6 , 0 ,) 

The expression for the didectnc constant of non polar Uquids is very similar 
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Bee equation (23) above, and the following rematkB may be regarded as applying 
equally well in respect of the same 

The constants &„ b, represent the polansabihties of the molecule along its 
optic axes and are therefore essentially posittve We shall, for the present at 
any rate, be justified in making the simplifying assumption, see equation (10) 
above, that + p,, -{- p„ = in, in other words, that the polarisation fidid 
acting on the molecule vahen averaged over dU vts ortentaftons is the same as at the 
centre of a spherical cavity We have, then, Oi + Oi -f O) s=: 0, and it follows 


thato,, Of 

, Og cannot all have the same sign 

If 

bi>b,>b, 

and 


®i 


it is easily shown that the value of <&, that is, of ^ (bi<T;i + b^, -f 
necessarily negative In other words, provided the condition stated m (24) 
IS satisfied, the value of (n‘ — l)/(n* + 2) would necessarily have a smaller value 
than that given by the Lorents formula 
The condition stated m (24) has a physical sigmfioance, namely, that the 
direction in the molecule corresponding to maximum polansabQity is that along 
which the field due to its neighbours has a nummum value, and vice versa 
That this condition would be satisfied in most cases seems highly probable 
If we can regard the chemical molecule as roughly eqmvalent to an elhpsoidal 
particle of polansable matter, its longest azis would be the one of maximum 
polansabihty and its shortest axis that of minimum polansabihty If we con¬ 
sider a hqmd composed of such molecules, it is obvious that the centre of a second 
molecule could approach that of the first most closely m the direction of the 
shortest axis, and least closely in the direction of its longest axis The polarisa¬ 
tion field due to its neighbours would be the sum of the fields due to the individual 
molecules occupying various positions with respect to it If we consider a par¬ 
ticular molecule in such position that the Ime joining the centres of the two 
molecules is parallel to the external field, its influence would appear as an 
addition to the field, while if the joining line is perpendicular to the field, its 
influence would be equivalent to a dimmution of the external field These 
effects would conspire to dimmish the aggregate polarisation field acting on the 
molecule when the external field is along its longest dimension, and to increase 
it when the field is along its shortest dimension, m oompanson with the case of 
sphencal molecules This is precisely the result which is required to satisfy 
the condition stated in (24) above. 
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It must, however, be remembered that the preceding argument u based on 
the assumption that the optical anisotropy of the molecule is determmed by its 
geometnc shape The ongm of the optical anisotropy of molecules as evidenced 
m observations on light-scattering has been the subject of discussion in recent 
papers * It is found that pronounced asymmetry of geometnc form does not 
necessarily mean pronounced optical anisotropy, the latter being determined 
by the chemical nature and arrangement of the atoms m the molecule Never¬ 
theless, the order of the geometnc dimensions of a molecule m different directions 
IS usually also the order of its optical polansabihties along those directions 
It must not be forgotten, however, that there may be exceptions to this rule f 

Betummg now to formula (7), we may, since the second term on the right 
18 much smaUer than the first, wnte it m the form 

from which it is seen that apart from any possible variation of <1> with density 
or temperature, the correction to the Lorontz formula increases m importance 
with increasing density There is prima fane reason to beheve that must 
itsdf mcreaae numenoally with mcreasing density of the flmd To realise this, 
we recall the argument set out above regarding the relation between the geo¬ 
metnc form of the molecule and the polarisation field acting on it In the 
gaseous condition, or even m a dense vapour, there would ordinarily be almost 
complete freedom of onentation for the molecules Further, the fraction of the 
tune dunng which a molecule is m actual collision with a neighbour is a small 
part of the whole, and hence, m determining the polansation field, we would not 
be sensibly m error in ignoring the non-sphencsl shape of the molecule altogether 
It IS only when the density becomes comparable with that of a liqmd that a 
molecule is almost contmually m collision with one or other of its neighbours, 
and that m evaluating the polansation field we cannot ignore the restnctions 
imposed by the geometnc form of the molecules on their relative positions and 
orientations These considerations mdicato a progressive change in the 
chamdvr of the polarisation field actmg on a molecule as the density increases 
At low densities, the field acting on a molecule would be appreciably the same m 

* See K. R. Bamanathaa, ‘ Roy Soo FrooA, voL 107, p. 684 (1024), vol 110, p 183 
<1986) AImT H.Havelook.'FhiLMae,’voLa,pp.l58,4S8(1927). 

t From lome obeerratioiM by Mr L Bamaltriehna Rao in the authon* lab<»atory, on 
Ught-aoattering in foannio and aoetio aoid vapoms, it appeaia that tham form auoh ezoep- 
tiooB. The available data on refraotlvity appear also to indioate an tnereoM of the Loreotz 
oooatant of refraotlvity with inoreaaing density 
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if it were placed at theoentre of a spherical cavityexoavated around it, and would 
be independent of its orientation. At hi^er densities, the non-sphenoal shape 
of the molecule would begm to influence the results A detailed treatment of 
the problem on the basis of the kinetic theory would be oompboated by the 
circumstance that the molecules are themselves optically anisotropic and that 
therefore the mutual influence of two molecules depends both on their relative 
position and their relative onentation Ignoring this diflaculty, however, we 
may make the simpbf 3 nng assumption that the surrounding molecules can be 
regarded as equivalent to a distribution of polansable matter which is of umtorm 
density and sjmimetncal except in a small region surroundingthe given molecule 
With increasing density, this small region and its lack of symmetry become of 
greater importance, until finally, when a density as great as that of the amorphous 
sobd IS reached, we shall not be much in error m r^rding the molecule as 
practically embedded in a cavity having its own shape, the dependence of the 
polansation field on the onentation of the molecule relatively to the external 
field then reaching its maximum value We thus amve at the general con¬ 
clusion that the value of d) increases numencally with mcreasmg density, 
beginmng with sero at low densities and reaching a limiting value at densities 
as high as those of the amorphous sobd The correction vO appearing in our 
modified form of the Lorents formula must therefore increase at a greater rate 
than in proportion to the density, during a greater part of its course 
A clearer view of the whole subject may bo obtained in the following way 
In section 2, we obtained the expression (equation (4)) 

♦» = i (V + + V)» 

where 

W = Ml+X(f" + ®i)]. 

etc , etc , for the average moment mduoed m a molecule per umt external field. 
In a rarefied medium we have 

»» = i (&i + b* + b#) 

The ratios b^ b, b, are a measure of the optical anisotropy of the molecule m 
the state of vapour In the dense fluid the ratios b^' b,' b,' similarly indicate 
the optical anisotropy of the molecule as effectively modified by the influence 
of its neighbours The preceding discussion shows that the result of snoh 
influence is to dixmmsh these ratios and make them approach more nearly to 
umty, m other words, to dimmish the effective optical anisotropy of the mole¬ 
cule, and that a dimmution in refractivity is a necessary consequence of the 
same effect 
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Independent evidenoe that the effect of inoreaamg density is to cause an 
apparent dumnution in the optical and electncal anisotropies of the molecule, 
IS furnished by studies of the electrical birefringence of liquids, and by the study 
of the depolarisation of the light scattered by liquids at different temperatures 
The authors have developed a theory of electric birefringence m hqmds, and a 
theory of hght-soattenng m bqmds, based on ideas very similar to those under¬ 
lying the present paper, and find strong support for these theories m the experi¬ 
mental evidence available The theory of light-scattenng m liquids indicates 
that it IS possible in simple oases to evaluate the quantities appeanng m the 
formulsB of the present paper and thus offer a quantitative test of the proposed 
theory of refraction and dielectric behaviour Very encouraging results have 
already been obtamed in this direction, but to enter into these details would be 
foreign to the scope of this paper 


6 Summary 

A review of the experimental evidence shows that the existing theories of 
the refractivity and dielectno behaviour of liqmds are inadequate to explam 
all that IS known concerning the changes of these properties with density and 
temperature A new theory is accordingly developed m this paper, which is 
based on the idea that the molecules of the flmd are optically and electrically 
anisotropic, and that, in addition, the polarisation field, acting on a molecule m 
a dense fluid, vanes with its onentation relatively to the external field The 
theory offers an immediate explanation why in general an increased density 
causes a diminished molecular refractivity as calculated from the Lorentz 
formula It is shown that these changes in refractivity and dielectnc constant 
are closely related to a change m the effective optical or electncal anisotropy 
of the molecules produced by the influence of its immediate neighbours Similar 
ideas have been adopted m theones of electnc buefnngenoe and of light- 
scattenng m bquids developed by the authors, which have found strong expen- 
mental support, and with the aid of which the anisotropic constants appearing 
in the formuUe of the present paper can be evaluated 
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Expenmenta on the Thffradxon of Cathode Bays 

Bj G P Thomson, M A., Fellow of Corpas Christi College and Professor of 
Natural Philosophy m the University of Aberdeen 

(Communicated by Sir Joseph Thomson, F R S —^Received November 4, 1927 ) 
[Flsts 19] 

1 M L de Brogbe has introduced a theory of mechanics according to which 
a moving particle behaves as a group of waves whose velocity and wave-length 
are governed by the speed and mass of the particle In fact if mg is the mass 
for slow speed and v the speed of a freely moving particle, the wave-length is 
given by X = AVi — t)*/c*/f»oV, and the wave velocity V by V = c*/i», the 
group velocity being v, the velocity of the particle Here c is the velocity of 
light and it wdl bo seen that the wave velocity is greater than e There is 
nothmg impossible m this because the waves are regarded as purely geometrical 
—" phase waves ”—^not as carrying energy Compare, m ordinary optical 
theory, the case of substances, such as sodium, for which the refractive index 
IS less than unity The above is for free space, m the presence of a field of 
force y vanes, and the consequent bending of the waves by refraction corresponds, 
on the new theory, to the deviation of the path of the particle by the field of 
force, on the old 

The consequences of tbistheory have been worked out by de Brogue, Schrodinger 
and others and apphed to problems m spectroscopy where they have provided 
the solution of several outstanding difficulties left by the older theory of orbits 
In view, however, of the extremely fundamental nature of the theory it is highly 
desirable that it should rest on more direct evidence, and, m particular, that 
it should be shown capable of predicting as well as of merely explaining 
Dymond* has obtamed some remarkable results on the scattering of slow elec¬ 
trons m hobum which are of the general nature to be expected in this theory, 
but our knowledge of the structure of hebum, together with the mathematical 
difficulties of the problem have so far prevented any exact compansion of the 
theory with expenment Davisson and Kunsmanf and Davisson and Qermer{ 
have obtamed results on the reflection of slow electrons from the surfaces of 
crystals, especially mckel, which show good qualitative agreement with the 

♦ ‘ Nature,' vtA 118, p. 388 (1928) 
t ‘Phya Rev,’ toL 22, p. 243 (1923). 
t ‘ Nature,’ voL 119, p. 688 (1927) 
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theory bat a duorepaiu^ of SO per cent in certain magnitudes It u hoped 
that the experiments described m this paper will advance the matter a stage 
farther They are a development of some expenments of which a preliminary 
account appeared recently m ‘ Nature ’* 

2. These expenments were begun last year with the idea of extending 
Dymond’s expenments on scattering to sohd films and faster electrons, where it 
seemed probable that the teohmque developed for deabng with positive ray- 
Bcattenng could be apphed with advantage The results now obtained, how¬ 
ever, are best looked at from a slightly different pomt of view to that apphcable 
to Dymond’s work, namely, as follows 
On the de Broglie theory the electron is considered as a group of waves and 
its motion through matter is detenmned by considerations of scattering and 
diffraction For electrons of 25,000 volts energy the wave-length X calculated 
from the above formula is about 0 76 x 10~* cm This is of the order of that 
of hard X-rays and the waves associated with electrons of this energy should 
behave m many respects like hard X-rays In fact on this view there is a very 
close analogy between the two The quantum effects of X-rays are regarded as 
dae to centres of energy guided by waves, while in the case of the electrons the 
motion of the electric charge, m which the energy is centred, is regarded os 
taking place along the rays of the group of phase waves associated with it In 
particular the electrons should show difiraction effects when passed through a 
crystal identical with those shown by X-rays of the same wave-length It is, 
perhaps, hardly necessary to say that this does not mean that the two are 
indistinguishable Unlike X-rays the electrons are deflected by electnc and 
magnetic fields They carry a charge, and for equal wave-lengths, have much 
less energy and less penetrating power 
3 In essence the expenments to be desenbed consist m sending a beam of 
approximately homogeneous cathode rays through a very thin film at normal 
incidence and reoeiVing them on a photographic plate some distance behind 
If the film consists of a number of xnmute crystals arranged at random we should 
get a pattern identical with that obtamed m a Hull-Debye-Scherrer apparatus 
with X-rays of the same wave-length If oertam directions of crystal predomi¬ 
nate the pattern will be modified m a oalculable manner It will be seen below 
that both these oases have been found The only other necessary condition is 
that the film shall be so thm that the electron in its passage through it is only 
scattered onoe, otherwise the pattern will be hopelessly blurred by the super¬ 
position of the deflections and will appear on the photographic plates as a 
* Thomson and Beid, 'Natan,’ voL 119, p. 800(1927). 
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nearly uniform blackening except, perhaps, for an increased intensity near the 
place corresponding to the direction of the original beam 
It 18 this requirement which gives rue to the chief ezpenmental difiBoulties 
and accounts for the effect not having been observed before 
4 The experimental arrangement used (see fig 1) u of the simplest Cathode 
rays generated by an induction coil in the tube A pass through the fine tube B 



of bore 0 23 mm and length 6 cms, and strike a film mounted at C B u 
shielded from magnelac effects by the iron tube shaded m fig 1 Between 
0 and the plate at D u a distance of 32 6 cms and the plate can be lowered m 
two stages by a magnetic release This enables two exposures to be taken 
on each plate which u an advantage as it u difficult to estimate the best time 
of exposure to show up the pattern At £ u a willemite screen which can be 
used to examine the rays whde the plate u still m the upper part of the camera 
The camera was exhausted to a low vacuum, the gas coming through the fine 
tube from A being removed by a three-stage mercury vapour pump The 
voltage of the discharge was measured as carefully as possible by means of a 
spark gap between 4 cms aluminium spheres A preliminary experiment of 
deflecting the rays by a magnet on their path between C and D showed that they 
were very nearly homogeneous, the spot on the plate deflecting as a whole except 
for a very famt tail 

6 Specimens of the results obtained with films of aluminium, gold, celluloid, 
and a substance X (at first thought to be platmum), are shown m the plate 
It will be seen that m all oases the general effect is that of a senes of conoentno 
rings round the spot made by the undeflected beam In some oases these xings 
are uniform round the oiroumferenoe, in others the mtensity is more or less 
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ooncentrated m a senea of spots on the circumference It should be said at 
once that there can be no doubt that the whole pattern is due to cathode rays 
which have been deflected by the film Thus in the absence of the film only 
the central spot is seen, and if a magnet is brought up between C and D the whole 
pattern is shifted t(^her In some cases, when it is bright enough, this can 
bo seen by following the changes in appearance of the willemite screen when a 
magnet is brought near In others, when the rings could not be seen on the 
screen, photographs were taken with a magnetic field between C ai^d D strong 
enough to move the central spot, which could always be seen, through a con¬ 
siderable distance In all cases the pattern showed the spot at the centre of 
the rings, showing that spot and rings had been deflected together They thus 
are due to cathode rays of appreciably the same velocity 
6 Vanatton wUh the Energy of the Rayt —If the rings are in any way of the 
nature of a diffraction pattern theur size, for a given film, must vary inversely 
as the wave-length of the waves concerned According to the formula of de 
Broghe X = AVl — ^ = A/moW and if F is the 

potential difference in volts through which the rays have fallen to acquire their 
energy, = v V2eP/300mQ Thus X is proportional to VP and if D is the diameter 
of any given nng DVP should be constant If the accurate formula is used 
and allowance made for the vanation of mass with velocity m the acceleration 
of the ray, it is easy to show that X = A\/l60/ePmo/(l -+- eP/1200m^) The 
correcting term never exceeds 3 per cent m these experiments The following 
table shows the constancy for various films of dVp (1 + Pe/12(X)moO*) About 
equally good agreement is shown by the simple expression dVF> 


Alum%mum 


PUte 

SO 

P 


D,v/P(l+PJ/1900m^) 

Ootober 7 (8) 

mmi 

0 

17,000 

sT 

410 

October 10 (S) 

0 0 

30,000 

8 40 

434 

October? (8) 

10 

31,800 

8 32 

418 

October 7 (4) 

18 

40,000 

2 18 

430 

October 7 (6) 

14 0 

44,000 

8 08 

440 

Ootober 7 (6) 

10 0 

48,000 

1 90 

430 

Ootober 11 (1) 

Ootober 12 (8) 

10 0 

48,800 

1 08 

44a 

80 

00,000 

1 83 

440 

October 18 (3) 

80 

00,000 

1 80 

438 





Mean 434 
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0*P TboBMOD 
GM 


PUto 

SO 

P 

D 

O VT(1+P«/1900m«iP) 

OdtobwlS (1) 

7 S 

84600 

OAl 

S 50 

308 

OetobwlS (4) 

10 

81600 

3 15 

300 

OetoberlS (6) 

IS 70 

39 400 

8 00 

404 

OetobwlS (0) 

IS SO 

40 800 

1 86 

400 

October IS (7) 

IS 

54 300 

1 63 

888 

October 17 

SS 

61300 

1 61 

410 





Mean 309 


Thu doae tgreement u m itadf stioBg evidence for the de Broglie theory 
end jnatifiee ne m ooneidenng in detail the other oonseqaenoee-to he expected 
on thu view 

7 Soppoee tiut a beam of cathode rays u incident at an angle 6 on a plane 
of indices (lUf) of a small element of crystal According to the Bragg formula 
It will be reflected provided that 2d sm 6 = n X where d u the spacing between 
parallel planes of the type {h k 1) If L u the distance of the plate thu will 
give rue to a mark on the plate at a distance D/2 from the central spot where 
Dbs49Lss 2»X L/d assuming 6 u small 
If a large number of small crystals are present arranged at random so that 
some are present at all angles we shall 
have a nng of diameter given by the 
above farmnla for every spacing d m the 
crystal lattice and n 1 2 3 etc Thu 
u of course the wdl known Hull Debye 
Scherrer pattern for powdered crystals 
If die crystals have defimte onentations 
with respect to the film some of these rings will be absent Thus consider 
a crystal with rectangular axes and suppose a (1 0 0) face u always 
(approximately) parallel to the film surface we shall have reflections from 
(0 1 0) and (0 1 1) faces because the small aiij^e 9 required can be provided 
by the sbght divergence of the cathode ray beam and by lack of flatness m the 
film On the other hand the i^eotion from (1 1 1) will not appear becailse 
the rays would have to make alarge anj^e witii the plane of the film m order 
to be incident on (1 1 1) at the small angle required bythe law 2 dsm 9 =n X 
remembering that X u of the (ffder of 1/BO that of d If further the crystals 
are so orientated that not merely u one axu perpendicular to the film bat the 
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ASM m th« il» at* nok anaiiftd at raadom, tkan th« nufs whiok do appear 
will not ba of uufom intean'ty, Moh diraction of the axes givuif me, m the 
oaae of onbio eTumetiy, to foor epote on the oircnmferenoe of the nng 
8 iilumMWiim,—Let ui examine the lecnlte obtamed with aluminium from 
thu point oi Tiew The filma used were the thinneet foil etched down by 
floatinf m oanetao potaih lall they were tnuuparent It is diffiqolt to eetimate 
the t h iol m ess actually used as the films so formed are not unifond, but probably 
to five food resnlte they must not be more than 10~* cm Lookinf at fifs 1 
and 2 (Plate 19), we see that the rings are non-uniform so that presumably the 
crystals hsTs become orientated m the process of roUing the film Besides the 
inner ring two others, D, and D„ can be distinguished outside it,* and traces 

of a fourth between D, and D, The ratios of Dj/D, Dj/Dj are shown below 



Oot is 
(*) 

Oet 11 
(1) 

0«t 7 

I 

Oot.7 

(») 

0«t 7 
(2) 

Ort 7 
(*) 

Oot.7 

(1) 

Me*n 

D,/D, 

1 41 

1 se 

1 4S 

2 IS 

1 87 

1 SS 

2 02 

1 48 

I 1 41 1 



In some of the cases m which no ralue of Dg/Dj is firen the xing was outside 
the field on view, m some it was too famt to measure It will be seen that the 
ratios correspond closely to V2.1 and 2 1 
Now alnmminm is found from X-ray experiments to have a fore-oentrod cubic 
lattice For such a lattice the distances “ d ” of the pianos are given by 
d «= a/VW-|- Jt* +1* where h, k, I mn flie mdices of the piano and “ a ” the side 
of the unit cube. If some of the quantities (h, h, 1) are odd and some even, 
counting aero even, all are to be doubled 
Now, if one axis is perpendioular to the film, the possible planes are those ita 
which one index is sero, and the smallsst values of A, h, 1 are (1, 0, 0), (1,1, 0), 
(1, 2, 0), etc Now D = 2i» XL VA*-f- Jfe*-+-!■/#, hence doubhng the mdices 
when required we have in succession Da/XL = «4, niV^ Vsi etc. If 
we put n=> l,2mthe first and» = 2mtho second, we get Da/XL == 4, 4\/2,8 
or in the ratio 1 VS 3 ee found for D, D„ and it is eaify to see that 
any other nng will be outside these The faint nng between Dg aji|4 ^s >*• 
I think, probably due to a few of them not being onentated m the way 
assumed As far as can be measured its diameter is to as y/E 1 and Ihus 
would correspond to the second order reflection from a (1,1,1) plane 
In the examples repro^uosd there are too many crystals, as shown by the 
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nuUaerouB spots, for their symmetry to show up dearly Fortunately 1 found 
another specimen which was apparently, m the small region used, almost a 
single crystal Here the inner circle was reduced to four short arcs at the 
comers of a square while D, took the same form with the difference that 
the diagonals of the two squares make an angle of 45° with each other 
This specimen was rather thicker, and the background of general scattered 
rays was heavier, it is reproduced in fig 3, Plate 19 Since the (1,1, 0) planes 
are at 45° to the (1, 0, 0) planes this result is m exact agreement with what 
would be expected on the theory 

Finally we can compare the calculated value of “ a ” with that found for 
aluminium by X-ray analysis The values for three specimens agreed with 
each other withm the limits of experimental error, and cxdnding some expen- 
ments at very high voltages for which the spark gap measurements have a large 
probable error, I find as a mean o = 3 80 X 10~®, the value given by X-ray 
analysis is a = 4 046 X 10"® There is a discrepancy of 6 per cent While 
this IS outside the casual error of experiment, as may be seen from a considera¬ 
tion of the agreement of the figures on p 603, it may perhaps be due to a 
systematic error * The measurement of energy by spark gap is not a very 
satisfactory method, especially when a rapidly altematmg potential like that of 
an mduction coil is used, and there may quite possibly be a systematic error 
due to this On the other hand there may be some correction required m the 
theory The discrepancy would have beeu one or two per cent less if the 
relativity correction had been ignored* 

9 QM —Gold films were prepared from the thinnest leaf obtainable by 
reduction in aqua regia The pattern due to one is sliown m fig 4, Plate 19, 
and the constancy of D'VP u shown m the table above Here D' is the 
mean of the diameters of the two inner nngsf which at the lower energy of 
rays were unresolved Here the rinj^ are quite contmuous, indicating the 
presence of many crystals and su^;esting that they are probably orientated 
at random, as might be expected from the fact that the leaf is prepared by 
beating Gold also has a face-centred cubic lattice Awaiimmg that the 
crystals are at random, we must take all possible values of (A, k, I), and 
resulting values of Da/2XL are shown below 

(By treatmg, e ^, (4, 0, 0) os different from (2, 0, 0) we avoid the necessity 

* See note at the aid of the paper '' 

t Shown in the reprodnotion as a rather broad ring with a fine darii oirok div iding it into 
two 
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of mtxoducmg n as a separate vanable ) The “ observed ” values are ratios 
oaloulated so as to make the diameter of the first ring v^S 




ObMrred 

^/A* + *• + ** 

Ootober 17 

Ootober 12 (7) 

(2.1.1) 

•ys 

s/3 

s/3 

(3. 0,0) 

^/4 >= 2 00 

2 05 

2 02 

(2, 2,0) 

;yi » 2 83 

3 81 

2 83 

(1.1.3) 

(2. 2. 2) 

>/n =. 3 32 -1 
^., 3 47 

3 40 

3 33 

(4. 0.0) 

= 4 00 

absent 

absent 

(8. 3.1) 

(4. 2,0) 

./re -= 4 30 -1 

> 4 41 ine»n 
^/20 = 4 47 J 

4 44 

4 45 


It will be seenthatthe agreement IS very good, that all thenngscan be accounted 
for, and that all the rings to be expected in the region covered by the plate 
are present, except the higher order of the (1, 0, 0) which might be expected to 
be very faint The rings VTT and Vl2. and again Vl9 and are not 
resolved 

As regards the absolute value of “ o ” I find o = 3 80 x 10“® The X-ray 
result 18 o = 4 065 x 10“*, a discrepancy of 6J per cent, to which the same 
remarks apply as m the case of alumimum 

10 Cdlulotd —A few photographs were taken with a thin film of celluloid, 
of the order of 6 X 10~* cm thick, similar to those used by Mr Reid m the 
experiments descnbed in ‘ Nature ’ One of these is shown in fig 5, Plate 19 
There is a well-defined inner ring and a much fainter outer one of about twice 
the size not visible m the reproductuon Mr Reid is contmuing the work on 
these filwiB with the apparatus ongmslly used, which, while slightly more 
oomphcated, has the advantage that the energy of the rays can be measured 
with mobh greater accuracy It is hoped that a detailed account of this 
work will shortly be ready for publication 

Film X —The first experiments with the apparatus descnbed were made 
with a thin film beheved to be platinum This was obtained by acting wiih 
aqua r^pa on the film formed on the inside of a bulb by cathode spluttering 
from platmum It was found accidentally m the course of cleaning the ^ulb 
that the film came off m the acid m flakes 2 or 3 mm. across Two of the nutot 

2 T 2 
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transparent of these were mounted and tested The thumest showed a very well- 
marked mner ring* (fig 6, Plate 19) and a faint outer one (not reproducible) 
of about twice the size The thicker film only showed the inner nng, and 
that rather faintly, but the size was the same The inner nng of the thinner 
specimen vaned m size with the voltage in the way now famihar, as shown 
in the foUowmg table — 


Spark gap 

Voltage 1 

Diameter 

Dv/V 

mm 


mm 


3 25 

12,000 

18 5 

203 

4 a 

Ifl.lOO j 

15 8 

200 

7 0 

23,200 

12 9 

I mi 

0 25 

29,000 

11 0 

205 

13 0 

39,000 

10 0 

200 

14 75 

44,400 

0 7 

_.■»!._ 




Mian 201 


The absolute size of the ring is, however, exactly half that to be expected from 
platmum taken as a face-centred cube of side 3 91 x 10~^ It is almost exactly 
that of the celluloid nng though the latter is rather sharper It seems possible 
that these films ^vo^e really due to some greasy substance present on the bulb 
(which was onginally used for quite a different purpose) A film of this sub¬ 
stance would be selected as apparently the thinnest owing to its transparency 
Attempts were made to obtam films of undoubted platmum by the same process, 
but they were unsuccessful as the films always broke while drying on the mount 
This mcrcases the probabihty that the films m question were not platinum 
It IB difficult to prepare thin platinum films by the methods that has been 
successful with gold and aluminium as 1 have been unable to obtain sufficiently 
thin foil to start with I 

Condustons 

The detailed agreement shown m these ezpenments with the de Broghe 
theory must, I think, be regarded as strong evidence in its fiivour These means 
isocepting the view that ordinary Newtonian mechames (including the relativity 
modifications) are only a first approximation to the truth, bearing the same 

* In this case the lolariaation near the undefleoted beam gives the appeaianoe of an extra 
huMriing. A aiiiiilar effect, leas mariod, can be semin flgaS, 4 andfi. Thesefabe zingi 
can aaaibr be Jn pnaitioe by taking ^lotographa with varying expoa o rea. 

f If ok added m Proof —I have ainoe been able to diow that platinum films give the 
rln fp to be expected from the known oryatal atmeture of the metal, see 'Nature,' 
Deoembw8,p 802 
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relation to the complete theory that geometrical optics does to the wave theory 
However difiGicnlt it may seem to accept such a sweeping generahsation, it seems 
impossible to ezplam the results obtamed except by the assumption of some kind 
of difiraotion, and the numerical agreement with the wave-length given by the 
theory is stnkmg It should be emphasised that there are no adjustable con¬ 
stants, the agreement is direct except for a 6 per cent error It is an important 
question whether this error is an experimental one in the measurement of the 
speed of the rays, as suggested above, or whether it represents some correction 
on the simple theory * Further experiments on this pomt are in progress It 
IS also hoped to extend Dymond’s results by obtaining the difiraction pattern 
for the molecules of a gas with these fast rays My sincere thanks are due to 
Mr C G Fraser and to Mr J D McKay for their valuable assistance in pre¬ 
paring the films and making the experiments 

Summary 

1 Experiments are described giving the patterns formed by cathode rays 
scattered by thm films of aluminium, gold, celluloid, and an unknown substance 

2 These patterns are closely similar to those obtamed with X-rays m the 
“ powder method ” 

3 The sizes of the patterns agree to 6 per cent with those predicted on the de 
Broglie theory of wave mechamos, regarding the phenomenon as one of diffrac¬ 
tion of the phase waves associated with the electrons 

[Note added «n Proof —I have now Iroced the error to a loss of potential 
in the high tension leads, ammeter, etc If the spark gap is measured 
directly across the discharge tube instead of, as m the above experiments, 
near the coil, the value found for “o’* m the case of platmum is withm 
1 per cent of that found by X-rays, while with the measurements taken m 
the old way there is a discrepancy of 6 per cent as m the case of the other 
metals, the results with which are therefore also explamed.] 


* It may be remarked that Davimcma and Germen’ reeulU appear to show on error of 
about tbe same magnitude m the lame direction. 
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The Quantum Theory of the Electron. 

By P A. M Dirac, St John’s College, Cambndge 

(Communicated by B H Fowler, F R S —Received January 2,1928 ) 

The new quantum mechamcs, when applied to the problem of the structure 
of the atom with pomt-charge electrons, does not give results m agreement 
with expenment The discrepancies consist of “ duplexity ” phenomena, the 
observed number of stationary states for an electron in an atom being twice 
the number given by the theory To meet the difficulty, Glouflsmit and Uhlen- 
beck have mtroduced the idea of an electron with a spm angular momentum 
of half a quantum and a magnetic moment of one Bohr magneton This model 
for the electron has been fitted into the new mechanics by Pauli,* and Darwin,f 
working with an equivalent theory, has shown that it gives results in agreement 
with experiment for hydrogcn-like spectra to the first order of accuracy 
The question remains as to why Nature should have chosen this particular 
model for the electron instead of being satisfied with the point-charge One 
would like to find some incompleteness m the previous methods of applying 
quantum mechamcs to the pomt-chaige electron such that, when removed, 
the whole of the duplexity phenomena follow without arbitrary assumptions 
In the present paper it is shown that this is the case, the incompleteness of 
the previous theones lying m theur disagreement with relativity, or, altemate- 
tively, with the general transformation theory of quantum mechanics It 
appears that the simplest Hamiltonian for a point-charge electron satisfying 
the requirements of both relativity and the general transformation theory 
leads to an explanation of all duplexity phenomena without further assumption. 
All the same there is a great deal of truth in the spinning electron model, at 
least as a first approximation The most important failure of the model seems 
to be that the magnitude of the resultant orbital angular momentum of an 
electron moving m an orbit m a central field of force is not a constant, as the 
model leads one to expect 


* Pauli, ‘ Z f. Physik,’ vol 43, p 601 (1927) 
t Darwin,' Boy Soo Proo,’ A v(d 116, p 227 (1927) 
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§ 1 Premout BdahvUy Treatments 

The relativity Hamiltonian according to the classical theory for a point 
electron moving m an arbitrary olectro-magnetic field with scalar potential Aq 
and vector potential A is 

where p is the momentum vector It has been suggested by Qordon* that the 
operator of the wave equation of the quantum theory should bo obtamed from 
this F by the same procedure as in non-relativity theory, namely, by putting 

= *'=1.2,3, 

m it This gives the wave equation 

^'1'=[(•» +! ^)‘+*='(-•*1; + f *•)■+“'"]+=“• <’> 

the wave function 4' being a function of «i, x,, x,, t This gives rise to two 
difficulties 

The first is m connection with the physical interpretation of (j* Gordon, 
and also independently Klem,t from considerations of the conservation theorems, 
make the assumption that if 4'* ^ solutions 

P”—&{•* ('•'•i*' - 

and 

I** = - ^{- ** ('!'• gr«^ +«- +» grad 4;,) + a ^ A,4/„4.„J 

are to be mterpreted as the charge and current associated with the transition 
m-*' n This appears to be satisfactory so far as emission and absorption of 
radiation are concerned, but is not so general as the interpretation of the non- 
relativity quantum mechames, which has been developed^ sufficiently to enable 
one to answer the question What is the probability of any dynamical variable 

•Gordon,'Z f Physlk,* vol.40, p 117(1028) 
tKkiii,‘Z f Phyaik.’Tol 41,p 407(1827) 

t Jordan, ‘ Z 1 Physik,* vol 40, p 809 (1927), Dirac, ‘ Roy 8oc* Proc vol 113, 
p 621 (1927) 
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at any Bpecified tune liaving a value lying between any specified lumts, when the 
system is tepiesented by a given wave function ? The Gbidon-Klem intei- 
protation can answer such questions if they refer to the position of the electron 
(by the use of pa.), but not if they refer to its momentum, or angular momentum 
or any other d3mamical variable We should expect the mterpretation of the 
relativity theory to be just as general as that of the non-relativity theory 
The general interpretation of non-relatmty quantum mechamos is based on 
the transformation theory, and is made possible by the wave equation being of 
the form 

(H - W) i]; = 0, (2) 

t e, being linear in W or 3 / 0 d, so that the wave function at any time detornuncs 
the wave function at any later time The wave equation of the relativity 
theory must also be Imear in W if the general mterpretation is to be possible 
The second difficulty in Gordon’s interpretation arises from the fact that if 
one takes the conjugate imaginary of equation ( 1 ), one gets 

which 18 the same as one would get if one put — e for e The wave equation 
( 1 ) thus refers equally well to an electron with charge e as to one with charge 
— e If one considers for defuuteness the limiting case of large quantum numbers 
one would find that some of the solutions of the wave equation are wave packets 
moving 111 the way a particle of charge — « would move on the classical theory, 
while others are wave packets moving in the way a particle of charge e would 
move classically For this second class of solutions W has a negative value 
One gets over the difficulty on the classical theory by arbitrarily excludmg 
those solutions that have a negative W One cannot do this on the quantum 
theory, smeo in general a perturbation will cause transitions from states with 
W positive to states wnth W negative Such a transitaon would appear expen> 
mentally as the electron suddenly changing its charge from — e to s, a 
phenomenon which has not been observed The true relativily wave equation 
should thus be such that its solutions split up mto two non-combming sets, 
referring respectively to the charge — e and the charge e 
In the present paper we shall be concerned only with the removal of the first 
of these tw o difficulties The resulting theory is therefore still only an approxi¬ 
mation, but it appears to be good enou^ to account lor all the duplexity 
phenomena without arbitrary assumptions 
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§ 2 The HamtUonianfor No Fteld 

Our problem is to obtam a wave equation of tbe form (2) which shall be 
mvanant under a Lorenta transformation and shall be equivalent to (1) m the 
limit of large quantum numbers We shall consider first the case of no field, 
when equation (1) reduces to 

(-J>o* + P* + «»V)iJ, = 0 (3) 

if one puts 



The symmetry between po and pi, p„ p, required by relativity shows that, 
since the Hamiltonian we want is linear in pg, it must also be hnear m p^, p, 
and Pg Our wave equation is therefore of the form 

(Po + *i?i + “iPi + “»Ps + P) 4* = (^) 

where for the present all that is known about the dynamical variables or 
operators «!, ag, ag, ^ is that they are independent of pg, pg, p„ pg, t e, that they 
commute with t, Xi, Xg, Xg Since we are considering the case of a particle 
moving in empty space, so that all pomts m space are eqmvalent, we should 
expect the Hamiltonian not to mvolve t, x^, Xg, Xg This means that a^, ag, 
ag, ^ are mdependent of t, x^, Xg, Xg, t e, that they commute with pg, p^, pg, 
Pg We are therefore obliged to have other dynamical variables besides the 
co-ordinates and momenta of the electron, m order that a^, Xg, Xg, ^ may be 
functions of them The wave function must then involve more variables 
than merely x^, Xg, Xg, t 
Equation (4) leads to 

0==(—?o + «iPi + «8Ps + «sP8 + P)(l»o + *iPi + *iPi + «8Ps+ P)*!* 

■= [ -Po* + S *1V + s (oqxJ + XgXi) pjjg -f P* + E (xi p -f pxi) p,] 4», (6) 

where the E refers to cyclic permutation of the suffixes 1, 2,3 This agrees with 
(3) if 

X,* = 1, x^ + ovv = 0 (»• ») ] 

[ r,« = l,2,3 

= wM, x,p -f po, = 0 ) 

If wo put p = a^mc, these conditions become 

«M* = 1 = 0 (l* 5^ '^) K. V = 1. 2, 3, 4 (6) 

We can suppose the x^’s to be expressed as matrices in some matrix scheme, 
the matrix elements of being, say, a» (C X,") The wave function i}* must 
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now be a function of C aa well as a^, t The result of multiplied into tji 
will be a function (oc^t];) of a^, a;,, x^, t, C defined by 

M) (». <. 0 = 2<'(j: c') ^ a 


We must now find four matrices ol^ to satisfy the conditions (6) We make 
use of the matnees 

-C;) •■=(::) 


which Pauh mtroduced* to descnlie the three components of spin angular 
momentum These matrices have just the properties 

a,* =1 a/it + afif = 0, (f s), (7) 

that we requite for our x’s We cannot, however, just take the o’s to bo three 
of our a’s, because then it would not be possible to find the fourth We must 
extend the a’s m a diagonal manner to bring m two more rows and columns, 
so that we can introduce three more matnees p^, p„ p, of the same form as 
Oi, Of, 9a> referring to different rows and columns, thus — 


'0 

1 

0 

o' 

a,= 

'0 

-* 

0 

o' 

«s = 

'1 

0 

0 

o' 

1 

0 

0 

0 


* 

0 

0 

0 


0 

-1 

0 

0 

0 

0 

u 

1 


0 

0 

0 

-» 


0 

0 

1 

0 

0 

0 

1 

oj 


0 

0 

% 

0, 


0 

0 

0 

-1, 

'0 

0 

1 

0^ 

Pi = 

'0 

0 

—» 

o' 

P8 = 

'1 

0 

0 

o' 

0 

0 

0 

1 


0 

0 

0 

—* 


0 

1 

0 

0 

1 

0 

0 

1 


% 

0 

0 

0 


0 

0 

-1 

0 

0 

1 

0 

oJ 


0 

• 

0 

0, 

1 

.0 

0 

0 

-1. 


The p’s are obtamed from the a’s by mterchanging the second and third rows, 
and the second and third columns We now have, m addition to equations (7) 

Pf‘=l PfPf+PfPf=^0 

and also h (7') 

p/H = oiPr, J 

*PaaU,loo.eif. 
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*1 — Pi®i» *1 — Pi®«» *8 ~ Pi®s» “4 — Pa* 

aU the conditions (6) are satisfied, e g, 

*1* = Pl®lPlOl = PiV = 1 

“l*l = Pl®lPl®l = Pl^l®S = ~Pl*®*®l = ~ “8*1 
The following equations are to be noted for later reference 

PiPs = ♦Pa = — PiPi I 

Old, = to, = — Ojff J ’ 

together with the equations obtained by cyclic permutation of the suffixes 
The wave equation (4) now takes the form 

[l»o + Pi («■. P) + P3»*c] <1» = 0, (9) 

where a* denotes the vector (o^, o„ o,). 

§ 3 Proof of Invartance under a Lorentx TratufomuUton. 

Multiply equation (9) by p, on the left-hand side It becomes, with the help 
of (8), 

[paPo + *Pi (“iPi + ®*Pi + °iP») + »no] <> = 0 

Putting 

Po = *Pv 

Pa = r** P*“r = Yf. ’• = 1,2, 3, (10) 

we have 

[»SYmPm + »«o] <1/ = 0, n = 1, 2, 3, 4 (11) 

The transform under a Lorentz transformation according to the laa 

where the coefficients are c-numbers satisfying 

— 8kt» 

The wave equation therefore transforms into 

[•Sy/Pm' + »«o]'1 ' = 0. 02) 

where 

YM'^Sra^-Y- 

Now the Ym> Uce the o^, satisfy 

Y^* = 1. Y.^Y* + Y*Y#. = 0. ( 1 * v) 
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These relations can be snmmed up in the single equation 


We have 


Y^Yr + Y»Y». = 

YmV + YrV = S»AO>.rO.A (Y^Ya + YAYf) 

= 2£TA<b>rOi>A 
= = 2Biu, 


Thus the y/ satisfy the same relations as the Thus we can put, analogously 

to (10) 

Y* = Pa' Yr' = P»V 


where the p'’s and o"8 ate easily veniied to satisfy the relations corresponding 
to (7), (7') and (8), if pg' and pi' are defined by pg' = — tYi'YsV. Pi' = ~ ‘Pt'Ps' 
We shall now show that, by a canonical transformation, the p"s and a"» 
may be brought into the form of the p’s and o’s From the equation pg'* — 1, 
it follows that the only possible charactenstio values for pg' are ± 1 K one 
applies to Pg' a canomcal transformation with the transformation function p,', 
the result is 

Pi'ps' (Pi')"^ = - Ps'pi (Pi')"^ = - Ps' 


Since characteristic values are not changed by a canomcal transformation, 
Pg' must have the same charactenstio values as — pg' Hence the charactenstio 
values of pg' are + 1 twice and — 1 twice The same argument applies to each 
of the other p'’s, and to each of the o'’8 
Since Pg' and Og' commute, they can be brou^t simultaneouBly to the diagonal 
form by a canomcal transformation They will then have for their diagonal 
elements each + 1 twice and — 1 twice Thus, by suitably rearranging the 
rows and columns, they can be brought mto the form pg and er, respectively 
(The possibility pg' = ± Og' is excluded by the existence of matnces that 
commute with one but not with the other) 

Any matrix containing four rows and columns can be expressed as 

c + S,0|Or 4-S|<v'pr + SrAfPi®» (13) 


where the sixteen coefficients c, Of, (v', <v, are c>numbei8 By expressing o/ 
in this way, we see, from the fact tiiat it commutes with p,' = p, and anti- 
Gommutes* with Og' = Og, that it must be of the form 

®l' = Vl + Cjffg + OmPS®! + ®3*P8®*» 


* We say that a antloommates with 6 when ab — ~ba. 
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The condition — 1 shows that — 1, 0 , 404 , = 1 If wo now apply 
the canonical transformation first row to be multiplied by (Oji/Ou)* and third 
row to be multiplied by ( 043 / 0 , 4 )^ and first and third columns to be divided 
by the same expressions, will be brought mto the form of Oj, and the diagonal 
matrices o,' and p,' will not bo changed 

If we now express p^' in the form (13) and use the conditions that it commutes 
with (j/ = CTi and o,' = o, and anticommutes with p,' — p„ we see that it 
must bo of the form 

Pi' = Cl'Pi Ca'Pa 

The condition p^** = 1 shows that <•/* + <*,'* = 1, or = cos 6 , c,' -= sm 0 
Hence p,' is of the form 



If we now apply the canomoal transformation first and second rows to be 
multiplied by and first and second columns to be divided by the same 
expression, p/ will be brought mto the form pj, and «t„ p, will not be altered 
p,' and (T,' must now be of the form p, and o,, on account of the relations 
»Ps' = Ps'pi'. w,' = <T,V 

Thus by a succession of canomoal transformations, which can be combined 
to form a single canomoal transformation, the p'’B and ar'’s can be brought mto 
the form of the p’s and o’s The new wave equation (12) can m this way be 
brought back mto the form of the original wave equation (11) or (9), so that 
the results that follow from this ongmal wave equation must be independent 
of the frame of reference used 
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§4 The HamtUoman for an Arbitrary F%M, 

To obtain the Hamiltonian for an electron m an electromagnetic field with 
scalar potential Ag and vector potential A, we adopt the uanal procedure of 
substituting po 4- «/e Ag for pg and p + eje A for p in the Hamiltonian 
for no field From equation (9) wo thus obtam 

[^o+jAo+Pi(».P + ^A) + p,»nc]<l; = 0 (14) 

This wave equation appears to be sufficient to account for all the duplexity 
phenomena On account of the matrices p and a containing four rows and 
columns, it will have four tunes as many solutions as the non-relativity wave 
equation, and twice as many as the previous relativity wave equation ( 1 ) 
Since half the solutions must be rejected as referring to the charge +6 on the 
electron, the correct number will be left to account for duplexity phenomena 
The proof given m the preceding section of invananco under a Lorentz trans¬ 
formation applies equally well to the more general wove equation (14) 

We can obtam a rough idea of how (14) diflers from the previous relativity 
wave equation ( 1 ) by multiplymg it up analogously to ( 6 ) This gives, if we 
wnte e' for e/c 

0 = [—(pg4-c'Ag)-|-pi(», p + e'A) + p 8 i»cl 

X [(Po 4- «'Ag) 4- Pi («■, P 4- c'A) 4- pjjnc] 

= [- (Po + «'Ao)* + (O'. P + e'A)«-f mV 

+ Pi P + e'A) (Po + e'Ag) -(p, + e'Ag) (cr, p + e'A)}] (15) 

We now use the general formula, that if B and C are any two vectors that com¬ 
mute with O' 

(O', B) (O'. C) = 2 + S (Old, BiC, 4- B,C,) 

= (B,C) + . 2 d,(BiC,-B,Ci) 

= (B. C)H-t(o',BxC) (16) 

Taking B — C = p 4- e'A, we find 

(^« P 4 '«'A)* = (p-f e'A)*-|-*2 Oj 

[(Pi + e'A,) (p, 4- «'A,) - (p, -f e'A,)(p, + e'AJ] 

= (p -f e'A)* + A«' ( c, curl A) 
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Thus (16) becomes 

0 — —(j>Q tf Ag)* ■}* (p 4" s*A)* -4“ wV -f- e^h ( 9 , curl A) 

-»s'Ap,(a.gn»dAg + i^)]^ 

= [- (Po + e'Ao)* + (P + «'A)* + mV + c'A( a. H) + xe'hp, (a, E)] 
-vrliere £ and H are the electric and magnetic vectors of the field 
This differs from (1) by the two extra terms 

in F These two terms, when divided by the factor 2m, can be regarded as the 
additional potential energy of the electron due to its new degree of freedom 
The electron will therefore behave as though it has a magnetic moment eA/2mc o- 
and an electnc moment teA/2mo This magnetic moment is just that 

assumed m the spmning electron model The electric moment, being a pure 
imaginary, we should not expect to appear m the model It is doubtful whether 
the electric moment has any physical meaning, smee the Hamiltonian m (14) 
that we started from is real, and the imaginary part only appeared when we 
multiplied it up in an artificial way in order to make it resemble the Hamiltonian 
of previous theories 

§ 5 The Angular Momentum Integrah for Motwn %n a Central Field 
We shall consider in greater detail the motion of an electron in a central 
field of force We put A = 0 and e'A© = V (r), an arbitrary function of the 
radius r, so that the Hamiltonian in (14) becomes 

F = Po4-V + Pi(». P) + P8»wc 

We shall determme the periodic solutions of the wave equation F ij; = 0, which 
means that pg is to be counted as a parameter instead of an operator, it is, in 
fact, just I /c tunes the energy level 

We shall first find the angular momentum mtegrals of the motion. The 
orbital angular momentum m is defined by 
m = X X p, 

and satisfies the following “ Vertauschui^ “ relations 

mjXi — Xjmi = 0, iWjaig — x^m^ = »Ac j "I 

Wip,= iAps 

m X tn lAm, mhoy — mitn* =» 0, J 


(17) 
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together with similar relations obtained by permuting the suffixes Also m 
commutes with r, tmd with the momentum canomcally conjugate to r 
We have 

— Fwi = Pi {mi (ff, p) — (or, p) j»i} 

-=Pi(o‘, m,p —pmj) 


and so 


= **Pi - (^aPz). 
mF — Fm = tApi o- X p 


( 18 ) 


Thus m 18 not a constant of the motion We have further 


OiP — Fo, ^ Pi{<Ti (er, p) — (cr, p) o,} 
- Pi (iiO- — o-tii, P) 

^ i*Pi {tTjPa - OaPa). 

with the help of (8), and so 


aF-Fff = -2ipi ffX p 

Hence 

(m+ lAo“)F-F(m+ JAa) = 0 

Thus m + Pi 9 (= M say) is a constant of the motion We can mtorpret this 
result by saying that the electron has a spin angular momentum of |A w, which, 
added to the orbital angular momentum m, gives the total angular momentum 
M, which IS a constant of the motion 
The Vertauschungs relations (17) all hold when M’s are written for the m’a 
In particular , 

M X M == tAM and M>M, = M,M> 


M, will bo an action variable of the system Smee the characteristic values of 
tRg must be mtegral multiples of A in order that the wave function may be 
single-valued, the pharactenstio values of must be half odd mtegral multiples 
of A If we put 

M* = (i«-i)A«, (19) 

j will be another quantum number, and the oharactenstio values of M, will 
extend from (j — i) A to (—j + * Thus j takes mtegral values. 

One easily verifies from (18) that m* does not commute with F, and is thus 
not a constant of the motion This makes a difference between the present 
theory and the previous spuming electron theory, m which m* is constant, 
and defines the azimuthal qUOKtum number A by a relation similar to (19). 
We shall find that oury plays the same part as the A of the previous theory. 


See ‘ Soo FMo A, voL 111, p 281 (1986) 
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§ 6 T?te Energy Leeds for Motton tn a Central Fteid 
We shall now obtain the wave equation as a differential equation in r, with 
tha vanahloa that specify the onentation of the whole system removed We 
can do this by the use only of elementary non-commutative algebra in the 
following way 

In formula (16) tak< -B = C == m This gives 

( 0 -, m)* = m* f » (a, m > m) (^0) 

= (m \-\ha-f — A( ff, — m) 

= M*-2A(o-,m)-fA» 

Hence 

{(a-.m) + A}» = Mi* | iA*=y*A» 

Up to the present we have dehned j only through y*, so that wc could now, if 
we liked, take jh equal to ( a, m) + A This would not lie convenient smeo wo 
want ^ to be a constant of the motion while (9, m) h is not, although its 
square is We have, in fact, by another application of (lb), 

( 9, m) (9, p) == » (cr, m X p) 
since (m, p) = 0, and similarly 

(9,p)(9,m) ^*(9,pxin), 

so that 


( 9, m) ( 9, p) 1 ( 9, p) (9, m) — tSOi (wijPj — m^pt f pjWij - /ijWj) 
-- '2ihpi — — 2A (a. p)> 

or 

{( 9 , m) I A} (9, p) + (P) {( 9 , m) + A}^0 


Thus (9, m) A anticommutes with one of the terms m F, namely, Pi (9, p) 
and commutes with the other three Hence p, {( 9, m) + A) commutes with all 
four, and IS therefore a constant of the motion Butthesquarc of p 3 {( 9, m) fA} 
must also equal j*A* We therefore take 

= Pale®". *") HA} (21) 

Wo have, by a further appliuition of (lb) 

,( 9, x) (9, p) (X, p) + i (9, m) 


Now a p(‘rmi88ible defimtion of is 


and from (21) 
Hence 


(x, p) = rpr + th, 

(9, m) = pajA — A 
(9,x)(9,p) = rp, H»PjJA 


2 u 


VQL. Oivn —A 


(22) 
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Introduce the quantity c defined by 

rt*=pi(«-,x) (23) 

Since r oommutee with and with (9, z), it must oonimute with c We l^us 
have 

— [pl ( 9, X)l* = ( O', X)* = X* = f* 


Since there is symmetry between x and p so far as angular momentum is con- 
oemcd, Pi (o, x), like Pi (9, p), must commute with M and j Hence e com' 
mutes with M and j Further, c must commute with p„ smce we have 


which gives 
which reduces to 


(o, X) (X. p) - (X. p) (o, X) = »A (o, X), 
re {rp, -f- »A) — {tpf -)- »A) re =» ihn, 
ePr - FfC == 0. 


From (22) and (23) wo now have 

«Pi(». P) = + »P*jA 

or 


Thus 


Pl (9, p) = -f wp^hlr 

F = />o -}- V ep, -f wp^hlr -f p,»ic 


(24) 


Equation (23) shows that c uitioommutes vnth p. We can therefore by a 
canoiucal transformation (mvolving perhaps the x’s and p’s as well as the o’s 
and p’s) bring c mto the form of the p, of § 2 without changing pg, and without 
changing any of the ot^ei vanables occurring on the nght-hand side of (24), 
since those other variables all commute with e icpg will now be of the form 
tpiPg = — p], so that the wave equation takes the form 

F"!* = CPo + V + pgPr — pijhir -h pgmc] <{( = 0 
If we write this equation out in full, calling the components of ij< referring to 
the first and third rows (or columns) of the matrices ({;. and (jig respectively, 
we get 

m, = (Po + V) vjig + »M5(J,. = 0, 

(Fil))g = (Po + V) (jf/i + A ^ = 0. 
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The second and foortih components give just a repetition of thete two equations 
We shall now eliminate <];. If we wnto hB for Po + V + me, the first equation 
becomes 

which gives on differentiating 


^ jS- d;, = B ^ t|;, 4- tj;. 


— (Po + V —me) i}(d4^+.] 4 ^^4'. 




The values of the parameter pg for which this equation has a solution hmte 
at f = 0 and r = 00 are 1 /e times the energy levels of the 83 rBtem To compare 
this equation with those of previous theones, we put = ry, so that 






If one neglects the last term, which is small on account of B being large, this 
equation becomes the same as the ordinary Sohroedinger equation for the system, 
with relativity correction mcluded Since j has, from its defimtion, both 
positive and negative integral charactenstio values, our equation will give 
twice as many energy levels when the last term is not neglected 
We shall now compare the last term of (26), which is of the same order of 
magmtude as the relativity correction, with the spm correction given by Darwm 
and Pauli To do this we must eliminate the dx/dr term by a further trans¬ 
formation of the wave function We put 



2 u 2 
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The correctioa le now, to the first order of accurw^ 


Aiil-ig), 


where BA -= 2tne (provide<l is positive) For the hydrogen atom we must put 
V = e*/or The first order correction now becomes 


3 O+I) 


m 


If wo wnto — j for j + I (27), 
unperturbed system, so 


wo do not alter the terms representing the 




will give a second possible correction for the same unperturbed term 
In the theory of Pauli and Darwin, the corresponding correcting term is 




when the Thomas factor J is tm luded We must remember that m the Fatdi- 
Darwiii theory, the resultant orbital angular momentum k plays the part of 
our j Wo must define k by 

m* = A (A f 1) A» 


insti'ud of by th<* exact amilogue of (19), m ordi*r that it may have luU'gral 
characteristic values, like j We have from (20) 


or 

hence 


(O', m)* —A(A 1 1) A* — A (O’, m) 
((<r,m) + iA}* = (A f J)»A*, 

(O', m) ~ A A or — (A + 1) A 


The correction thus becomes 


2»K?r® 


A 


3(i + 1). 


which agrees with (28) and (28') The present theory will thus, m the first 
approzunation, lead to the same energy levels as those obtained by Darwin, 
which ore m agreement with ezpenment 
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The Fundamental EqwUton of Wave Mechanics and the Metrics 
of Space 

By H T Kunt and T W Fwhbb, Wheatetone Laboratory, King’s College, 
London 

^Commmucatrtl by 0 W llieliardaon, P RS—Recemil Ma\ 17, 1927 —Reviswl 
OopemlMr 14, 1027 ) 

The relativity theory of Weyl and Bddington is an extension of what may be 
(loscnhed as the goometno principle of relativity to the metrics of space This 
extension permits the inclusion of electromagnetic phenomena into a system of 
geometry and metrics so that we have a consistent and fundamental scheme for 
the description of gravitational and electromagnetic phenomena 
Recently considerable light has been throvm on the relation between classical 
and quantum theory by the work of de Broghe, Schroedmger and others 
In a recent paper* we mdicated the possibihty of umtmg the two views by 
an addition to Maxwell’s equations, m the present we attempt a umon by means 
of a law of metrics of space time The wave equation on this view would then 
appear as a law of metrics just as the law of gravitation is a law of geometry 
A law of this kind is not at all superfluous m the theory 
Weyl makes a definite assumption m his law for change of length associated 
with parallel displacement, Eddington on the other hand dispenses with the 
assumption and loaves open this law The assumption of the law of metrics 
IS an appeal to experiment to decide this point for us, and if we are nj^t in 
identifying this law with the wave equation the answer will lie found m the 
do main of quantum phenomena 

In the following account we shall use the notation employed in Prof Edding¬ 
ton’s book, “ The Mathematical Theory of Relativity,” and in particular in 
Part n, ch VII 

Every point of four dimensional space is characterised by four co-ordinates 
(a:^, a?, 3^) together with a metrical quantity X We shall assume that this 

quantity Xis a function of the co-ordinates of the pomt with which it is assoewted 
Any vector with components (A‘, A* A’, A*), which will be referred to as the 
vector A**, has a “ length,” t)jo square of the magnitude of which is defined 
to be 

X»Pm^'‘A’’ 

« • Roy Soo Froc / A, vol 116, p 2M (19S7) 
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A vector, A'^, at the adjacent point (af + SaT) u said to be parallel to A^ if 
A'^ = A'‘- r^^A'te-, 

whore has the usual significance and is symmetncal in v and a The vector 
A'** IS said to be equal to A** if in addition to being parallel to it, it has the same 
length, te, 

A''‘A" = XVm. A'A” (1) 


where is the value appropriate to X at the pomt (af + Saf), » e, 



From this by applying the usual methods it follows that 
or V (2) 

4^ + <r'K^.,J®' = 0 J 


Weyl makes the special assumption 

r = y,u. 

where if, is a component of the covanant companion of the four-vector electro- 
dynamic potential 
With this assumption 


therefore 


— ffr, 

S V = Jm- ** - /m 


(3) 


Eddington, however, does not make this assumption for 
We pass on to consider what may be regarded as the variation of a vector in 
this system of geometry and metrics 
If the vector. A**, depends on the co-ordinates, af, then the change m A** for 
a change of af to af -f 3af is 


aA** 




iaf 


But the new vector is not 




«af 


for we have seen that when af undergoes the change to af + &Ef the com¬ 
ponents of the vector A'' become A** — A' 8af Thus we must die- 
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tinguiwh between an aotoal change and an apparent change, the latter being 
— The actual change u thns the expresaion 

Thus the divergence of A*' in our more complicated system of geometry and 
metnes is obtained from the expression 

by writing e = p, whence wo obtam 

Tlic first and second terms of this expression may be reduced to 

It IS clear from equation (2) that smee E^r« not determmed X also is un- 
determmed 

We propose to subject X to a restnction This restnction or law for X we 
may desonbe as a natural law of metrics, provided, of course, the law fits in 
with natural phenomena 

Laws of Nature are usually expressible by mathematical expressions of 
surprising simplicity The expressions familiar m the region of dectromagnetio 
phenomena are the divergence, gradient and axial of vector, scalar and tensor 
quantitiee 

Now X IS a scalar quantity, and guided by the same considerations which lead 
to one assnmphon in the last papor, where we made an attempt to add to 

3x 

Maxwell’s equations, we first form the gradient of X, vu., and then derive 
the divetgenoe of this vector 
Wo then write 

div ^ = hX, 


(8) 
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where the operation of divergence is to be underatood m the extended eense 
of (4) 

Equation (6) written in full is then 

^s?~ 

We must determine the value of 
By dehnition we have 

8^, ff r — n, 

and on inner multiplieatioii by </*' this gives 


From the equations (2) we have 


replaeing p and v by »» and n to avoid confusion on sulistituting in (6) whieh 
loads to 

HirK,, .<-^K«.x = ix, 

or 

^ 3 ^ {Vgr f i (iT K^. v) (<r K'«.) X i-X (7) 


Equation (7) which wo describe as expressing the law of raetnes in four 
dimensional space is identical with the wave equation of quantum mechaniea 
This equation is usually expressed in terms of a quantity tji, the ph 3 rsioal meamng 
of which has lieen, and still is, the subject of discussion 
In equation (7) we identify ij; with the gauge factor X and the solutions of 
(7) give us, of course, the same results as are obtained in quantum mechanics 
In the course of the development of the new theories the fundamental 
equation ongmaliy adopted by Shroodii^er has been more and more generahsed, 
the generalisation being in the direction of introducing more complex expressions 
in the places occupied by K^, „ and m equation (7). 

It IS perhaps too early to pronounce in favour of a paitioular form for these 
expressions. The pomt of view taken here is that the particular value which 
doMxnbes quantum phenomena best will determine the value of 
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[Note added December 11, 1927 —There le a Benons difficulty in this inter¬ 
pretation of L, which has been pointed out to ub by one of the referees Th)s is 
removed m a later paper by one of us (H T F} The main point in this paper 
18 the denvataon of an equation identical in form with the wave equation from 
a consideration of metrics and wo believe that this cannot result from a mere 
coincidence ] 


* Since arriving at the oondnuona dewnbed above, we note that in the current 
number of the 'Zeitiohrilt far Phyiik,' London uonBidera by another method the 
poenUlity of identifying the ^ of the wave equation with the X of Weyl’e theory He 
oMwlndee that this ia not posmble without a radical change in that theory 
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Rdattvity and the Quantum Theory 

By 11 T Flint 

(Commumcated by O W Bichsnlson, F R 8 —Received November 6, 1927 ) 

In Einstein’s theory of gravitation it is assumed that the geometry of spaoe- 
timo IS characterued by the following equation for the measurement of 
displacement — 

= |”==1, 2, 3, 4, 

the sign of summation being omitted for oonvemenoe 

It 18 supposed that the ooeffioionts, of which is the type, are dependent 
upon the content of space, and the relation existing between them is the law of 
gravitation 

To this geometrical scheme Maxwell’s equations desonbing electromagnetic 
phenomena can be readily adapted, the equations being immediately mter- 
pretable as tensor equations But these phenomena do not correspond to a 
geometnoal property m the same way os the gravitational phenomena, and from 
the pomt of view of the whole-hearted relativist the position is unsatisfactory 

Weyl’s theory provides a remedy 

It IS assumed that when a displacement vector undergoes a parallel displace¬ 
ment in a purely gravitational field there » no change of length, while in the 
presence of an electromagnetic field a change of length occurs 

This means that we pass from purely gravitational to the mclusion of electro¬ 
magnetic phenomena merely by the mtroduction of this view of the metrics 
of space, just as we pass from the consideration of phenomena without a gravita¬ 
tional field to gravitational phenomena by a change from Euclidean to Riemann- 
lan geometry, » e, by a change from ds* = S d** to ds® = daf* 

A displacement vector with components. A®, A*, A’, A®, which will be desenbed 
as the vector A", has length, I, determined by 
P = flr^A-A- 

If m a displacement to a neighbouring pomt it becomes the vector (A* -f SA**) 
it is said to have undergone a parallel displacement provided that 
«A- = -r",^A" faf, 

where is a component of the displacement and 1®*,^ is a coeffiaent, the 
expression on the right being summed for the values of n and p If we write 
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A'* = A" + 8A" the square of the length of the vector after displacement is 

where denotes the value of this coefficient at the neighbouring point 
In a purely gravitational field W* = 0, but according to Woyl this is not the 
case in a gravitational and electromagnetio field 
He assumes for this case that 



where k, is a component of the electromagnetio potential 
We shall now consider this from a different pomt of view and develop our 
ideas in an attempt to show the relation existmg between the quantum theory 
and the metnes of space 

It will be assumed that the element of length {d»)* is to be measured by the 
expression 

where X is a function of position and the g'a are the ordinary gravitational com¬ 
ponents 

In the same way the square of a displacement vector, A", will bo measured 
by 

A«=X>^«^«A» 

Two vectors, A" and A'", situated at neighbounng points whose co-ordinates 
differ by 8*“, are said to be equal if 

X>^,«^-A- = X'y«»A'"A'-, (1) 

where X and X', and denote the values at the two points respectively 
and where A'" is denved by parallel displacement from A", i e , 

A'- = A* - 8a^ 

From (1) we derive 

xv«.A"A-=(x -t- 

a relation which must be true for all displacement vectors and for all displace¬ 
ments, Sz** It follows from this that if we write 

and 

then 

9wm^ = — 
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We may denve thin alao by noting that if 2* la need to denote the Riemannion 
square of A“, t e , 

P -9*.A*A*, 


then (1) 18 equivalent to 


S{A*/»)-0. 


( 2 ) 


under the oouditioiiH of the dinploceinent 
Thus 

Now 

Tfenoe, sinr^ 
we have 

2K„, , A-A- fij' - - A" V". 

a result whi( h i an only bo true for all vectors if 
'/«• = - -*emn , 


X* 


(I 


S2a---2K.,>"A-Sj'* 

?iP - 


SX»M 8XS 


( 3 ) 


Tn Wevl's theory is made equal to 7 *,k„ so that 

Yt=- W 

From the point of view wo have taken, this gives rise to a diffienlty The 
integration of (4) lends to 

X = C (B) 

but the integral in this expression depends on the path of integration and X 
IS not a single valued function of position 
If a value of X were laid down appropriate to each pomt m apace, any subse¬ 
quent mov( inoiits would reduce the standards of measurement to a state of 
chaos 

An electron starting from a pomt provided with a definite value of X would 
return to the pomt after completing a circuit wrth a value depending upon the 
path described 

A definite value could be maintained by permitting only those complete paths 
which left the value unchanged, as, for example, those for which ^K^da* has the 
value 2nm 

* Eddington, ‘ The Msthematical Theory of Relativity,’ 193 
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We diall make the aaaomption that 

(0) 

and later determme the meaning of L, by lefereuco to quantum phenomena as 
deacnbeil by Schroedinger’a equation 
In (6) we have made use of the relation 

—!/m» b, 

instead of 

as m W'eyl’s theory, t e, wc have avoided the idcntifiuition of L, as a com¬ 
ponent of the eloctromagnetie potential 

The simplest example to which Schroedmger s equation can be applied is that 
of an electron in a purely gravitational held 
The equation m this case is 

div (grad ij;) = i (7) 

whore ^ 18 a constant 

In equation (7) the operations of divergence and gradient are to lie lutur- 
protod for liicmannian space If we wish to extend this equation to take into 
account the case of an electron in an electromagnetic held, it should bo sufhcient 
to interpret the operators in the wider sense of the system of geometry and 
metrics we have been disi^ussing We shall then sec that, jirovidcd we interpret 
Schroedinger’s os our scale factor X, the equation (7) becomes the wave equation 

for an electron moving m an clectroraagnotio field for i Wo may 

mention here that it appears to have occurred hrst to h' London to seek a 
relation between iji and X • 

In our system tho divergence of a vector, A", may lie written 

div A* = |^ + 1^«A’* (8) 

This result follows readily from a consideration of the variation of a vector 
whose components are functions of the oo-ordinates, and the details of the 
derivation were given m the last paper 


* «Z f. Phyuk,’ vol. 42, p S70 (1027) 
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The value of P**, may be denved from the following relations — 

r_,.-[7] + 8U. 

where 

ind 

h'rom this it follows that 


aheic 

Henoe we have 




+ S“«. 


(») 


( 10 ) 


( 11 ) 


for the cxprcssioiia are symmetrical m wi and n 
^Vo make use of the well-known result 

fwwO 1 d 

•uid wo can proceed to evaluate S"*,, by means of (10) and (11) Since 
~ 9U«1^» 

wc find 

= 4L, 


i’rocoeding exactly as in the former paper we find 
div (grad ^)=.i^(Vgir 5 'i)-| 

III the ^larticular case when <f> ~ 'k 

div (grad X) 4 - 4Lp.L"X (12) 

Thus the form taken by equation (7) is 



and this is exactly Schroedmger s equation provided we make the substitution 

i.=fn., 


where 11,, is the momentum This use of the term momentum is justified, for 
lip, has the same significance m a gravitational and electromagnetio field as the 
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meohamcal momentum, p^, m generalised dynamics.* p^, is expressed usually 

3W 

as the differential coefficient, , of a function W In the same way we shall 

suppose that n« can be so expressed and consequently X will be a pomt function. 
It has been usual to wnte 

= + (14) 

for an electron m an electromagnetic field, regarding p,, as the mechamcal 
momentum and as the electromagnetic potential 
But the latter is not a complete differential We make the suggestion that 
IIm is the Significant quantity m the case of a gravitational and electromagnetic 
field and that it is strictly mcorrect to regard rt as made up of these two parts 
In the presence of an electromagnetic field, in equation (14) is no longer the 
3W 

mechamcal momentum, but is itself influenced by the field or by what 

ds* 

generates the field through the gravitational components g^, since p„ — mj^ 

where m is the mass The gravitational effect of an electron, which could excite 
the field, has been worked outf by NordstrSm and G B Jeffery 
If, then, we make this substitution, we obtam 

(n.n- + ».)x0, (15) 

the well-known equation of Schrocdinger 
If the electromagnetic field be removed, n„ becomes the momentum 

p„(= there is no contribution to n„ either through K„ ortho 

gravitational effect of the field 
In this COSO wo have from (6) 


1 3x m 


55? “T'’” 


whence 


and we may make C — 1 for convemence 
In the absence of any electromagnetic field the proper measure of the length 
of a Ime element is 

(«!«)* = 

so that m this case X* is unity 


* See W Wilson, * Roy Soo ProoA, vol 102 p 478 (1023) 
t See Eddington, * The Mathematioal Theory of Relativity,’ p 180 
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This IS the case ^ = 1 if n is an mtogor 

Thus the condition is 

I p,(hf = nh, (16) 


which 18 similar to the integral conditions of the old quantum theory, but is 
less stringent, for the old quantum conditions were ~ for each com¬ 
ponent of momentum, p, and for each corresponding co-ordinate q, the integra¬ 
tion being taken for a complete cycle of values, q 
Here the condition is 


j + ptdj* f pjiir® +- p^<h*) = mA 

in this case 

daf 

so that 

f (l^ dj* , 


= m». 



luduaitiiig that the jiath of the election is mode up of integral multiples of a 
fundamental imit of length A/m 

This result follows from another consideration,'* and from both pomts of view 
the suggestion is that the world-hno of the electron is to be considered as mode 
up of these umts of length, nothing less being observable dueotly or indirectly 
m experiment 

Since length and time are fundamentally the same, it follows that tune also 
IS measured m terms of a fundamental indivisible umt 

This unposos an upper limit to observed frequency, the maximum being the 

* Flint and Fuller, * Itoy Soo Fnw..’ A, vol 110, p 210 (1027). 
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reciprocal of thu unit, vu, m/A, which is equal to the frequency of de Bit^he’a 
*• phdnomAne pAnodique ” 

The fact that the world-line u to be regarded as made up of a repetition of 
similar umts means that a periodicity is associated with the electron, tiie 
frequeiuT^ bemg m/A 

We may oondude, aasnming that the system of metrics described has any 
api^ioation to physics, that the wave equalaon gives the value of the scale &otor, 
X, and this means that m atomic phenomena we discover the natural scale factor 

We mi^t, of course, r^ard equation (11) as an equation for L„ or 11., which is 
readily derived from (6) The wave equation thus represents a “law of 
metncs,'* and is to be compared with the law of gravitation, which may be 
described as a geometrical law 


On a Munxmum Proper Time and Us Apphcations (1) to the Number 
of the Chemical Elements (2) to some Uncertainty Edatums. 

By H T Funt, DSo, King’s College, London, and 0 W Richardson, 
P R S, Yarrow Research Professor of the Royal Society 

(Received December 14,1927 ) 

§ 1. In a recent paper* by one of us the conclusion was reached that the 
proper tune of a particle had a minimum value A/mc^ where m is the rest rniM 
This conclusion was based on a simple assumption about the metncs of space 
R^h was found to be m agreement witii Schroedinger’s wave equation. The 
following considerations show that tiie same oondusion can be reached by a 
method which is independent of the system of metncs referred to 

The expression for the momentum of a particle of reet mass m m relativity 
meohanios is 

— ( 1 ) 
where s denotes an arc of the woiid bne. If p* ^=3 m denote the (xm- 
travariant vector corresponding to p. we have 

p^ - «•. 

e <Bc 7 . 800 .Pioo„’vtd. 117,p. m. 

Toiu arm.—A. 2 x 


<2) 
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Aaaocisted with the momentum u the MUon W since 

aw 

hence 

^ aw aw . 

1 grad W |» = m* 

Thu u a simple case of equation (1") of Schroedinger’s second paper (‘ Ann. d 
Fhysik,’ (4), vol 79, p 492 (1926)), that equation, however, referring to a 
problem m claasioal dynamics in a notation like that employed m the theory of 
relativity 

,3V 


== 1, 2, 3, 4) 

is perpendicular to the surface W =: const Thu u easy to illustrate m a two 
dimensional diagram plotting (or x) against x* (or U) From (3) 

■jT”"' 

and 

W = ms + Wo (4) 

If we jdot suifaoes of action as we {dot equipotential surfaces in statics we 
naturally dp a^ at mtervals separated by the quantum of action h and so draw 
the senes W,, Wj + A, W, + 2A, etc 
By equation (4) these out the line OP at 
•mts separated by mtervals of magnitude 
m or if we diange to the second as unit 
time and give A its G.Q 8 value tiie 
tervals are of length A/mo 
The mterval A between the surfaces u 
e smalleBt quantity of action and we may 
erefore eapect that A/mo u the smallest 
ooservable length on account of the 
mutual relation between the line and the 
surface. Associated with thu length u the proper time A/mo* so that we are 
led to the prmmple that m four dimensions the smallest observable length u 
A/mo and the smallest observable proper tune u A/mo*. 
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In the net of thu paper m will be naed for the ordinary znaae, the rest mass 
being indicated by mg. 

}2 On the Number of the Chemteai Elements 

These relations involve a limit on the atomic numbers of the chemical dements 
The limit can be asceitamed m various ways Of the known existing elements 
the hij^est atomic number N is possessed by uranium for which N » 92 
Let us now consider the i^pboation to the motion of an electron round a 
nucleus. The orbit is assumed to be circular for sunpbcity The proper time 
T and the ordinary time t are related by 

T = (1 - L (1.1) 

We should thus conclude for an eleotromc orbit with period 

t = 27W/W (1 2) 


that 


\ C*' « 

From the usual equations 

(13) 

mro = hl2n and mi^lr = Ns*/r* 

we have 

(1*) 

V — 2nNe*/h and r = h/2jmv 

together with 

(16) 

-S’* 

From (1.3) 

and (16) 

l_v»/<a>t)*/c« 

or 

(16) 

» < c - 1 - V2- 

Hence, from (1 6) 

2«N«»/]Ko/V2, 

and 

(17) 


(18) 

Using h = 6-66 X 10-", o »= 3 X 10“ « = 4 77 X 10"“ 

this gives N < 98. 


[The ooounenoe of the maTfimnni orbital velocity e/\/2 is interastmg. This 
velocity bean the same relation to the velocity of light as the velocity of a body 
falling from infinity to the earth’s surface bean to the velocity of a satellite 
idbich just clean the surface in its orbit.] 


2x2 
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Tlua paibcular limitation on the orbital velocity makea it poauble to make 
an appboation similar to the foregoing using the lower limit A/mgC on the ordinary 
length instead of on the four dimensional length We have 

if V =s Thus m the limiting case when v = o/\/2> 


BO that the measured lengths (t e, n^lecting the imaginary V— 1) of ds and 
dl are the same Naturally it leads to the same result as that obtained already, 

VIS , 


N<-^^(=: 98) 


We shall now consider the radiation enutted in the combination of an electron 
with a massive nucleus The energy of the electron in the orbit is 


W = 0 * (m - «o) - Ne*/r, 

(1 9) 

= WflC* (1 — »*/<^)* — 

(110) 

and the frequency of the enutted radiation is 



(111) 

This IS obviously less than m^jh, the maximum frequency already postulated 
in the previous paper On account of the limitation v < c/\/2 we also have 


(112) 

and this limitation implies N < ~ as before 


If we substitute from (1 6) in (110) and (111) we get 



(110') 

and 



(1 m 


lliese equations enable another but somewhat hij^ limit to be jdaoed on the 
number of the chemical elements. It is evident from equation (1.11') uduoh 
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involve* nothing beyond the aasomption of Bommerfeld’a xelativulao theory of 
the motion of an electron round a nucleo*, that if N were to become greater 
than chf2m^ the frequency v would become complex. This means that 
ISohroedinger’s 4* function for this state would contam factors e*"* where t 

is the time and k is real, being, m fact, equal to — 2"^^ - 

Such factors would make the function increase or decrease indefimtely witih 
lapse of tune and then presence means that the solution does not exist and 
that the state which it represents is mcapable of existence 
Again we see from (110') which also mvolves nothing beyond the assumptions 
underlying Sommerfeld's theory, that the lost energy — W becomes complex 
if N exceeds oi/27w* At the limit where N = we have — W == 

the energy of an electron at rest aooording to de Brogue This means that the 
lost energy cannot exceed which is a very natural result if the lost energy 
comes out of the energy of the periodic phenomenon of the election wboh 
loses it 

It thus appears that tbe limit N > o4/27t8* is required by the idativistio 
formule for the motion of an electron round a nudcus apart from the atomicity 
rdations which lead us to the sharper limit N > 04/2 VSns* There is nothing 
m this which puts a limit on the atomic number of a bare nucleus The lunit 
IS on the charge of a nucleus which can build up a chemical atom So far as 
this rratnction goes very hot stars might contam nuclei with higher values of N 
than those possessed by any ohenucal element 
In some remarkable calculations on the stability of Uquid stars Jeans* has 
found limits for N of 93 2 and 93 9 by two methods These methods are 
probably not sufficiently accurate to distinguish these from our value which is 
4 umts higher. 

§ 8 Extennon to any Quantum Number and connderatum of 
the Nudeus 

So far we have only considered circular orbits with the quantum number 1 
The equation (1 3) 

(l-«»/o»)* 270-/0 < 4/mjo* 

will apity to a circular orbit of any quantum number Bub the equataons 
(14) became 

mro => n*/27t and «io*/r = N^/»* (21) 

• * vol. 87, p Tih (1887). 
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ior a oironlar orbit of quantum number ». Hence 

n(l- 1 ^/ 0 ^ < 1 ^/ 0 * 

«•/<;» >*/ii + l (2 2) 

It u eatiafaotory to note that the limiting value of v approaches e as n 
aiqiroaohes oo, for a free electron. 

For an extra nuclear electron we have from (2 1) 




n+1 

ck 






This shows that the limit N < 98 only ap^dies to atoms provided with E eleo> 
tions (n ss 1) If we were to admit the existence of atoms with dectrons for 
which the lowest quantum number was 2 or more higher values of N would be 
admissible However, the proper discussion of this requires the consideration 
of non-circular orbits when it would probably be found that some of the others 
would become impossible 

N becomes proportional to n for large values of n so that there is nothing in 
this which sets any hmit to the nuclear charge of a nucleus which can exist m 
the presence of free electrons 

It 18 important to observe that equation (2 2) does not mvolve the mass, 
charge or any other properties of the particle It states that no particle can 


execute an n quantum circular orbit with a velocity greater than 'x/ ^ ^ ^ c 


If the same principle is applied to a Flonck oscillator it leads to v > 
and for a rigid rotator v > ® 




2n 

2«-f-l® 


Let us now turn to consider the nucleus A detailed theory of its stmctuie 
has recently been put forward by Rutherford * It supposes that m the heavier 
nuclei there are satelhtes which consist of uncharged hehum atoms. These ate 
polarised m the field of the nucleus and move m orbits, treated as circular, 
•*FhiLHag..*voL4,p 080(1017). 
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under the forces thus arising The vtioaty m an orbit witii n quanta is given 
by 

«» n%* 

where M is the mass of the satellite (test mass M^) Thus 
n«A* 

/\ ?/ 2o^M«V(2jt)*N»‘ 

«•/<<• > »/(« + 1 ) 

Therefore 

2(2w)*^oWN*^ 

>?» -t- ** 

(n + l)»^2{2n)<a^MoW 

Taking a = 6 X lO’" cm Mq = 6-60 X lO-** gm., s = 4 77 X IQ-^ 
*«8 55 X 10-" ando = 3 X 1(P, we find 

N<6-82 x 10-.^;^ 

This relation is mteresting m that for any given N it gives an upper limit to 
the quantum number n This is evidently fairly large and we can write 
approximately 

n^l* > 146 7 N 

In the case of N =» 92 (uramum) 

n > 2000 approx 

The outermost orbit in this element is that for which n = 28 so there is 
according to this a large number of possible inner orbits, the quantum numbers 
for the orbits of the intra-nuclear sat^tra increasing with diminishing 

orbital radius 

Rutherford also supposes that there are m the nuclei certain electrons revolving 
in orbits with a velocity approaching that of lif^t This also is m agreraient 
with the relation «*/<^ < n/n +1 provided their quantum numbers n ate not 
too low. This is an we can say about them until the nature of the field of force 
in which they are moving u known. 
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§4. Unoertmnty 


The uncertainiy relations -which have been devdoped m ooUaboiation by Bohr 
and Heisenberg* rest on the theory of optical instnunents and especially on the 
researches of the late Lord Bayleigh on resol-ving power and aUied questionB. 
It follows firom the fact that the vector which specifies a monochromatio wave 
contains the factor exp tSit (ys — vt), where y is the reciprocal wave length 
and V the frequency, and from the principles of optical mterferenoe that there 
are unoertamties Ay, A«, Av, At m these quantities which are governed by the 
relations 


As Ay ~ It 
A t Av ~ 1 / 


( 31 ) 


The sign ~ is meant to indicate that the quantities on either side of it are of 
the same order of magmtude In view of the relations B = hvf and P a Ay,} 
£ and P being the energy and momentum respectively of a light quantum, the 
relations (3 1) will also mvolve that 


As AP~ At 
A t AE ~AJ 


( 32 ) 


The expressions (3 1) and (3 2) are the uncertamty relations of Bohr and Heisen¬ 
berg 

As an illustration we may consider the special case of a plane grating The 
conditaonf that the muumum for X' diould coincide with the TnayimiiTn for X 

IS 

X7(X - X') = Nn (3 3) 

where nis the order of the spectrum and N the number of rulings Hence if A 
denotes the uncertamty m the measurements we have 

AX ~ X/(Nn) and Ay = AX"^ = X^* AX ~ (NnX)-» (3 4) 

For the uncertamty m s we have As = Aa; sm 6 where 6 is the angnlar devia¬ 
tion and x is the distance from the axis We cannot distinguish by observation 
between values of x which he withm a distance of the order of magmtude of 
x — af where 

X = mXd"* and af = mX' d~\ (3 6) 

*C!f.BMBeobeig,‘Z^f(lrFh]rdk.’vd 48,p.l7S (1027), Bohr, 'NstaiOb' 1027. 
tBliM4etii.‘AiiiLderPhyidk,’Tol 17, p. 140 (1006), Bohr,'FhU Mig.,* voL 26, p. 1 
( 1012 ). 

t Blehardson, * FhU. Mag.,' voL 26, p. 144 (1012) 

I Sohnstsi^s' Optics,’ p. 100 
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if f u the dutanoe from the grating to the image, d u the distance between the 
rulings and X and X' satisfy (3 3). Hence 

As = sm 6 Ax ~ sin 6 (X ~ X') md~^ ~ rX (Nd)'^ sm 0 (3 6) 

and 

As Ay ~ f . Bin 6/(Nn Ni) ~ rX (Nd)~*. (3 7) 

The (]uanttt 7 rX (Nd)"* is the product of the distance from the grating to the 
image and the wave-length of the hght divided by the square of the linear 
aperture If the wave-length is such that the angular deviation is equal to half 
the linear aperture divided by r the value of rd (Nd)~* is umty, and it will be 
of this order of magnitude m any practical case 
Similar physical justificationB, such as by a consideration of the mteraction 
of h^t and an electron m the Compton eflect, can readily be given for the 
relations (3 2) This can be considered as a confirmation of their general 
derivation from (31) by using the linear relations between E, P and v, y 
These nncertarnty reUtions are general and their evidential basis is of an 
empirical character Whilst this foundation may be strong we find its mixture 
of wave theory and power of observational discrimination to some extent 
unattractive. This is not a scientific objection but a matter of taste It is, 
of course, necessaiy to bring in the wave theory m order to give a meaning to v. 

The condusiona of the former paper lead to a set of uncertamty relations 
which, tiiough not the same, have a similar content and which rest on an 
entirdy different basis, namely, on the basis of the considerationB set forth m 
§ 1 of the present paper These relations can be established m a number of 
ways Our first deduction was as follows — 

The motion, in a space in which there is no electromagnetic field, of a charge 
of rest mass along a hne s is discontmuous in such a way that m^s changes by 
multiples of hje If we suppose that this applies to ordinary space and tune 
we may expect uncertainties of at least the following amounts in the vanous 


quantities Y (= v/c), s, v, t, P and E — 

As = h/myj, A« = (3 8) 

Av = A0 = - 1 = v«A* = (3 9) 

Ay-= (310) 

AB - *Av = hV/m^, (311) 

AP = 4 Av=h«v*/m^ (312) 

From (8), (9) and ^lO) 


As Ay — Av Al — A*v*/fnoV 


(313) 
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Smoe V has a fnAximiim value these {ffoduots (313) alwajm he between 

0 and 1, tending to zero as v -*-0 and tending to 1 as v v_ From 

<311) and (312) 

APZ1«= AEAt = A(AvAt) = A.AV/mo^. (314) 
These products alwajs he between 0 and h since A . A*v*/mg^ tends to zero as 
V 0 and to A as v -» v~.-. 

Theprodncts(313) and (314) are not the same as the corresponding products of 
Bohr and Heisenberg as the mterplay between the pairs of conjugated quantitiea 
has not been taken into account But this interplay cannot wipe out any oi 
the essential inaccuracy m the separate quantities It can only increase the 
inaccuracy, not diininmh it. It follows that the jnesent expressions for the 
essential inaccuracies should never be greater than those got by Bohr and 
Heisenberg Thisisthecase And there is a further pomt of mterest Accord¬ 
ing to (3 7) As Ay has its least value as X diminishes, t e, as v increases to its 

maximum value. Our product (3 13) increases to its greatest value 1 as v-«- v_ 

This IS essentially the same magnitude as that of (3 7), so that, for the highest 
frequencies the disordering effect of the interaction is obkterated or, at any 
rate, is reduced to a minimum This is reasonable as the opportumty for a 
further disordering by the interaction will mcrease as the space time extension 
in the mteraction increases 

The discontmuous changes m length to be expected are 2 44 X cm for 
an electron 1 314 X 10~^ cm. for a proton and 3*31 X 10**^* cm for an alpha 
particle These different lengths may have some bearing on the question as 
to whether the results of the experiments on atomic scattering of electrons and 
a particles respectively, as ordinarily mterpreted, are entirely harmomous 
There seems to be some difference of opinion on this pomt The maxi¬ 
mum frequency is about 10*° sec and the minimum wave-length about 
3 X 10-« cm. 

§ 5 It may be urged that this treatment cannot be right as the nuiTimiini 
frequency referred to is not an invariant under a Lorentz transformation. We 
have seen, however, m § 2 that there is a defimte maximum frequency m,^/A m 
connection with the motion of an electron about a nucleus so that it is possible 
to give a physical mterpretation to such a maximum frequency In any event 
we believe that this difficulty, if it be one, is avoided by the following treatment. 

We start from the principle that the least “ proper ” tune is A/m,^ tad the 
oorrespondmg smallest length in four dimensions tA/m^ Now 
= di* -H dy* -t- dt» -h du* = dP - (Aft* 

= (t^ - 1^) dP = - (e» - «•) dP 
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That 

aim 

«od 


ds sa — 

*•=»(«• (1-«•/«») = -(c»/v* - 1) (fi* 
= -«*)/»•<« 


ThuB the emallest observable interval of ordinary tune u given by 


and of ordinary length by 


<Q 


i;« mfloVl-p* 


Both these intervals depend upon the velocity of the mass mg with which 
they are aasooiatod For velocities approaching the velocity of light they be¬ 
come very large which means that it is impossible to measure mtervals of tune 
and length m association with such rapidly moving particles But for ^ particles 

«o fast that - ss 0 99 the intervals are still very small, eg, Ox 

C fftf/f 

a quantatyof the order IQ-’cm and the mterval of tune is of the order 10““ sec 
This result that the observational errors in length and time are very great 
when the velocity approaches that of light does no violence to our present views 
The theory of relativity teaches that a velocity o m a particle or m anything 
which transmits energy is only attainable as a limiting case Here we except 
a light quantum or photon which will be considered separately below The 
deduction from the principle of the existence of a least proper tune is that any 
accurate measurements on a particle moving with this velocity would be 
impossible 

We now turn to the consideration of the four dimensional mvanant quantity 


which corresponds to the momentum. This is mg where ds is an element 

of the world hne of the particle and dr the associated proper tune The com¬ 
ponents of this quantity axe pg,p^ p„ Pu where the first three are the ordinary 
momentum components mv,, mv,, tno, and = tE/c where E the energy of 
the particle =» We have p,* + p/ + Pt*+p»*=‘ 

laV - mM = (!;« - c^) = - mgV 
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Thus 

j mo || j = (an invanant) 

According to our view m mulfing any obsemration on a length a we whalt 
record a value n and we know that we cannot be certain that this length 

IB correct within th/mffi Similarly m recording the tune t we record n h/mgi^ 
with liability to an error A/m^. The value of the momentum we seek is the 
mvanant tmgC but we detenmne 

nii 

^(n±l)th/m^ n±l 

the numerator and demoninator being as small as we can make them, sinoo 
mo ~ = hm fNo * The worst possible error occurs when we take myo ] • 
and the magmtude of the error is then moc t ^ — 1 ‘ 

If we denote the error m « by As and m the momentum by Ap we have 

2h 

Ag Ap s=s ^—£ numerically 


The worst case is for n 1 but this is of no practical significance for it corre¬ 
sponds to an observation of one fundamental imit of length which is recorded 
as corresponding to zero proper lame It affords another illustration of the 
impossibility of making accurate dedudaons on the limiting length If n = 2 
As Ap = 2A, if n = 3 As Ap s A, and so on We conclude that the errors 
are at most comparable with k and that they arise from the inherent inaccuracy 
m the observations of a few umts of length and time 
Now As IB the length of a 4-vector with components Ax Ay As to At, and Ap- 

IS the tensor of a 4-vector with components Ap. Ap, Ap, ^AE, from which we. 
conclude that the following muTimum error products exist — 

Ax s= —^ and similarly for y and X and also AE At» Let 

these be written Ap Ag ~ A. Ag is an ordinary length or time and cannot be 
observed if < -^—/- P"- This is an error of necessity Thus we have 

m^Vl-p^ 

a ooireaponding error in Ap given by 
Ap ~ 

P 
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thu approaches zero as v-^-o, the corresponding A; at the same time increasing 
hejond limit but the product remaining of the order h, at most A similar 



upproaohes 0 as v -* o whilst At -> «o, but the product AE At remains of the 
urder A, Ht most 


So far we have confined this apphoation to material particles including 
electrons and protons and excluding bg^t quanta or photons We are not sure 
that this exclusion is necessary If we seek to locate a photon in space and tune 
since it travels with the velocity c the errors are infinite On the other hand, if 
we ask for its energy or momentum we get a defimte answer We also get a 
deflmte answer if we ask for the action of a photon although we are unable to 
locate it m apace and tune Well this seems to correspond to the properties 
which are actually attributed to photons 
We expect these limitations to apply to electrons in atoms as well as to free 
-electrons 


Cntioal Potentials for Soft X-Ray ExcUatwn. 

By Ubsth^a Andrkwss, Ph D , Asm Catherine Davies, D Sc , and 
Frank Horton, F R 8. 

(Received October 27,1927) 

In the ‘ Proceedings of the Royal Society,’ A, vol 110, p 64 (1926), the 
authors have described an mvestigation of the critical potentials corresponding 
to the values of the dectron energy associated with some of the softer X-ray 
levels of the elements chromium, manganese, iron, cobalt, mckel, copper, and 
■Sine. In this mvestigation a greater number of cntioal voltages were found 
for each element than had been anticipated An attempt was made to deter¬ 
mine which of the oritical potentials corresponded to the and Mn,ni levels 
ior the element m question, by extrapolating the appropriate Moseley curves, 
and also to aooount for all the cntioal potentials m terms of sing^ or multiide 
■deotron duplaoements from the M group The signifioanee of the various 
cntioal potentials obtained experimentally has also been further discussed m 
a subsequent pqper by two of the authors * The lesahs recorded m the present 
• ‘ PUL Mag-,’ toL 2, ^ 1258 (1926). 
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paper have been obtained from a oontmnation of the 0 jq>enmenta, in wbiok 
mare convenient methods of measuring the photoeleotno current produced 
by the soft X-rays have been employed 
The experimental tube m which the electron bombardment of the vanoua 
metals took place, and m which the resulting radiahon was detected, has 
been descnbed m previous papers In the present research, the photoeleotno 
current, which served as a measure of the radiation produced by the bombard¬ 
ment, was usually measured by observing the steady deflexion of an electro¬ 
meter needle instead of by tuning its motion This method has the advantage 
that it dlows of a senes of observations being taken more rapidly than is possible 
by the tinung method, so that the chances of venations occurring m the oon- 
ditions of the apparatus dunng the experiment are considerably reduced, and 
senes of observations can be made over larger voltage ranges and at smaller 
voltage intervals Moreover, it was found possible to make the electrometer 
measurements mote sensitive by this method, an advantage which was specially 
useful when the slowest bombarding streams were being used 

TAs Af«uuremetU of the Pkotodeetne CurretUs 
Two different devices were adopted m employing the steady deflexion method 
of using a quadrant electrometer to measure the small photoelectnc currenta 
dealt with m the research The first was the ordinary device of using the 
electrometer to indicate the potential difference between the ends of a very 
high resistance through which the current under observation was flowing A 
hquid resistance is often empIo 3 red for this purpose—a mixture of aloohol and 
xylol, for instance, being used by some expenmenters. Others have found the 
older device of hues ruled m Indian ink more useful The success of thia 
latter method possibly depends on the brand of ink used We experimented 
with Indian ink lines ruled on sealing wax, but found that the measured valuM- 
of the resutanoes made m this way were not constant but gradually increased 
with time, even when the resistance was enclosed m an air-tight contamer and 
kept under constant conditions Other materials tried as hig^ resutanoes were 
(^ass very lightly covered with platmum by sputtering »n vacuo, and oertaiu 
metaUio oxides m the form of thm rods. The high resistance with which anooeaa 
was ultimately obtained was made of ordinary soda-glass containing a litile 
ouprao oxide dissolved m it Thu material was prepared by gimding glass and 
oupno oxide ti^her very finely in a mortar The mixture was then melted, 
care bdng taken to avoid reducing the oxide, and a bnj^t blue lump of g^asa 
wasobtamed. A small piece of this was melted on to the ends of two thm copper 
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wins (to servo as leads) and drawn out into a thread in an oxidising flame. 
The smtsbOify of the resistance was tested with the electrometer When it 
was found to'be too low, some of the blue j^ass was remelted with more ordinary 
soda-glass until a suitable composition was obtained Threads of oonvement 
resutanoo—about 10*^ to 10** ohms—were sealed up m glass tubes by means of 
sealing-wax plugs at the ends of the tubes, through which the copper leads 
passed After being sealed up in this way the resistances of the threads used 
in the present experiments were found to remam very constant The resistance 
of the thread used in most of the experiments was 6 X 10** ohms 

In order to use a single resistance of this type over the whole range of voltages 
mvestigated for any one metal, a potential difierence of a few tenths of a volt 
was apphed, when necessary, between one end of the glass thread and earth, 
so as to bnng the electrometer needle mto a position where its motion could 
be observed When the instrument was being used to measure a positive 
current (caused by the loss of electrons from the detectmg plate of the i^para- 
tus), the positive pole of the 'small potential diflerenoe was earthed The 
durection of this potential difference was reversed when a negative current 
was under observation 

The second device by means of which the photoelectnc currents were 
measured by observatioiia of steady deflexions of the electrometer was by using 
a three electrode thenxuomo valve m the manner mdicated diagrammstically 
m the figure. The valves used for 
this purpose were of the type in 
which the filament and the anode 
leads were at opposite ends of the 
valve, so that the possibility of 
leakage between these electrodes 
(over the glass) was reduced to a 

miniTT»ni> 

Both the anode B of the valve 
and the photoelectnc plate A of 
the apparatus were oonnected to 
the insulated quadrants of the electrometer The negative mid of the 
filament was earthed, and the gnd was made slightly negative to the 
filament. During the course of the experiment the {date A of the apparatus 
loses eleoteons by photoeleotiio adaon of the soft X-rays. This oauses the 
quadrants to wluoh the plate is attached, and also the oonnected anode B of 
the valve, to gam a gradually increasing positive charge. As the potential of 
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the anode nsea, eleotrons from the valve filament ore attracted through the 
gnd to the plate m increasing numbers nntil a ooncbtidn is reached when 
the rate of gam of electrons by the anode and the quadrants to which it is con¬ 
nected, just balances the rate of loss by the photodectno plate, at which stage 
a constant deflexion of the electrometer needle is obtained In order to obtam 
a measure of the photoelectric current from the value of this steady deflexion, 
it IS necessary to know the value of the electron current to the anode of the valve 
under the existing conditions of filament temperature and potential difference 
between the electrodes For this purpose the photoeleotno current from the 
plate was stopped by coobng the filament of the experimental tube The anode 
of the valve, the plate A of the experimental tube, and the connected quadrants 
were then charged to a positive potential of a few tenths of a volt, so that the 
electrometer indicated a positive deflexion m excess of any recorded during the 
measurements of the photoelectno current The anode, plate, and quadrants 
were then insulated, and the needle at once began to move towards its eero 
position on account of the flow of electrons in the valve The times at which 
the reflected spot of light passed different pomts of the scale were noted, and a 
graph of time against deflexion was plotted By drawing tangents to the 
resulting curve, the rate of change of potential corresponding to any deflexion 
could be found, and hence the negative current corresponding to any deflexion 
could be calculated Measures of the currents determined m this way were 
plotted against the corresponding deflexions, and a cabbration curve was thus 
obtamed for the valve under the particular conditions of filament temperature 
and gnd voltage The cahbiation curves were very nearly but not quite bnear, 
the current increasing rather more rapidly than in direct proportion to the de¬ 
flexion. When the photoelectno current is flowing in the expemnental tube, the 
electrometer deflexion under any given conditions remains steady because 
the negative current balances the positive current Hence the photo¬ 
electric current corresponding to any value of the observed steady deflexion 
can be read from the cahbxation curve The sensitivity of the arrange¬ 
ment could be varied either by altwmg the heating current of the filament, or 
the voltage on the gnd, or by both these adjustments The valve method of 
obtaining a steady electrometer deflexion was found to be satisfactory over 
the whole voltage range mvestigated m these experiments. The ratio of the 
photoeleotno current to the corre^qionding value of the dectron emission current 
was plotted agauist the acoeleratiiig voltage, and ontioal potentials were 
located from the resulting curves 
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Expenmmtal RmiUt and Duoutsion 

Many of the voltage regions m which critical points had already been found 
for the vanouB elements m our earlier work were exammed agam, using the 
steady deflexion method of measuring the photoelectric current, and in no case 
where the region of a former critical pomt was mvestigated was the cntioal 
stage not revealed by the modified method, although in one or two cases the 
taking of more curves caused us to modify slightly our decision as to the exact 
location of the cntioal point Not only was the existence of each of the cntioal 
stages found m our eaiher work confirmed for those cases m which the appto- 
pnate voltage range was defimtely exammed,but certam new cntioal pomts were 
revealed in the present mvestigation The detection of these is doubtless to be 
attnbuted to the advantages of the steady deflexion method of experimenting 
In many oases when a new cntical pomt had been located by using one of the 
steady deflexion devices, its existence was further tested by examining the 
appropriate voltage region with the other one, and also by the usual timing 
method 

All the critical pomts given m out earher paper were not definitely tested by 
the steady deflexion method because of the considerable time mvolved m making 
adequate tests of the genuineness of each of the newly revealed pomts Those 
not defimtely exammed further were the pomts for the existence of which the 
evidence already obtamed was most convincing The numbers given m Table I 
Bummanse the results of the authors’ mvestigations for the elements m question 
up to the present time Suggestions of other cntioal points were sometimes 
obtamed, but where there was any considerable amount of negative evidence 
as well, or where the evidence was not sufficient to locate the pomt with cer- 
tamty, it has not been mcluded in the table 

In order to give an mdication of the relative amounts of evidence for the 
existence of each cntical point, the values have been graded as shown m the 
table The classification has been amved at by considering (a) the number of 
curves obtained which show evidence of the cntical pomt m question, (6) 
the number of curves, if any, covering the appropriate voltage range, m which 
the pomt was not indicated, (o) the extent of the deviation of different measure¬ 
ments from the mean value given, (d) whether the evida&ce was obtained 
both by the usual timing method and by the steady deflexurn method of 
measuring the photodeotno current In grade la are included all those values 
for whufli there ore a large number of curves obtamed by both the steady 
deflexion and the laming methods, showing evidence of the pomt and very 
Toju oxvn.— A. 2 Y 
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Table I 



few, if any, which fail to show it Qrade 16 consute of those points for whioh 
the evidence preyionsly obtained by the timing method was very convmoing 
but for which tests by the steady deflexion method were not made, and also of 
a few points at the lower voltage ranges where only the steady deflexion method 
was employed For those pomts which are m grade II, either the existing 
evidence, though quite good, is less extensive than for the values m grade la 
or there are more curves failing to show the pomt, which detract somewhat 
from the large number which do In grade III are placed those points for which, 
of the evidence available, that locating the pomt is rather less satisfootory 
than that for points m grade 11, and also a few cases for which all the available 
evidence is positive, but for which fewer curves have been taken and these all 
by one method 

In our earlier papers no correction was applied to tiie observed cniaoal voltages 
to allow for the work done on the bombarding electrons when they entered the 
target, due to crossing the threshold and to the contact potential difierenoc 
between the hot filament and the target The results recorded m the present 
paper have been corrected for these effects as well as for the factors the correotion 
for which IS determinable by direct experiment m the manner explamed in the 
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papers referred to As shown by Richardson and Chalklm* the correction for 
work done on entering the target difiem by a neghgible amount from the voltage 
equivalent of the latent heat of evaporation of electrons from the hot cathode, 
and is independent of the target employed The critical potentials m the 
table (which are given to the nearest volt) include a correction of 6 volts apphed 
on this account The values which oorr^pond to those given m our earlier 
papers are printed in italics In addition to the equivalent voltages of the 
cntioal stages, the corresponding values of v/R ore also given 
The large number of critical stages indicated makes it very difficult to suggest 
how they are to be accounted for m terms of single or multaplo electron dis¬ 
placements within the atom The possible significance of some of them may, 
however, be deduced by considering some recent measurements of X-ray 
emission lines and absorption bmits In our earber paper it was shown that 
critical potentials in the voltage region under consideration were concerned 
with the removal of electrons from the M levels in these atoms A recent paper 
by ThorsBust includes some new precision measurements by Ase of the K 
absorption edge, and by means of those values an<l the emission line 
Thoreeus has computed the values of the [Mu^xn! absorption odge^ for ten 
elements from Cr (24) to Br (36) The value of the quantity Mxn--Nn.ni 
can be obtained from the difference of the emission hnes K^|snd 
was calculated m our earber paper, m which it was suggested that the lowest 
critical potential which we found for iron corresponded to this transition 
In Table II the v/R values of Mm—^Nn.m are given in the second column, 
the v/R values of [Mo^ml computed by Thorteus in the third cohinm, while the 
v/R values of the 46 volts point for chromium, the 49 volts pomt for manganese, 
the 62 volts point for iron, the 63 volts pomt for cobalt, the 70 volts pomt 
for nickel and the 76 volts pomt for copper, are given m the fourth column 
for comparison 

It may be seen from the table that m each case the experimental value 
selected for inclusion lies m between those for Mm—Nmm and those for 
[Mq, nil Per the elements under cxmsideration the v/R values of the quantities 
Mn.m—Nmin and Mn in—do not differ appreciably The v/R values of 
all transitions of a single electron from the level Mn.m li® between the 
v/R values of Mq, m~ and Mn, m therefore seems reasonable to suggest 

* O W Bicbatdswi and F C. OialkUn. ‘ Boy Soo Proo ,’ A, vol 110, p S47 (1038) 
t B ThortBUB, ‘ PhlL Hagvol 8, p 1007 (1030) 

t In releRlQg to levda deduced from meaauremeots ol abaoiption limits, the qnnbol* 


[ ] for reasoiiB disoossed in our auUer piqier 
2 Y 2 
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that the critical potentiale selected may be associated with such transitions 
from this level By means of the frequency relations 

M = [K1-K.1, 

[Ml] = [Lad—Lj. 

Thorasus has calculated also the values of [MJ using his own recent measure¬ 
ments of the hue Lj and the values of [K] due to Ase 
The values of Mj-—Nn.m can also now be calculated using precision measure¬ 
ments of hues only, by means of the relation Mt—^Nn,ni K^a—K.^—L| 

This we have done and the values are given m the second col umn of Table in, 
the third column of which contains Thorteus’s values of [Mj]. In the fourth 
column the v/R values of the 96 volts pomt for iron, the 99 volts point for 
cobalt, the 108 volts pomt for mckel and the 116 volts point for copper are given 
for comparison 

Table III 



f/B velnea 

Element 





[Mi] 

Anthon’ 


Thoiwiu’R 

observed 


—14- 

1 oomputation 

value! 


6 66 

7 10 

7 02 

Co 27 

7 12 

7 70 

7 31 

N12S 

7 67 

8 27 

7 08 

Ca2« 

8 66 

8 84 

8 67 


The Ime L| has not been measured for chromium or for manganese so that 
the comparison cannot be made for these elements Before the pubhcation of 
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the meaeuiemente by ThorsBus, the ooly information to be gamed about the 
[MJ values was from extrapolation of the values of Mi—Ki which could be 
calculated from the relation Mi—Nj = — L, from measurements of 
these bnes extending down to the element Rb (37) From this extrapolation 
we suggested in our earber paper that the cntical potentials given previously 
at 106 volts for iron and 113 volts for cobalt, were to be associated with the 
removal of an electron from the Mi level, but it seems from the comparison in 
Table III that this was incorrect, and that if any of the measured cntical 
potentials really correspond to encounters with atoms which result m the dis¬ 
placement of an electron from the Mi level it is the lower ones, mentioned above, 
which do so None of the values found for zinc fit in between the two com¬ 
puted values m either case This can only bo mterpreted as showing that 
melastio collisions resulting m displacements of a single electron from the 
levels Mi and Mn,ni, respectively, do not reveal themselves when a zme target 
IS submitted to electron bombardment under the conditions of these expen- 
ments 

Our results were carefully scrutinised to see if any of the critical points we 
had obtained could reasonably be asenbed to the metal under test becoming 
covered by tungsten sputtered from the hot filament during the course of the 
work The targets were so arranged m the apparatus that when the upper 
surface became blackened by use, they could be turned over and the other 
surface exposed to the bombardment When both surfaces of the metals 
showed signs of blaokemng, the targets were removed from the apparatus and 
cleaned There is a good deal of variation in the values of the cntical potentials 
which have been asenbed to tungsten by different experimenters who have 
investigated this metal, but from a careful considoralaon of the values most 
generally obtained we are satisfied that none of these were indicated m our 
experiments Moreover, a consideration of the number of curves taken when 
the tai^ets were perfectly clean, indicates that none of the pomts which have 
been attributed to the elements under test could be due to sputtered tungsten 
It may be added that even when tests were made with the targets considerably 
blackened by sputtered deposit we did not find any consistent appearance of 
any new critical pomt 

Oompanton vMh the EesuUt of other Expervneniera 

Of the elements under consideration zmo alone does not appear to have been 
examined by any other mvestigator Miss Iievi* has recorded the finding of 
• M. Levi, ‘Trans Canada,’ voL 18, p. 108 (1994) 
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critical points at 60 8 volts for chromium, and at 67 volts for manganese These 
values when corrected for work done on the electron on entering the target 
become 66 7 volts and 71 9 volts respectively The values obtained by 
venous experimenters for critical potentials for soft X-ray excitation from the 
elements iron, cobalt, mckcl, and oop|)er, are set out m Tables IV and V for the 
region covering that m which critical points have lioon found for these elements 
in the present research The results obtamed by Petry for the cntical potentials 
for secondary electron enussion from iron, mckel, and copper, are also included 
for compainson All the values given m the tables are comparable m that they 
include a collection to allow for work done on the bombarding electron on 
entering the target * Thus the present position as regards the location of 
cntical pomts for these elements, m the voltage region tabulated, can be 
judged 

In oonsidermg the possible interpretation of the critical potentials for soft 
X-ray excitation, and for secondary electron emission, m terms of electron dis¬ 
placements within the individual atoms of the elements, it seems that one 
might expect to find more cntical stages for soft X-ray excitation than for 
secondary emission m the same way that for the ordinary cntical potentials of 
a gas there are more radiation pomts than ionisation pomts, because of the 
possibility of displaoemente to virtual orbits On the other hand one would 
not expect to be able to identify the potentials correspondmg to displacements 
from a given mitial level to all the successively more remote virtual orbits up 
to the ionisation stage, by the method employed in the soft X-ray excitation 
investigations One might conceivably, however, obtam indications of the 
first few such transitions from any given level In such oases we should expect 
to find those cntical potentials for secondary electron emission which corre¬ 
spond to ionisation of the atoms by removal of electrons from successively more 
deeply seated levels, all somewhat higher than the cntical potentials for soft 
X-ray excitation corresponding to the displacement of electrons from the same 
levels 

In the eighth columns of Tables IV and V the voltages correspondmg to the 
computed v/B values of [Mn,m] A°d [Mil from Tables II and III are given for 
comparison It is interesting to note that in the case of the elements iron, 
mckel, and copper, the three elements under consideration which have been 
examined by Petry, one of the cntical points for secondary electron emission 

* In the oase cf values not oorreoted for this factor by the investigator, 5 vdta has bam 
added whm the values were given to the nearest volt by the investigator, and 4 9 voHa 
whm the values were givm to the nesiesi tenth ol a volt 



Table IV —Voltages of Gntical Points 




Table V —^Vfdtagea of Critical Pomta 
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found by bun falls near to the calculated value of I Mir ml for each of those 
elements, with which value, as already shown, there is a satisfactory relationship 
to one of the cntical potentials for soft X-ray excitation 

Farnsworth* has earned out a considerable number of mvestigations mto the 
secondary electron emission from viffious elements as a function of the voltage 
accelerating the primary electron stream, and has exummed iron and copper, 
among other dements, m this way For both these elements he found that 
the ratio of secondary to pninary electron current as a function of the primary 
voltage showed defimto sharp maxima and immma in the low voltage region, 
but that the sbght changes in the curves which occurred at higher voltages varied 
with various uncontrollable conditions Tie concluded that these had no real 
significance Farnsworth has also examined the velocity distribution curves 
of the secondary electrons from these metals, and has concluded from these 
experiments that the changes in slope m the low voltage region of his ratio 
curves are not significant of genuine atomic critical potentials, but are due to 
the surface arrangement of atoms It seems possible that some of the critical 
potentials for soft X-ray excitation which have been detected for the elements 
used in the present research, may be accounted for in this way also The M 
electrons are not very deeply seated within the atoms of these elements, and it 
18 possible that the close proximity of neighbouring atoms modifies the orbits 
of these electrons, so that their disturbance by the bombarding stream occurs 
at voltages which are different from those corresponding to the critical stages 
for single atoms 

The Efficiency of Soft X-ray ExoUatxon 

The efficiency of different elements m regard to the production of ordinary 
X-rays has been found to be proportional to the atomic number of the element 
In the region of soft X-rays, Richardson and Chalkhn were led to conclude 
from their expenments with carbon, tungsten, mckel and iron that the efficiency 
was roughly proportional to the square rootof the atomic number of the element 
rather than to the atomic number itself More recently, Richardson and 
Robertson,! from expenments with a greater number of elements in an apparatus 
specially constructed for the purpose, have concluded that the relation is more 
coireotiy expressed by the statement tiiat the efficiency is proportional to the 
“ effective atomic number ” of the element, this bemg a penodio function of the 
actual atomic number 

* H B Fannrarth, ‘Fhyi Rev.,’ vd 26, p 41 (1926); vd 27. p 41S (1026); vd. 
p 908 (1927) 

10. W. Ridiaidaoa and F. S. Robeitmi, ‘ Biy. Soo Froc.,’ A, vd 116, p 280 (1927) 
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The (jiiestion of the relative cfBctenciea of the different elemontH need, os 
regards soft X-ray excitation, was not a primary object of the present mvesti- 
gatjon, but the experimental records have been carefully exammed to sec if 
any conclusions on this point could be drawn, the ratio, at a given voltage, of 
the photoelectric current to the thomuomc current being taken as a measure 
of the efficiency of soft X-ray emission This ratio for any one target was found, 
howe\er, to vary to some extent with the actual value of the thermiomc 
current, and also to be not always constant for a given value of this current 
In a few instances we have records of the examination at low voltages of several 
elements m rapid succession under the same conditions, and in these cases the 
efficiency appears to be nearly the sam< for all the targets 

The authors desire to acknowledge their mdebtedness to the Ooveniment 
Grant Committee of the Royal Society for the means of purohasing some of 
the apparatus and materials used m this research 


The SoMnhty of Hydrogen in Silver 

By E W R Stkacie aud F M Q Johnson, Department of Chemutry, MoGill 
Umversity, Montreal 

(Communicated by Prof A 8 Eve, F R 8 —Received 8eptember 29, 1927 ) 
Introduction 

In a previous paper* the authors have discussed the solubility and rate 
of solution of oxygen m silver 

The object of the present commumcation is to extend these results to the 
system hydrogen-silver 

A number of papers of a more or less qualitative nature have been published 
on the solubility of hydrogen in silver Grahamf obtamed an absorptum of 
0 2 volume of hydic^en per volume of silver wire, and 0 9 volume for silver 
which had been reduced from the oxide Chabner{ found that hydrogen which 
had been activated by the silent discharge was absorbed by silver Neumann 

* * Roy 8oo FrooA. voL 112, p. 642 (1926) 
t ‘ PUL MagvoL 32. p 603 (1866) 
r a R.,* voL 7m p. 484(1872). 
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and Streinte* obtained negative resulta Baxtcrf found an absorption of 0 5 
to 2 8 volumes for silver wbioh had been reduced from the oxide Richards^ 
investigated the solubility of hydrogen in silver m order to dctcrmmo if any error 
were mtroduced mto atomic weight measurements from this source He found 
no weighsble amount of hydrogen Lo Chatelier§ stated that silver absorbed 
hydrogen at temperatures above 600° C and that the dissolved gas lowered 
the melting point 30° G Berthelot|t found that thin silver foil spattered in the 
presence of hydrogen at high temperatures, pointing to the formation of an un¬ 
stable hydndo Hesldlf found a slight absorption of hydrogen by thm silver 
films deposited on glass, but Baker** found no absorption under identically the 
same conditions 

The first attempt at a thorough mvestigation of the subject was made by 
SievertSjtt who obtained evidence of an absorption of 0 13 volume of hydrogen 
from 600° C to 800° C His apparatus, however, was not sensitive enough to 
detect as small an amount as this with any d^;ree of certainty There were 
also several serious sources of error in his determinations He did not allow 
sufl&cient time for the establishment of equilibrium, thus m one experiment ho 
heated the tube containing silver from 20° C to 800° C and cooled it again to 
300° C in 168 mmutes, taking pressure readings at various temperatures en 
route The amount of time taken for the whole experiment was barely sufficient 
for equilibrium at one temperature only, except at the highest temperatures 
Most of the hydrogen which disappeared in the course of his experiments was 
not recovered on heating tn vaciw This was undoubtedly due i n part to diffusion 
through the quartz bulb, for which no correction was made In addition a 
certain amount of hydrogen may hove been used up m reducing traces 
of oxides 

The foregoing will serve to show that there is practically nothing in the 
literature on the solubility of hydrogen in sdver in which much confidence may 
be placed 


* ‘ Wied. Ann.,’ voL 46. p. 481 (1698), ' Mnuts. C^ein..’ voL 12. p. 655 (1891). 
t ’ J Am. Ohon. Soo.,’ voL 82, p 362(1899). 
t ‘ Z Anorg. Chem,’ vd. 47, p. 70 (1906). 
rz Phya Ohem.,’ voL 8, p. 186 (1891) 

II * Ann. Ohim. Fhya,’ 7th seriM, voL 22, p. 305 (1901) 

^ ‘ Phya Rev,’vrf. 84* p. 269 (1907) 

••' Phya R«t ,’ toL 85, p. 482 (1908). 

tt' Z. Phya Ghem..’ vd. 60, p 129 (1907), iM.. voL 68. p. 116 (1910). 
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Descnptton of Apparatus 

The apparatus employed was essentially the same as that pteviously used with 
oxygen and silver Tt consisted of a manometer connected to a bulb of known 
volume which cont iinod silver foil A definite volume of gas was admitted to 
the bulb and the pressure was read The temperature was measured by means 
of a constant volume nitrogen thermometer Knowing the temperature and 
the volume of the tube contaimng the silver, together with the volume of the 
dead space above the manometer, which was at room temperature, the pressure 
of the gas could bo calculated If the observed pressure were lower than that 
calculated, then the drop m pressure was a measure of the absorption 
Owing to the fact that hydrogen is absorbed by some glasses, and also difiuses 
through them at an appreciable rate, preliminary trials were made with various 
types of glass Soft glass obviously could not be used over a suflSciently wide 
range of temperature Pyrex glass was found to absorb hydrogen at a slow but 
appreciable rate Jena combustion tubing showed a similar but somewhat 
smaller absorption Experiments with quartz showed that while the diffusion 
of hydrogen through quartz was considerable, devitnhcation of the tube had very 
little effect on the rate of diffusion It was finally decided to use a quartz 
tube and to correct for the gas lost by diffusion by means of a blank experiment 
with an empty tube, made from the same piece of quartz, and having as nearly 
as possible the same wall thickness and area of surface Incidentally this 
enabled us to make a senes of determinations on the rate of diffusion 
of hydrogen through quartz at vanous temperatures and pressures 
The apparatus, except for the addition of the blank, was the same as that 
desenbed in a previous paper {loc at) The blank consisted of a complete 
duplicate of the absorption apparatus, except, of course, that the bulb was empty 
instead of being filled with silver 

Twosamplesof silver foil were used, which were 0 40 mm and 0*12 mm thick 
respectively The silver was prepared by reducing punfied silver chlonde with 
sugar and sodium hydroxide, as previously described 
Hydrogen was prepared by the electrolysis of dilute sulphunc acid The gas 
was passed through a tower contaming sticks of potassium hydroxide to free it 
from sulphur tnoxide, and then over red-hot platinised asbestos to remove traces 
of oxygen It was dried by babbling through concentrated sulphunc acid, 
and stored m a reservoir over phosphorus pentoxide 
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Experimental Procedure 

Before commencing an experiment, the furnace was heated to about 750° C , 
and both the abaorption apparatus and the blank were evacuated contmuously 
for from 6 to 10 hours Two Langmuir condensation pumps wore used in series, 
and the pressure msmtamed during the evacuation was about 10"* mm 
Ueasured amounts of hydrogen were then admitted to both the absorption 
apparatus and the blank at the same time The amount of gas let in to the 
blank was adjusted so as to produce the same pressure as that which existed in 
the absorption apparatus Beadings of pressure and temperature were taken 
from tune to tune for a number of hours Owing to the absorption, the pressure 
fell more rapidly m the absorption apx>aratus than in the blank The pressures 
were kept the same, however, except at the moment when a reading was being 
taken, by lowering the level of the mercury in the manometer of the blank 
apparatus 

At the conclusion of the expenment the gas in the two tubes was pumped 
out, collected, and measured 


Sample Calculation 

The complete data for one experiment are given m Table I 

Absorption Apparatus —^Fart of the volume, Vi, is m the furnace at a tempera¬ 
ture Tj, the remamder, Y,, is at room temperature, T, Hence 
P(Vi/Ti + V,/T,)==K 

In this case Y^ = 8 680 c c, Y, = 3 671 c o The constant, K, can be calcu¬ 
lated from the volume of gas admitted, 0 780 c c, and is 0 2168 Hence F can 
be calculated for any values of T^ and T, In the third column of Table I is 
given the observed pressure, and m the fourth column that calculated m this 
way In column five is given the difference between the observed and calcu¬ 
lated pressures (for example, 0 28 cm at 20 minutes) This difference is due 
partly to the disappearance of gas by diffusion through the quartz, and partly 
to absorption by the silver The amount of gas which has disappeared, 
expressed m cubic centimetres at N T F, is equal to 

0-28 X 273/76 (Yj/Ti + Y,/T,) = 0 022 c o 

Bhmk Apparatus —The amount of gas which has disappeared from the blank 
by diffusion can be calculated m the same way For the blank Y^ = 12 124 o o , 
and Y, = 2 776 o c At 20 mmutes the observed pressure is lower than that 
calculated by 0 06 cm, which is equivalent to a loss of 0 004oo.ofga8 
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In the absorption apparatus 0*022 o o of gas has disappeared by absorption 
and diffnsion, 0 004 o o of this is due to diffusion, hence the amount absorbed 
IS 0 018 0 c The silver weighed 34*08 grs , assuming the density to be 10 6, 
this IS eqmvalent to 3 26 o c Hence the absorption expressed in volumes of 
hydrogen per volume of silver is 0 018/3 25 — 0 006 
As may be seen from Table I, about 300 minutes were required to estabbsh 
equilibrium 

At the conclusion of the experiment the absorption apparatus was evacuated 


and the gas was collected and measured 

Volume of gas at start (cubic centimetres) at N T P = 0 780 

Volume pumped out at end = 0 701 

Gas not recovered = 0 079 

Gas lost by diffusion (calculated from blank) = 0 083 

Difference s= 0 004 


Hence all the gas absorbed by the silver was recovered, withm the limits of 
experimental error 

ExpertmmUU RetuUa 

SciubiiUy of Hydrogen tn Stiver - No apparent change in the silver took place, 
except for the development of a somewhat orystallme appearance on'the surface, 
as previoosiy noticed with oxygen 

The solubility of hydrogen m silver at various temperatures and preesures 
IS given in Table II 


Table II —SolubiUty of Hydrogen m Silver 
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Diffusion of Hydrogen through Quartz —^The piessure m the blank apparatus 
fell rapidly at first, presumably due to tbe solution of hydrogen m quarts, 
after this the rate at which the gas disappeared was constant and was apparently 
due simply to diffusion The results for the rate of diffusion are given m 
Table III 


Table III —Rate of Diffusion of Hydrogen through Quarts. 
Average wall thickness ss 0 96 mm 
Surface area =» 47 6 sq cms 

D = rate of diffusion in cubic centimetres (at N T F) per 1000 mmutes 


Tempentnie 


PrcM 

200" C 

300” 

C 

400'C 

600” 

C 


D 

P/D 

D 

P/D 

D 

P/D 

D 

P/D 

oau 



0 OOS 

1666 

0 006 

834 

0 000 

667 

10 

0 003 

3340 

0 006 

1 1666 

0 010 

1000 

0 017 

688 

20 

0 OOS 

3340 

0 011 

‘ 1820 

0 021 

066 

0 033 

607 

40 

1 0 013 

3080 

0 028 

1740 

0 041 

076 

0 066 

607 

80 

0 023 

3480 

0 049 

1640 

0 070 

1012 

0 134 

606 

Mera 


3310 

i 

1706 

1 


986 
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Table 111—(oontumed) 



• Temperatuie 


600* 

c 

700* 

C 

800* 

C 

000* 

C 


D 

P/D 

D 

P/D 

D 

P/D 

D 

P/D 

s 

10 

20 

40 

80 , 

0 014 

0 020 

0 OSS 

0 114 

0 230 

367 

346 

346 

361 

348 

0 037 

0 071 

0 160 

0 326 

0 616 

186 

141 

126 

123 

130 

0 071 

0 145 

0 204 

0 681 

1 160 

70 6 

60 0 

68 1 

68 8 

60 0 

0 187 

0 270 

0 660 

1 006 
. 2 226 

36 6 

87 0 

36 4 

36 6 

36 0 

Me«n 


340 


131 


60 1 


86 6 


The hmit of accuracy of a single observation is about 0 002 c c Allowing 
an equal error for the corresponding blank experiment, the maximum possible 
error would be about 0 004 c c, or dightly more than 0 001 volume The 
values given m Table II are therefore good to about 5 per cent at the higher 
temperatures and pressures The absorptions at temperatures below 500® C 
are of the same order of magmtude as the experimental error, and are therefore 
to be taken as merely qualitative indications of a very small absorption at low 
temperatures 

The rates of diffusion at higher temperatures are probably accurate to within 
1 per oent as far as the effect of temperature and pressure on the rate is con¬ 
cerned The accuracy of the absolute values depends on the accuracy with 
which the thickness of the tube was measured This was somewhat uncertam 
m the region where the capillary was fused to the wide tube The thickness 
was measured at a number of places, and the averge is given m Table III This 
IB probably uncertam to about 10 per cent 

Dtscusswn of Results 

(I) The Diffusion of Hydrogen through Quartz —From Table III it is evident 
that the ratio F/D (where F is the pressure and D the rate of diffusion) is con¬ 
stant at constant temperature, t e, the rate of diffusion is directly propOTtumal 
to the pressure This is m agreement with the results of Bodenstem and Kranen- 
dieok,* Wttstner,f and Williams and Ferguson % Accordingly, the gas must 
diffuse through quarts as molecular hydrogen 

* ‘ Nemst FertMhnft,’ p. 100 (1012) 
t • Aim. Phydk,’ voL 46, p. 1005 (1016). 
t * J. Am. Chsm. Soo.,’ voL 46, p. 2160 (1022). 

VOt. OXVU —A. 2 2 
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In fig 1 the logarithms of the rates of difEusion are plotted against tempera* 
ture The pomts all fall on straight lines witlw the limits of ezpenmental 



^j, j- 

LOO (rate OFDtmiSIONx 10^ 

XTo l.~-Bate of Diffusion of Hydrogen through Quarts. 


error The same relationship has been found to hold by Wilstner, and Wilhams 
and Fezguson 

The actual values obtamed are similar to those of Williams and Ferguson, 
but the temperature coeflioient is somewhat greater, and hence our results are 
higher than theirs at high temperatures For the sake of comparison, the 
values are given m Table lY, in cubic centimetres of gas at 0° C and 76 oms 
pressure diffusing through 1 sq cm per hour, for a wall thickness of 1 mm. 

Table IV —Bate of Diffusion of Hydrogen through Quartz 


Tsmpentnie Stesde and Johnson Wlllisms and Ferguson 



It IS possible that the discrepancy is due to differences m the samples of 
quartz, although the samples used m both investigations were from the same 
Booroe, the Thermal Syndicate, Ltd. The values, however, are of the same 
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ocdar of magoitode, and the general effect of temperatnre and preasiue le the 
nme. 

The fact that the rate of diffusion is proportional to the pressure, and that 
oonsequently the diffusing gas is in the molecular state, leads naturally to the 
oondusion that the process of diffusion is of a more or lees mechamoal nature, 
and IS probably due merdy to the passage of the gas through interstioes m the 
quarts This view receives support from the fact that the only gases which 
are known to diffuse through quarts are hydrogen and helium, the two lightest 
gases 

If the diffusion occurs in this way, however, it would naturally be expected 
that hydrogen, being the lighter of the two, would have the higher rate of 
diffnsioiL Actually, however, hebum diffuses about 22 tunes as fast as hydro¬ 
gen.* A possible explanation of this bes m the fact that the hebum atom is 
symmetncal in form, while the hydrogen molecule is presumably unsymmetncal, 
and, talntig an extreme case, a spherical atom would be expected to diffuse 
much more rapidly than an elongated molecule having about the same total 
volume It IS noteworthy that the temperature coefficients of the rates of 
diffusion of hydrogen and hebum are almost identical, as would be the case if 
the process were one of capillary effusion The temperature coefficient for 
hebum becomes slightly greater than that for hydrogen at high temperatures, 
but this is to be expected, as the increased rotational energy of the hydrogen 
molecule would decrease the rate of diffusion to a oertam extent 

Jaoquerot and Perrotf have obtained a ratio for hydrogen and hebum with 
porcelam which agrees with that calculated for a simple case of capillary 
diffusion It would appear probable that the capillary spaces through which the 
gas diffuses are considerably larger in the case of porcelam than with quarto 
Consequently, the effect of the shape of the molecules would be outweighed by 
their relative masses It is only whenthe sue of the pores is just slightly larger 
than the sue of the gas molecule that the shape would become the predominating 
factor m the process of diffusion 

If the diffusion of hydrogen through quarto is a simple case of effusion, the 
temperature coefficient can be calculated from the kinetio theory The chance 
of a molecule hitting an opemng is proportional to its velocity and hence to Vt 
T he rate of diffusion depends on both the chance of collision with an opening 
and on the number of molecules present. At constant pressure the number of 
molecules will be proportional to 1/T Hence the rate of diffusion will be 
* WUHsips lod ItegaaoD, loe. 

t' Arab. SoL Pbyt, Net. G«o*re,' voL Sa p. 138 (1806). 
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proportaonal to 1/V^ The actual inoieaae in the rate of diffuaion with 
mcieaamg temperature u far greater than thu There u, however, another 
factor which might account for this, and that is the increase m the sue of the 
pores due to the thermal expansion of the quartz 
(11) The SdMMtty of Hydrogen tn SHter—M previously mentioned, the 
results in the hterature are very oonSioting The values obtained m thu 
investigation are given in Table II, and are plotted m fig 2 They are much 
smaller than any of those obtamed m previous investigations, with the exception 
of that of Neumann and Stremtz, who obtained negative results The explana¬ 
tion of thu lies m the fact that most of the previous workers did not exhaust 
their apparatus for a sufficiently long time before making observations As we 
have mentioned m the previous paper, the last traces of dissolved gases are only 
very slowly removed from metals. The same pomt has recently been emphasised 
by Bircumshaw* m connection with the solubility of hydrogen m alunumum 
and tm Consequently most of the excess absorption reported has been due to 
loss of hydrogen by combination with residual oxygen In the case of the 
investigation of Sieverts, thu conclusion receives support from the fact that he 
was unable to recover the majority of the hydrogen which had disappeared. 
Silver which has been fused m air and rapidly cooled will contam practically 
the entire amount of oxygen which it dissolved at the melting pomt, say, from 
0 3 to 0 4 volume of gas per volume of silver Hence, if it u not thoroughly 
pumped out, as much as 0 6 to 0 8 volume of hydrogen may be used up m the 
formation of water It u not surpnsing, therefore, that m the earher investi¬ 
gations absorptioiu of about 0 6 to 0 8 volume of hydrogen were obtained, 
and that the gas was not recovered on heating »n vaouo, 
Anoutstandingexampleof thu kind u the investigation of Bone and Wheeler t 
In connection with their work on the catalysu of the hydrogen-oxygen reaction 
by hot surfaces, they measured the absorption of hydrogen by silver, and 
obtamed the very high value of 11 4 volumes at a dull red heat Of thu only 
about 1 3 volumes were given off on heating tn vaouo The excess hydrogen 
was undoubtedly used up in combining with dissolved and adsorbed oxygen, 
the majority of which had not been removed by exhaustion as they merely used 
a “ mout vacuum ” There still remains, however, the comparatively large 
absorption of 1 3 volumes to be accounted for The silver gauze had been 
repeatedly used as a catalyst and had developed a more or lees spongy sur&oe, 
as evidenced by photomicrographs given m their paper Owing to the large 

• ‘ PhiL Mag.,’ 7tb series^ vd. 1, p. 510 (1936). 

t ‘ PUL IVana,’A. vd. 306, pu 1 (1906). 
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mafBce, therefore, adeorptioa would come mto play as well as absorption, and 
their results are not comparable with those obtained with silver m massive form 
The ooncluuon of Biohards that, for atomic weight purposes, silver melted 
m hydrogen is as good as that melted m a vacuum is verified by our deter¬ 
minations. The maximum absorption found was 0 046 volume of hydrogen 
per volume of silver, or about 4 1 X 10~^ grams of hydrogen per gram of silver 
The observation of Le Chateber, that the melting pomt of silver is lowered 
30** by the presence of dissolved hydrogen, has not been confirmed We were 
unable to detect any difierenoe m the melting pomt of silver in hydrogen and 
m a vacuum This is to be expected, as the amount of gas absorbed is so sms'll 
that it could not have any appreciable effect on the melting pomt 
Effect of Temperature —In fig 2 the absorption is plotted against temx>erature 
at various pressures Below 400° C the absorption is extremely small, above 



tbm it mcreases rapdly with mcreasmg temperature The temperature coeffi¬ 
cient IS, however, much smaller than that observed with oxygen and silver 
That the absorption is an exponential function of the temperature is shown by 
Table V The values of log Absorption/Temperature are practically constant, 
except for the one value at 400° C, which is too low Owing to the very small 
absorption at this temperature, however, the value is rather uncertain. If 
the absorption at 400° C were increased by an amount equal to the probable 
experimental error, the value of log Abe /T would be brought mto agreement 
with that at higher temperatures 
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Table V.—Vanation of Absorption with Temperatoxe. 


Pretnue — SOomt 


Tempuatare * K 

673 

778 

873 

073 

1073 

1173 

X 10* 

1 16 

1 40 

1 46 

1 44 

1 46 

1 48 


Effect cf Preasure —The effect of pressure on absorption u shown in Table 
n, and the results are plotted in fig 3 As may be seen from Table II, the ratio 



\/P/Q> where P is the pressure and Q the absorption, is constant at constant 
temperature 'It accordingly follows from Henry’s Law that the dissolved 
hydrogen must be dissociated into atoms, or else that it must exist m the form 
of a dissolved hydride containing one atom of hydrogen to the molecule This 
seems to be a general relationship which holds for the solubikty of all gases 
in metals, with the exception of hydrogen m palladium,'* and m some of the rare 
earth metals t 

Effect of Surface —Identical values for the absorption were obiamed with 
silver foil of two different thicknesses. Hence the effect of adsorption is 
n^ligible compared with that of solution. The high values obtamed by Bone 
* Hdtsema,’ ‘Z. Phys. Oiem.,’ voL 17, p. 1 (1886); Holt, Edgar, and Ilrth, ibtd., voL 
88, p. 018 (1018). SieTwts, ibtd.. wd. 88, p. 106 (1914). 

tSierwta, Idolkr-Goldegeb and BoeU, *Z. Aaotg. GhemV voL 181. p. 66 (1088), voL 
146, p. 149 (1026), voL 160, p. 261 (1986), and voL 168, p. 289 (1986). 
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ud Wheder make it poaaible that even at a red heat adaorption vrill predominate 
if the aorboe la aoffioiently large On the other hand, Benton and Elgm* 
obtained no evidence of adaorption at 110° C with silver aponge Aaadsorp^on 
usually decreases with increasing tmnperature, it seems likely that Bone and 
Wheeler are in error, espeoudly in view of the maocuracies in their experunents 
which we have pomted out above 

T\e Rate of SokOton —Owing to the small amount of hydrogen absorbed at 
the lower temperatures, and to the speed with which equilibrium was estab¬ 
lished at the higher temperatures, the measurement of the rate of solution was 
not practicable, as comparatively small errors in the amount of gas absorbed 
would have a very large effect on the rate of solution. The rate of solution la, 
however, rather slow compared to that of oxygen. At 700° C from 50 to 100 
nunutes were required for equihbnum, depending on the pressure At 800° C, 
10 or 16 minutes were sufficient, and at 900° C saturation was reached practically 
instantaneously At the lower temperatures at least 24 hours were required 
Smce the rate of solution is much slower than that of oxygen, the rate of 
diffusion of hydrogen through silver must be considerably smaller than that 
found for oxygen f 

(III) The Absorption of Hydrogen compared vMh that of Oxygen —It is 
interesting to compare the results obtained with hydrogen with those for o^gen, 
since silver is one of the very few metals for which the absorption for more than 
one gas has been measured with any degree of accuracy 
The effect of pressure on absorption is the same for both gases, the absorption 
being proportional to the square root of the pressure Hence both gases are 
dissociated in solution Whether the dissociated gas remains in the atomic 
state, IS ionised, or resets to form a hydride or oxide containing one atom of 
hydrogen or oxygen to the molecule, cannot be decided by pressure measure¬ 
ments alone The state of the dissolved gas will be discussed further later 
The amount of hydrogen absorbed by silver is much less than that of oi^gen 
This 18 not Burpnsing, smce silver has a much greater affimty for oxygen than for 
hydrogen, as shown by the fact that it forms one definite stable oxide AggO, 
and perhaps others, such as Ag| 03 , and Ag 20 |, while there is no reliable evidence 
that a hydride of silver has ever been prepared 
The effect of temperature on the absorption of hydrogen by silver u entuwly 
different from that with oxygen With oxygen there is a clearly defined 
•‘J Am.Chein.8oo,.’voL48,p.3027(lW6). 

t Johnson sad Iscom, * J. Am Oiem Soc.,’ vol 48, p. 1877 (1924), sod voL 49, 812 

(1M7). 
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mmuniun at about 400° C, after which the absorption increases rapidly with 
increasing temperature With hydrogen there is no such TniniT¥mwi. In a 
previous paper it was concluded from a consideration of the effect of temperature 
on the solubility and rate of solution of oxygen in silver, that the miTHTnnm m 
the solubility at 400° C must be due either to a change in the manner of com¬ 
bination of the oxygen, or to a change m the silver from one allotropic modifica¬ 
tion to another The fact that there is no similar behaviour with hydrogen 
seems to render unlikely the possibility of another form of silver existing above 
400° C , and the cause of the peculiar behaviour of oxygen and silver must be 
the state m which the oxygen exists in solution. It is noteworthy that the 
minimum m the solubility of oxygen m silver at 400° C corresponds exactly 
with the minimum m the heat of formation of silver oxide, calculated by Keyes 
and Hara* from their measurements of the dissociation pressure of oxygen 
m equihbnum with silver oxide 

General Dwciuaton, 

The Dtffutton of Oases through Metals —The absorption of gases by metals 
and the diffusion of gases through metals are phenomena which are dependent 
upon each other Since a gas molecule or atom must diffuse mto the metal 
before it can be absorbed, it is of interest to discuss the mechanism of diffusion 
before considering absorption The system oxygen-silver has been fairly 
thoroughly investigated, and it will bo used as a typical system for purposes of 
discnsBioiL 

The fact that the rate of diffusion is proportional to the square root of the 
pressure pomts to diffusion taking place by means of atoms and not molecules, 
As mdicated above, the absorbed gas is also in the dissociated condition. Snos 
the diffusion of oxygen through silver is due to atomic and not to molecular, 
oxygen, it is natural to suppose that the rate of diffusion will depend on the 
concentration of atomic oxygen outside the metal 

If we accept Langmuir’s theory of the mechanism of adsorption,f and assume 
that every oxygen molecule which strikes a silver surface condenses, while the 
rate at which oxygen atoms evaporate from the surface depends on the tempera¬ 
ture, then adsorption will be a time lag between the rate of condensation and 
the rate of evaporation The amount of gas adsorbed will decrease as the 
temperature is raised because the rate of evax>oration mcreases, while the rate 
df^mdensation remains almost constant 

*‘3 Am. Ohem. Soo.,’ voL 44, p. 470 (1922) 
t' J. Am. Chem. Soo,’ voL S8, p. 2221 (1916) 
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Atomic oxygen will be m existence only et the moment when an adsorbed 
atom evaporates from the surface At low temperatures the life of an adsorbed 
atom 18 comparativdy long, and consequently there will be very few leaving 
the surface, and hence very little free (» e , unadsorbed) atomic oxygen m con¬ 
tact with the surface At high temperatures, the life of an adsorbed atom on 
the surface will be extremely short The surface will thus have very little 
adsorbed gas. Every molecule which strikes the surface will still be condensed, 
but will almost immediately leave again m the form of atoms Hence as the 
temperature rises, although the actual amount of adsorption decreases, the 
oonoentration of atomic oxygen m the neighbourhood of the surface will increase 
rapidly Those atoms which leave the surface m an outward direction will 
recombme at once to form molecular oxygen Some, however, will leave it in 
an tntcard direction and will diffuse mto the metal The number entering the 
metal, t e , the rate of diffusion, will depend on the concentration of free atoms 
at the surface, and will consequently increase very rapidly with nsing tempera¬ 
ture The rate of diffusion will thus depend simply on the rate of formation of 
atomic oxygen at the surface, that is, on the rate of evaporation of adsorbed 
atoms from the surface The effect of temperature on the rate of evaporation 
from the surface is given by 

M = AVT exp (- X/RT),* 

where A is a constant and X is the internal latent heat of evaporation It has 
been shown by Johnson and Larose (loe eU) that the rate of diffusion of oxygen 
through silver is expressed by Richardson’s equation 
Q = KVT exp {- g/RT), 

where Q is the rate of diffusion and q and K are constants Richardson’s 
equation also holds for the diffusion of hydrogen through platmum,'!' mckel,^ 
and steel § The above two equations are identical m form, and hence it seems 
fairly well estabbshed that the rate of diffusion depends on the rate of evapora¬ 
tion of adsorbed atoms from the surface 

The Aheorjtwn of Oates by Metals —In the absorption of oxygen by silver, 
the higher the temperature the faiths is the system removed from the dis¬ 
sociation temperature of Ag,0 It might, therefore, be expected that the 

* Langmuir,' J Am. Ohem. Boo.,' vd. 36, p. 123 (1913). 

tRiohaidsoo, ‘FhiL Mag,’ 6th aerlM, voL 7, p. 266 (1904)t Biohardson.Niool and 
PanuQ, ibtd., vd. 8, p 1 (1904) 

^ Deming and Hsndricks, * J. Am. Gbem. Soo,’ voL 46, p. 8867 (1983). ^ 

i Ryder, ’ Eleot. J.,’ voL 17, p. 161 (1980) 
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absorption would decrease with increasing tempwtnre. Actually the reverse 
occurs once the minimum at 400*’ C is passed, and m general with almost all 
gases and metals the absorption moreases with increasing temperature It la 
possible to account for this on much the same basis as Langmuir has used for 
adsorption 

As we have shown above, oxygen atoms diffuse through silver at a rate which 
18 piroporlaonal to the concentration of atomic oxygen outside the metal If we 
assume that every oxygen atom which hits a silver atom m the xnUnor of the 
Silver reacts to form a compound, and that the oxide thus formed dissociates at 
a rate which depends on the temperature, the absorption will be a tune lag 
between the rate of combination and the rate of dissociation. With adsorption 
the rate of condensation increases only slowly with rising temperature, while 
the rate of evaporation increases rapidly, hence adsorption decreases with 
increasing temperature With absorption, however, while the rate of dis¬ 
sociation moreases rapidly with rise m temperature, the rate of combination 
depends on the number of atoms diffusing through the metal and this mcreases 
very rapidly with mcteasmg temperature Hence m general absorption will 
increase as the temperature moreases 

From this point of view, absorption and adsorption are fundamentally similar. 
Adsorption takes place on the surface and depends on the number of hits 
registered by gas molecules Absorption takes place inside the metal and depends 
on the number of hits by diffusing atoms 

The amount of gas absorbed is thus a balance between two opposing factors 
In the case of silver and oxygen, the rate of diffusion is extremely small at low 
temperatures It is therefore possible that the minimum in the solubihty at 
400° C 18 due to the fact that the nse m temperature above the dissoetltion 
temperature causes a greatly increased rate of dissociation of silver oxidc^which 
18 not outweighed by the mcreased rate of diffusion until 400° C is reached 
It IS noteworthy that the rate of diffusion only becomes appreciable m the 
neighbourhood of 400° C It is probable that minima would be discovered with 
other gases and metals if sufficiently accurate measurements were made at low 
temperatures 

There are very few oases in which the absorption does not increase with 
increasing temperature Decreases are shown with rising temperature m the 
absorption of hydrogen by palladium, and by some of the rare earth metals. 
For these, as mentioned above, the absorption is not proportional to the square 
root of the pressure, and hence is not due to atomic hydrogen, but either to 
molecular hydrogen or to compound formation. The only other oases of tiua 
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•Oft ure the sbaorption of hydrogen vanadium and titanium,* and the 
abempbon of nitrogen by iron,t where there seema to be httle doubt that 
definite oompounde are formed 

It appears probable that the absorption of gases by metals is only a par> 
tionlar oaae a much more general phenomenon If a gas and a solid possess 
a mutual attraction for one another, as manifested by the formation of a defimte 
chemical compound at low temperatures, it is very unlikely that this afi&nity 
will cease altogether at some sharply defined dissociation temperature Thus 
with oxygen and silver, although much above the dissociation temperature of 
Ag|0, the gas still possesses sufiScient affimty for the silver to dissolve m it at 
high temperatures It seems probable that if any gas and solid units to form a 
definite compound at low temperatures, then the gas will dissolve in the solid 
to some extent at temperatures above the dissociation temperature of the 
oompound. Thus, for example, we would expect oxygen to dissolve m the 
lower oxide of a metal at temperatures above that at which tiie higher oxide 
dissooutes Similarly, water would be expected to dissolve to some extent m 
solid salts above the dissociation temperature of hydrates A oertam amount 
of evidence exists for the solubility of oxygen in lower oxides Thus Leblanc 
and Saohsej; have obtained evidence of the absorption of oxygen by NiO at 
360° C, and Leblancf detected the absorption of oxygen by litharge 


The solubility of hydrogen m silver has been investigated from 200° to 
900° C at pressures from 6 to 60 cms The solubility first becomes appreciable 
at 400° C The solubihty mcreases exponentially with increasing tempera^ 
ture It is proportional to the square root of the pressure 
A mechanism has been suggested for the absorption of gases by metals, and 
the connection between absorption, adsorption, and difhision has been dis¬ 
cussed 

The diffusion of hydrogen through quarts has also been measured from 200° to 
900° C It has been shown that the assumption that the diffusion of hydrogen 
through quarts is of a mechamcal nature is m accord with the observed facts 

* aerate, Huber sad KiXK>hfe>d.‘Ber d. Omn. Gw.,'voL M, p. 289M1M6), 
t Neomaaii, * Stahl nod Eiwn,’ vd. 34, P- 862. 
t ' Z. Blekteoohem.,’ vcA S3, pu 204 (1926). 
r Ann. Ohbn. Phsn.,’voL 0. p. 480 (1846). 
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It IB well known that a close relation must exist between the thermal and 
the magnetio properties of a ferromagnetic substance On the basis of his 
theory of the mtemal molecular field, Weiss* predicted a discontmuity m the 
specific heat of a ferromagnetic substance in the region of its ontioal pomt 
His reasoning may be briefly summansed as follows The mutual potential 
energy, E, of a number of elementary magnets, each of moment and making 
an angle 6 with the apphed field H, is given byE=: — |E|iHoos6,Bo that when 
we consider a cubic centimetre of the given substance we may write E = —I, 
where I is the mtensity of magnetisation Smce the substance is ferromagnetic, 
we must suppose, according to Weiss, the existence of a molecular field of 
considerable magmtude, equal to N I, where N is a constant which is obtainable 
from a knowledge of the Cune constant and the critical pomt of the substance. 
Thus we may further write E = — JNI*, and, since E is negative, we must 
provide heat m order to demagnetise the substance The amount of heat 

necessary to demagnetise 1 gm of the substance is therefore ^ ^ where p 

IS the density of the substance Now I vanes with the temperature, so that the 
heat neoessaiy to demagnetise a substance results m an apparent increase of 
its specific heat by an amount 

a, / N T, \ IN ai« 

3fV2J p p 5 t 

From curves showing the variation of magnetisation with temperature, Weiss 
concluded that the specific heat of a ferromagnetic substance should rise to a 
maximum at the cntical temperature, and should then decrease disoontmuously, 
owing to the sudden disappearance of the magnetio term at that temperature 
Experiments on the specific heats of mokd, uon and magnetite were made by 
Weiss and Becktby the method of mixtures, which was later refined by Weiss 

* See Weill and Foex, *' Le Magafttiime," p. 148, or Welai and Beok,' J. de Phyitqae,’ 
voL 7, p. 249 (1909) 

t ‘ jr dePhyriqiw,’ t<A 7. p. 249 (1008) 
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and lua oollaboratonu* They heated the matenal under uiTeatigation to a 
temperature T** C, and then plunged it mto a calorimeter containing water. 
In this way they found the mean apecifio heat of the substance between 16° C 
and T° C A curve was plotted with the value of this mean specific heat against 
T, and from this curve the value of the true specific heat at any given temperature 
was deduced. Their results were not completely m accord with theory, the best 
agreement being obtained m the case of mckel. We need not consider their 
results m detail, for it has been pomted out that these experiments were not 
altogether above criticism For example, Sucksmith and Pottert have drawn 
attention to the effect of the contmual quenching of their matenal, and to the 
high d^pree of accuracy, namely, 1 part m 16,000, which would be necessary 
m these experiments if the specific heat of mckel were to be accurate to 1 per 
cent m the range of the temperature from 3fi0° C to 354° C Sucksmith and 
Potter also emphasised the importance of determining magnetic and calon- 
metne data for the same specimen simultaneously, and they earned out expen- 
ments on specimens of mckel and Heusler alloy m which the specific heat was 
measured at different temperatures by a modification of the Nernst-Eucken 
method, and the magnetisation was simultaneously measured by a ballistio 
method Measurements were thus made at temperatures up to 410° C Their 
results were markedly different from what would be expected on the Weiss 
theory. They found that change in specific heat was not confined to a limited 
region around the cntical point, but was spread over a considerable range of 
temperature In fact, they suggested that the cntical pomt mdicates a certam 
stage m a transition which takes place over a range of temperature of some 
hundred degrees and which is not complete at the cntical temperature 
The publication of an article on magnetism by P Debye{ drew the wnter’s 
attention to the existence of a group of compounds of manganese discovered by 
Hilpert and I}ieckmann§, namely, manganese phosphide, manganese arsemde, 
manganese antimonide, manganese bismuthide These substances have cnluoal 
temperatures at 26°, 46°, 330° and 380° C respectively It will be observed 
that two of these substances have cntical pomts which are convemently low 
so that the wnter considered that they would form excellent materials for an 
examination of the variation of the specific heat m the neighbourhood of the 
* Ihtmaa,' Aioh. Sol, Fhys. Nat,’ vcA 27, pp. 8S2,463 (1900). Weia, Piooard and Gar- 
raid, ibid., vol. 42, p. 878 (1916), and voL 43, pp. 22,118 and 190 (1917)1 nooard and 
Oanard, tWd, p. 401 (1015). 
t ‘Boy. Sou Free,’ A, voL llA Ik 157 (1926). 
t ‘Handbooh der Badiologie,’ VI, p. 668 (1928). 

I ‘ Jahr. der Rad. and EleotrokvoL 10, p. 01 (1013). 
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critical point, and it was decided to make first measurements with manganese 
arsenide 

Preparation of Material —The manganese araemde used m these eoqterunents 
was made m the manner descnbed by Hilpert and Dieckmann* who state that 
this method gives rue to a single compound of the form MnAs. An amalgam 
of mercury and manganese was formed by electrolyus of a concentrated 
solution of manganese chloride A piece of so-called pure metallic manganese, 
made by the thermal process was placed inside an extraction thimble and used 
as anode, and a pool of mercury as cathode The resulting amalgam was 
quickly washed with dutiUed water, pressed through a Imen cloth and placed 
m a pyrex distillation flask which was quickly evacuated. The mercury was 
then driven off by heating, so that finally pure manganese m the form of a black 
pyrophoric powder remamed in the flask The powder was rendered non- 
pyrophonc by allowing a little coal gas to enter the flask before air was admitted 
The manganese was then placed in a clear silica tube together with metallic 
arsenic in the proportions of about 2 7 gm and fi 6 gm respectively, t e, with 
excess arsenic The tube was evacuated, sealed and heated to 760° C for 10 
to 12 hours m a muffle furnace On cooling, the excess arsenic condensed at 
the end of the tube which cooled first, and was removed The compound, 
which probably contained some free arsemc, appeared as a hard compact msit 
Thu was finely powdered and digested m concentrated hydroohlonc acid for 
some days It was then washed in water and alcohol and dried Mr H 
Terrey, B Sc, Lecturer in Chemistry, kmdly analysed a samifie of the final 
product and found that it consisted almost exactly of one part of manganese 
combined with one part of arsemc Thu, of course, does not tell ns whether 
we are dealing with a simple compound or with a sobd solution of manghneee 
and arsemc 

Prdtmmary Expenmentt —In a footnote to their paper,f Hilpert and Dieok- 
mann stated that these compounds of manganese showed a tempmtuie 
h 3 r 8 teresu The temperature hysteresu was exammed m a senes of ptehminary 
experiments m which the magnetic induction of a specimen, placed in a constant 
field, was measured at various temperatures The way m which the magnetio 
induction vanes u shown m fig 1 The substance ceases to be ferromagnetio 
in the neighbonriiood of 45° C If, however, the temperature is reduced nfter 
the specimen has been rendered paramagnetio, it is seen that the mductimi 
changes but slij^tly until a temperature between 33*6° and 34° is reached, 

* 'Ber d. OMin. Gsa.’ voL U(2), p. 2880(1911) 

t * Bor. d. C2 msl Goa/ roL 44, p. 1815 (1811). 
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when the enbetanoe rapdly regains its ferromagnetic properties If the 
temperature is raised to some point bdow 40° C, e p, to 42'’ C, then on reducing 



the temperature, the induction changes very bttle until in the neighbourhood 
of 34° C when the substance again begins to regain its mitial ferromagnetic 
properties very rapidly 

Apparatus for Thermal Measurements —For an accurate examination of its 
thermal properties it was obvious that heat hod to be supplied to the substance 
very slowly, and the following modification of the Nemst-Eucken method was 
used The substance was placed in a copper calorimeter A, fig 2, made of tubing 
0 cm long, 1*85 cm internal diameter and 0 97 mm thick It was closed at 
one end by a thm copper plate and at the other end by a copper cover which 
fitted over the tubing and which could be soldered m position. Inside A was 
placed a light frame of copper wire, of the shape shown m E, fig 2, which 
served as a former on which were wound a heating wire and a thin wire for the 
measurement of temperature The heating wire was of No 42 double silk 
covered mangumn, and was wound round the straight wire of the frame and 
pasMd between the portions xx of the arms of the frame The temperature 
filament was of No 44 double silk covered platmum wire and was wound on the 
portions ^ of the frame The wires were held m position by touches of shellac 
In this way the heating and temperature filaments were distnbuted as efficiently 
as possible throughout the mtenor of the containing vesseL As the rate of supply 
of heat was always low, there was little doubt that the substance changed 
umfonnly thron^^ont its mass and that the temperature as recorded by the 





684 


LF. Bates. 


pJatinam wire wsa trustworthy. Tbs heatiog and temperataze filaments were 
pnmded with leads of No 32 doable silk covered copper wire. In filling the 
calorimeter A, a layer of the subetanoe 
was first placed at the bottom of the 
veesel, the copper wire frame was placed 
inside, and the remamder of the subetanoe 
added slowly In aU, 42 16 gm. were 
used. Dnniig the filling the vessel was 
repeatedly tapped by a large bar magnet 
and the substance was thus closely packed. 
When the vessel was full, the copper 
leads were threaded through two small 
holes in the copper cover, and the latter 
was soldered in position. The small holes 
through which the leads emerged were 
filled with molten shellac, so that the 
calonmeter should have been airtight, 
although this provision could not be tested 
and was probably not necessary Three 
small copper hooks soldered to the outude 
of the calonmeter permitted it to be sus¬ 
pended by threads from the cover of the 
thm walled brass venel B. The cover 
of B could be cemented in position with hard wax. It was provided with 
a brass tube inside which was cemented a glass tube C whl^ permitted the 
outer vessel to be connected to a two-stage Hyvao pump. The thm copper leads 
to the calonmeter passed along the glass tube and emerged at D where a gloss 
stopper was cemented m position. Just outside D the thm leads to the tempera¬ 
ture filament were soldered to heavy copper leads and connected to a very 
excellent form of Callendar and Griffith’s bndge, for the loan of which I am 
greatly mdebted to Mr N. Eumorfopoulos A pair of compensating leads were 
provided, and for convemence the thm ends of these leads were not placed 
inside the brass vessel, but were placed m contact with the brass tube, and the 
slight departure from the usual practice m this case could not have mtroduoed 
any perceptible error The brass vessel was mounted m a tank of water which 
was kept m violent agitation. The heating filament was connected m senea 
with a'battery, rheostat and miUiammeter 
Pnoeiuts .—^The temperature filament was first calibrated by noting its 
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TMutanoe when the braes vessel contained ur, and the water was kept at con¬ 
stant temperatures for long periods by means of an electrical heater. In each 
ei^tenment the brass vessel was thoroughly evacuated and surrounded with 
mdtmg loe until the resistance of the filament corresponded to a temperature 
of 2° to 3** C. This was done in order to ensure that the initial state of the 
substance was the same m each expenment, and to be able to heat the substance 
m a perfectly defimte manner A defimte value of the heating current was 
chosen, and since the resistance was of mangamn, it was only necessary to 
mamtam this current constant m order to ensure a constant rate of supply of 
heat The heating current was switched on and the times at which the tempera¬ 
ture filament attained consecutive values differing by 0 1 ohm (or 0 06 or 0 026 
ohm when necessary) were noted An increase of resistance of 0 1 ohm 
corresponded to an increase of temperature of about 1® C Hence the amounts 
of heat necessary to cause defimte rises of temperature of the calorimeter 
system were known The specific heat of the copper of which the calorimeter 
was made was found by the method of mixtures, so that the thermal capacity 
of the copper case and wires was known. To ensure that the radiation correction 
was negligible, the temperature of the water surrounding the brass vessel was 
raised at the same rate as the temperature of the calorimeter Thus, at the 
moment when the filament acquired a temperature corresponding to a resistance 
of R ohms, the temperature of the bath was raised to correspond to a resistance 
of R + 0 06 ohm, and this temperature was mamtained until a resistance of 
R -f- 0 1 ohm was attained by the filament, whereupon the temperature of the 
water was agam adjusted 

ResuiU —^The specific heat of the compound could thus be found over a senes 
of small temperature mtervals To be free from accidental errors the mean 
values of the times were taken for 10 such expenments, m which heat was 
supi^ed at the constant rate of 0 03243 calone per second To give an idea 
of the accuracy attained, it may be mentioned that the tunes for which heat was 
supi^ed m the separate expenments to raise the temperature of the sjrstem from 
26-0® to 63 8® were respectively 8917, 9124, 8924, 8819, 8968, 8864, 9044, 
8816,8666 and 8998 seconds The mean value was 8912 seconds, corresponding 
to the sniqily of 289 0 calones All these expenments gave graphs which 
showed ^ variation of specific heat with temperature The values for 
the complete set of expenments are shown m fig 3, where it will be seen that 
the qieoifio heat rises slowly from a value of 0 122 at 28® C to a value of 0 14 
at 36® 0., then rises with increasing rapidity to a value of about 0 8m the 
tteighbouihood of ^ C, then falls rapidly to a value of 0 • 13 at 46® C, and thence 

VOL. orwi.— A. 3 A 
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to a slightly defined minimum value of 0 10 at 46*6*’ C, after vduch it slowly 
nses with motease m temperature This minimum was presumably due to the 
sudden change in the rate at which the temperature of the calorimeter system 
rose 



Now, the above results were obtained with a value of the heating current such 
that the temperature of the calorimeter and its contents rose from 25° C. to 
52 8° C in approximately 2^ hours The chief errors likely to arise were those 
due to non-uniform heating of the specimen and to radiation It was possible 
to ascertam the order of magmtude of these errors by repeating the experiments 
with different rates of supply of heat Accordingly, six experiments were made 
with a heating current of 54 0 milliamperes, corresponding to a rate of sup^y 
of heat of 0 04929 calorie per second, so that the time taken to raise the 
temperature of the system through the above range was now 1 hour 40 minutes 
instead of 2^ hours The times for which heat was supplied to produce this 
nse m temperature in the several experiments were 6892, 5863, 6872, 6956, 
5984 and 6009 seconds respectively. The mean value is 5929 seconds, which 
corresponds to the supply of 292 3 calories, which is in satufaotory agreement 
with the value 289*0 obtamed m the first experiments. The specific heat 
carve m this case was very similar to fig 3, but the initial specific heat was 
somewhat larger than m fig 3 Thus at 28° 0. the specifio heat m the first case 
was 0*122, whilst in the second case it was 0 129, and the rate of increase of 
specific heat between 28° and 36° was greater m tile second case. The maximum 
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Tslne of the apecifio heat waa somewhat less, and the minimnTu was more pro¬ 
nounced, but the position of the maximum was the same m both curves, and the 
values of the specific heat above 48* C were practically identical in both These 
features show that the radiation effects in these two sets of experiments must 
have been very small The results mdicated that m the second case heat was 
being sappbed to the system rather too quickly, so that m the region below the 
cntioal point the material did not change its state as uniformly as in Curve I 
Some experiments, which were tedious, were also made with extremely slow 
rates of supply of heat to the system For example, in one experiment the 
heating current was 32 74 milliamperes, and the tune required to raise the 
temperature of the system from 25° to 63 8° was nearly 6 hours Naturally, 
a high order of accuracy would not bo expected with such a slow rate of heating 
The results of this experiment are given in fig 4 



It will bo seen that the value of the specific heat from 28° C to 38° C is m 
good agreement with the value obtained in the first case, but the rise of specific 
heat between 38° and 42° is much more rapid, and the final value of the specific 
heat above 46° C is higher The minimum is, however, much less pronounced 
The position of the maximum value of the specific heat, found by producing 
tile ascending and descending arms until they meet, was the same in all ezpen- 
ments withm the limits of experimental error. In the three oases the manmnm 
occurred at 42*16, 42*21 and 42*26° C respectively, the mean value of which 
may be taken as 42*2° C. 

The real difference between these three oases lies m the shape of the pedc. 
There is no doubt that the slower the heat is supplied to the system, the more 

3 ▲ 2 
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pronoanoed does the peak become, althoti{d> it u diffioolt to believe that the 
peak could become much more pronounced than in fig 1, if the rate of supidy of 
heat were still further decreased. 

A few expenments were made m which the calorimeter and its contents 
were first heated to about 66° C and were then allowed to cool, whilst the 
temperature of the surroundings was constantly adjusted to be 16° C less than 
that of the temperature filament The results showed that the specific heat of 
the compound rose slowly with fall in temperature between 46° and 36°, probably 
due to non-uniform cooling of the material A rapid mcrease m specific heat 
then occurred, and a maximum was reached This maximum was poorly 
defined because of the limitations of the cooling method. Between 28° and 26° 
the specific hecdi fell rapidly, and finally approached a value which was nearly 
constant Expenments were also made in which the calorimeter system was 
heated to 64° C and then allowed to cool slowly to 36°, when it was agam 
heated The specific heat over the range 35° to 64° was found to be nearly 
constant under these conditions 

Magnetic Properties —^We now have to examme the magnetic properties of 
the substance more fully It was felt that the best mode of attack was to 
examme the magnetic induction of the substance when placed in a strong 
magnetic field Some of the substance was therefore packed tightly m a copper 
tube 6 cm long and 0 66 cm in mtemal diameter Of this tube a solenoid of 
Ko 32 double silk covered copper wire was wound The tube was mounted at 
nght angles to a brass rod and placed between the poles of an electromagnet. 
An exactly similar solenoid, wound on an empty tube, was mounted side by 
side with the first The tubes were placed m a bath of parafiBn oil which was 
heated electrically and vigcuously stirred The solenoids were connected m 
senes with a ballistic galvanometer of long penod The tubes were jdaoed 
with their axes parallel to the lines of force of the electromagnet. Thedeflection 
of the galvanometer was observed, either when the tubes were suddenly turned 
through 180° or when a known ourrent was switched on and of! m the magnet 
coils The solenoids were oonnected m opposition, so that the galvanometer 
deflection was a measure of the magnetio induction m the substanoe Special 
experiments were made to prove that the mtroduction of this ferromagnetm 
substanoe did not appreciably upset the applied magnetic field 

The tubes were first cooled and determinations of the ballistic defleotwiiB were 
made as the temperature was increased The apparatus was maintained at a 
given temperature until the ballistm deflection was constant, and owing to the 
nature of the substanoe the determinations m the region of 41° and 42° wen 
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made vety slowlj It was felt that tuing a copper tube of smaller bore to 
contam the compound, any errors due to the movement of the powder and to 
inequahties of temperature would be lessened Further experiments were 
therefore made in which the substance was enclosed in a tube of 0 26 cm 
internal diameter, but there was no apparent difference in the nature of results 
obtained. The magnetic field used in these experiments was 1960 gauss 



In filg 6 are plotted a typical set of experimental observations, together with 
a curve showing the rate of change of the magnetic mductioa, I, with tempera¬ 
ture found from these observations, m arbitrary umts The latter curve 
exhibits a maximum at 42 2° C, and it is clear that there is a marked resem¬ 
blance between the curves showing the variation of the specific heat with tempera¬ 
ture and that showing the variation of magnetic induction with temperature 
If, however, we plot il*ldT against temperature, we obtam a somewhat similar 
curve, but dl'/dT reaches a maximum at 41 6° C and becomes extremely 
small at 44° C 

Dtseussion of Awidto—There are several interesting features about the 
curves which are given m this paper In the first place the heat curves very 
defimtdy suggest that the thermal changes which occur when this feiromagnetm 
cmnpound is heated are associated with molecular changes For it is dear 
that whenever the magnetic properties are changing, there is also a corre¬ 
sponding thermal change, and when the substance has become paramagnetio 
there is very little further change in its specific heat Again, the rate at which 
the substance absorbs heat is a maximum, wrthm the limits of experimental 
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error, at the temperature at which the magnetic changes occor at the maximam 
rate, althongh in view of the method which had to be used m inTestigatmg 
the magnetic mduction, perhaps this coincidence should not be stressed too far 
The problem, then, becomes analogous to the question of the specific heat of 
dissooiatmg gases We may obtam an approximate value of the energy neces¬ 
sary to produce these molecular changes In the case represented in fig 3, 
the heat supplied to 1 gm of the compound to raise its temperatuie from 25 b** 
to 63*82° was 5 19 calories The mean specific heat from 26*5° to 42 2°, 
found by producing the uutial portion of the curve, was 0 130, and the mean 
value from 42 2 to 63 82, found by producing the end portion of the curve, was 
0 106 Therefore the actual quantity of heat required to change the state of 
the compound was approximately 1 79 calones per gram 
The curves given m this paper have many features m common with those 
obtained by Sucksimth and Potter* for nickel and Heusler alloy, where it is 
dear that similar heat phenomena must occur, but must extend over a con¬ 
siderable range of temperature Their curves of the vanation of specific heat 
with temperature showed in several cases, however, that pronounced heat changes 
occurred even at temperatures considerably fibove that at which the substance 
became paramagnetic This was not so evident in the case of nickel, but in 
the case of Heusler alloy the heat phenomena appeared to exist at temperature, 
16° to 20° above the critical pomfc. In the experiments desenbed here the 
relation between the thermal and m^netic properties is more mtimate than in 
the cases mvestigated by Suoksmith and Potter The two sets of experiments 
may satisfactorily be explamed if we assume that m ferromagnetic materials 
the atoms are associated m groups, and that the rearrangement of the electron 
systems m these groups is responsible for the loss of ferromt^etism Stonerf 
has used this conception, m order to account for the fact that the values of the 
magnetic moment per atom of ferromagnetic substances deduced from low 
temperature saturation mtensity measurements differ considerably from the 
values obtamed from the vanation in susceptibility above the ontioal pomts 
and that, moreover, these values bear no apparent relation to the values of the 
moments of the ions of ferromagnetio metals found by measurements on salts 
and solutionB Stoner showed that the experimental differences could be 
accounted for on the basis of the quantum theory, by assuming that the atoms 
in crystals are associated m groups and that the magnetic properties are due 
to ions within these groups which have the same moments as ions m solid 

* Loc. oo. 

t * Froo. Laeds FUL Soo.,’ Juu, 1996. 
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salts and in paramagnetio solations Thus m the case of nickel, the group is 
supposed to consist of five atoms consisting of one Ni'*"^, one Ni'*‘ and three 
neutral nickel ions Presumably such a group would be held together by some 
kind of electron sharing, and there appears a pnon no reason why the electron 
orbits should not be rearranged as the temperature of the group rises This 
rearrangement would be associated withi defimte thermal changes, and the change 
from the ferromagnetic to the paramagnetic state might be due to a particular 
stage in the rearrangement process, but there appears no reason why the re¬ 
arrangement process and its associated thermal effects should not oontmue above 
the cntical temperature The experiments described m this paper presumably 
deal with the comparatively simple case where the rearrangement process ends 
at the same temperature as the change m magnetic properties, and it is hoped 
that future experiments wiU enable us to say more about the nature of this 
rearrangement 

Summary 

The thermal and magnetic behaviour of a simple ferromagnetic compound of 
manganese and arsemo has been studied This compound has a critical point 
at 45'’ C It IS found that heat is very rapidly absorbed when the substance 
changes from the ferromagnetic to the paramagnetio state The thermal and 
magnetic phenomena are mtimately connected, and the conclusion is reached 
that with the magnetic change there is associated a heat of transformation. 
It IS considered that magnetic phenomena in the region of the critical pomt are 
evidence of a transformation which m this case appears to be complete at that 
temperature, but which, in general, may reach only a particular stage at the 
cntical pomt 

Further experiments on this and other compounds of manganese are m 
progress 

It gives me much pleasure to acknowledge the kind interest with which 
Prof A W Porter, F R S, has followed the course of this investigation 
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The Tides tn Oceans on a Rotating CHobe—Part L 
B 7 0 B Gk)LDSBBOUOH, D Sc , Armstrong College, Newcastle-on-Tjme 
(Communioated by Prof T H Havelock, F R S —Received October 11, 1927 ) 
§1 IiUrodtictory 

The problem of determining the free and forced tidal osoillatiODS on a rotatug 
globe, first enunciated by Laplace and solved by him m spetjip} mssee, was 
completed by Hough * ** Valuable as these results are, they with oceans 
wholly covering the globe, and so give little information regarding the tides on 
the earth which are materially affected by continental bamets. A further 
stage would be effected by the introduction of simple boundaries 
When the barriers are along complete circles of latitude, the problem is rela¬ 
tively sunple and solutions have been worked out f General processes for 
the attack on the problem where the boundanes take any form have been 
described by Foincar^J and Froudinan§, and an approximate method for 
determining the free penods of oscillation of an ocean bounded by two meridians 
when the rate of rotation is small has been given by Rayleigh || Analogous 
problems of the tides m flat rotating seas have been solved m oertam cases % 
The case of the tides on a non-rotatu^ globe bounded by two meridians has 
also received attention •• This list covers most of the results so far achieved 
The problem of the tides as affected by land boundanes is an important one 
There are two schools of opimon as to the ongm of the Atlantic tides One, 
following Whewell, supposes that these tides are denved from the Southern 
Ocean, where alone, owing to its complete circumscnption of the globe, have 
the tidal forces full play tt other, following Ferrel^t and Hams,§$ suggests 
that the Atlantic tides are due to partial synchronism of the natural free 

* ‘ Phil Traiu ,’ A, vol 180, p 201 (1897), vol 191, p 130 (1808) 
t * Froo. Lond Math Soo ,’ v(d 14, Part 1, p 32 (1015) 
t ‘ Th4one dee Mar4ea,’ pp 283, 297 
S ‘ Froo Loud Hath Soo,’ Ser 2, vol 18 (1017) 

H ‘ Boy Soc Proc A, vol 82, p 448 (1009) 

^ Proudman, ‘ M N B A S Oeophyaioal Snpplvol 1, p 880, Taylor, ‘ Proo Loud. 
Hath Soo ,’ Set 2, voL 20, Part 2, p. 148 

** Prondmaa and Doodron, ‘ H.NJt AA Oeophyaioal Snpplvol 1, p 408 
tt Warburg. ‘ Tides and Tidal Streami,'p 11 
tt Parrel, ‘ Tidal ReeeanhM ’ 
il Hams, ‘ Hanual of Tides,’ vol. 4 a 
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oooillationB of the ocean with the tide-produoing forces Ferrel went so far as 
to state that if a dam were erected across the ocean from the Cape of Gkiod Hope 
to the American coast the Atlantic tides would be unaffected * 

As Bayleigh stated, a knowledge of the tidal motions m an ocean bounded 
by two mendians of longitude would throw considerable light upon the question. 

In the present paper an examination is first made of the tides in an ocean 
comparable with the Southern Ocean in order to find how far such an ocean is 
capable of producing tides m an adjacent ocean 
Next, taking an ocean whose depth vanes as the square of the cosine of the 
latitude and which is bounded from pole to pole by two mendians of longitude, 
« solution IS given for the semi-diurnal tide The form of solution used does not 
permit of the determination of the free penods of oscillation of such an ocean, 
but it does give what is almost as useful, the cntical depths at which resonance 
takes place By taking the bounding mendians at 60° apart, results roughly 
apphoable to the Atlantic Ocean are obtained. 

The use of a varying depth of the ocean is to secure relative simplioity in the 
results But the method is readily capable of generalisation m many directions 
In particular it can be apphed to the determination of the diurnal, lunar semi¬ 
diurnal and solar semi-diumal tides m an ocean of uniform depth, and thus 
throw some light on the vaganes of the “ age ” of the tide These solutions 
wiU be oommumcated m a later paper 
One great difficulty is the maccessibihty of tables of “ associated ” Legendre 
functions t Instead, the tables of the analogous Gaussian functions G?([i) 
given by Adams in his collected scientific works have been used 
I am mdebted to the Research Comimttee of Armstrong College for the 
opportunity, through the award of a Semor Research Fellowship, of conducting 
this and other researches 

I also wish to acknowledge the help denved from discussions with Dr T H 
Havelock, F R 8, on vanous matters arising in the paper 

NataHon used 

6 , ^ s co-latitude and longitude on the surface of a sphere. 
n,v = velocities m latitude, longitude 

« » radius of tiie sphere. 

«) B angular velocity of rotstson of the sphere 

t s= time variable 

* Loe. eit., p. 239 

t TsUqvlst, ‘ AotoSoo. Fmmois, vol 38 (1903) 
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g =9 aocderation of gravity 

2^ = Height of tide above the mean level 

X, = equilibnnm height of tide 
A = depth of the ocean. 

|x = cofl 6 

V = Bin 9 

K =A(l-{x*r 

2 n/<T = period of oscillation of wave 

a => value of longitude at one boundary 

K,r = mtegers 

s = mr/a 

/ = <t/2co 

m = fJajg 

P = i(Ja*lgh^ 

m = coefficients of Pj^ (p) in general form of tide-producing potential. 

H = coefficient of (p) in tide-producing potential 

A, B, E, F, M, N =3 coefficients to be determined 

b^^ (p) =3 coefficients of F^ (p) in the expansion of 1^ (p) 

a’, o'; = coefficients in expansions of sm jcrc^/a, cos Kn^/a 


§2 TheEquatwm 


In the notation of the previous section, the equations for the small oscillationa 
of a liquid of depth A on a rotating sphere of radius a, are* 


^ + 2c»oo.e— 

ST-+ , 


( 1 ) 


Certain approxunations are mvolved m thrae equations and the vahdity of the 
use of them has been examined t 

In an area bounded by two meridians of longitude ^ 0, ^ = a, the tide height 

may be expressed as a senes of circular functions of multiples of n^fct. We 
therefore require solutions of equations (1) oontaining the factors e‘(***^*'^*^, 
where k is an integer and 27t/o the penod of vibration 

« See Lamb, ‘ Hydrodynamics,’ p 320 (1016) 
t Lamb, p 318, Hon^, ‘ Phil. Tnms.,’ A, vol 1^, p 206 (1807) 
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Now let« ^ Kw/a, then on talong out the factor solving equations 

(1) for u, V, and reducing, we find 




( 2 ) 


In the last equation we have assumed that A is not a function of ^ though it 
may oontam (jl This is m accordance with the previous mtention 
In equations (2), put/ = 1 rigorously The results will then refer approxi¬ 
mately to either of the principal senu-diumal constituents of the tides We 
shall further take a law of depth A « hg (1 — (ji*) That is, the depth of the 
ocean as measured below the undisturbed level follows a simple quadratic law 
m ( 1 . In this case we have from (2) 


(3u) 

When ^ 18 zero, equation (3 u) has the simple solution C = PI (l^); where 
n (n -f 1) = p — a But this solution is only vahd at the poles when n — « 
IS an integer — a condition only fulfilled in very special cases On the other 
hand, if ^ exists in the form of an “ associated ” Legendre function 
n now being subject to the only restriction that n — a is mtegral, so that the 
function 18 vahd from pole to pole, thenf 

r=_J^mi£L_ 1 

»(» + i) + a-p I 

y ^ {n(«4-l) + »}A;P;(t*) 
n(n-fl)-f-*— p ^ 


The Bunphoity of these results makes them of great service m the oomphoated 
work that follows 

We require also the solution of equations (1) suitable for an ooean surround- 
ing the pole, but not extending as far as the equator The solutions lor this case 

• We take Pi0») - (1 - M*)** (I* - K * + + is, i, M*) 

t See Hongh, * Phil. TransA, voJ 191, p. 174 (1899) 



G. R Ooldsbrough. 


hsvB been folly developed * In the case of uniform depth the equations (1), 
transformed to the independent variable v » ^{1 — p*), are, on removing the 
factor 


u W/i(j = -v*)i: 7 v 

V Wye = -( 1 -v*)^-«i:7v 

v*(i - v*)§?-v^' + i:'(«*v»-2s-«*) + pv*i:^o 
»v* av 


( 8 ) 


It should be noted that if, as we have stated, the ocean completely surrounds 
the pole, it 18 essential that a should be an mteger 
The purpose is to construct a solution relevant to an ocean bounded by a 
parallel of latitude v = It is then useful to take a power senes m v/v^, as 
this fraction ranges from 0 to 1 

For such a senes the mdicial equation has a positive root *4-2 Hence we 
assume 

i:'=SA,(v/v,)-+*+* 


Further, as the senu-diumal tide we are to consider arises from a potential 
C = Hv*, and « == 2, we have the results 

16A, - lOVi* = - PHvi®, 

and for n > 0, 

A.+, {(« -f 4) (« + 6) - 8} + A, {2 - (a + 4) (•» + 3)} 

+ = 0 

Ag is arbitrary at present, but is determined later by the condition to be 
fulfilled at the boundary 

§ 3 Special Case 

Although we shall not make any practical use of it m the sequel, it is of some 
mterest to work out the solution of (3) for the case of an ocean bounded by two 
mendians which also includes one pole but has a boundary in the opposite hemi¬ 
sphere so that it does not include the second pole In such a oase the solution 
can be found when ^ = 0 Putting ^ 4: s m (3), we have to solve with 
the given condition the equation 



d(i 

‘ Proo Load. Hath. Soc 


a.)«_i 

1 - 




8er t, toL 14, part 1, p. SS. 
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If 3B n (h + 1)* where n u real but not neceaaanly integral, we have* 

+ B (1 - (J - i, _ 1 _ + J«, 3/2. ,*•). 


in which A and B are arbitzary (xmatanta, and F u the hypergeometno function. 

Using the ordinary notation for the h 3 rpergeometnc function F (a, b, o, t), wo 
see that in each of the above functions e — a — b = a Hence the senes are 
convergent in the range 0 1 provided a is neither negative nor aero. 

The case s ss 0 will be dealt with separately 
The condition to be fulfilled at the pole is that there must be finite For 
this purpose we must havef 


A/B 


r ^a-^s-in.l-ts + 4n.3/2.p* -| 


This ratio can bo readily expressed in terms of the Qamma functions That is. 


A/B = 


r (3/2) r (a) r (t ++ in) r (4» - tn) 
r (1 + Js + in) r (i + i* - in) r(i) r {a) * 


If any of the arguments of the Qamma functions turn out to be negative 
mtegers, this expression fads But it can readdy be seen that in such oases 
the senes of the hypergeometno function is finite 
Knowing the value of the ratio A/B, the solution is complete, having an 
arbitrary factor and a vahdity from p = +1 up to but not mcluding p => — 1. 
In Qie particular case where « = 0, we have 

i: =. AF (- in, i + in, i, p«) + BpF (i - in, 1 + in, 3/2, p») 


These senes are only convergent when p* < 1 In the notation of the hyper¬ 
geometno function, F (a, b, a -|- 6, z) has the Iinutmg value as z -*■ 1 

-^F(o, b,a + b + l,z)hg-^ 

Hence at p <= 1 

{-A n(i-f in)F(-in,i + in,3/2.1) 

4 - B i (1 - *) (1 -f in) F (i - in, 1 in, 6/2,1)} log 


* Modified from Lamb, ‘ Hydrodynamics,' p 110 
t This prooesB follows Lamb, p 290. 
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must be finite. The condition is 


' 3n(J + in) F(-in,i + K 3/2.1) 


(1 -»)(! + in) r (8/2 + 4n) r (1 - in) 
2n(i + in) r(2 + in)r(3/2-Jn) 


== i (2 - r(S/2 + ^)r(l-tn) 

P' r(2 + ln)r(3/2-in) 


For determining the velocities, we require dl^ldyL When s is positive, as 
m the first case, this can readily be found In the second case, we have 


^ K i + K H*) --»(»+1) F (-1., 1 + K 3/2, I..) 


This senes is convergent when 0 -<^ p. ^ 1 and is therefore directly useful. 
For the second part 

= FG-in,l + K3/2. |i*) 

+ r^ G - tn, 1 + K 5/2, ti«) 


Now, by the well-known relations between contiguous hypergeometnc func¬ 
tions, we have, in the standard notation, 

c{<J — 1 — (2c — a — 6 — 1)*} F (o, 6, c, t) 

- c (c - 1) (1 - *) F (o, 6, c - 1, z) 

•f (o — o) (o — 6) «F (o, 6, 0 -t-1, s) = 0 
If, as m the case we are deahng with, o =: o + 6, this reduces to 
o(c - 1) (1 - 8) F (o, 6, c, *) - c(c - 1) (1 -z) F (o, 6, c - 1, z) 

+ abzV {a, b,c+ l,z) = 0, 
or 

“ F (o, 6, c -H 1, z) = (c - 1) {F (a, 6, c - 1. z) - F (o, 6, c, z)} 


Applying this result to the particular case above, 

~ P (J - H 1 +5/2. !*•) 

- F (} - J., 1 + K1. 1**) - F (i -1% 1 + i". 8/2, I**). 
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Hence, finalljr, 

^ uF (i - in, 1+ in, 3/2, ft*) = F (i - K 1 + in, i, ^i*) 
df* 

The last senes u convergent over the whole range required. Combining the 
results we have 

itildii = P'AfiF (- K i + in, 3/2, ft*) 

+ BF(in,-i-in,i.[t*)} 

By combining solutions of the above forms with smtable coefficients, boundary 
conditions can be fulfilled In particular these solutions would be useful m the 
case of an ocean, bounded by two mendians, including one pole and extending 
mto a circumpolar ocean m the opposite hemisphere 


§4 Tides %n a Polar Bastn 

We proceed to the numencal evaluation of the representative senu-diumal 
tide m a basin comparable with the Southern Ocean We shall take it to be of 
uniform depth, and to extend completely over the area from the pole to a 
boundary along the parallel of latitude 45° 

The depth may be taken to be of the order of 2,600 metres,* giving ^ — 44 
The equations to be solved are then from (6) 

Aj - iAo ==-0 344 H 
and 

A ■ 1 W + 5 A 11 A 

*n + 8 ’ (n + 2)(« + 8)'^~* 

Evaluating the terms m succession we find 



A, = 0 626 - 0 344 H, 

A4 = - 0 0662 A„ - 0 1264 H, 
A« = - 0 1167 Ao + 0 0067 H, 
A8 = -00404Ao- 1-0 0146 H, 
Aio = - 0 0081 A„ + 0 0066 H, 
A„ = - 0 0018 Ao + 0 0016 H, 


From (5) it is seen that the condition to be fulfilled at the, Iboundary 

w = vj = i V2, IS 

dv V 


* Krttmmel, * Oseanographie,’ voL 1, p 143 
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This reduces to 

r(iH-6)A.=.0. (7u) 


Using the above values of the quantrtaes A in this boundary equation, we find 
A« = 0 436 H Henoe, finaUy, 

? = H{v» + 0 486 (v^2)* - 0 0722 (vV2)‘ 

- 0 1498 (v V2)* - 0 0461 (v^2)“ - 0 0031 (7^/2^ 

+ 0 0021 (vv'2)“ .} (8> 

The values of H for the lunar semi-diumal tide (M|) and the corresponding 
solar tide (S|) are, respectively, 24 23 cm and 11 27 cm. The above solution 
thus gives the following tide heights at the stated latitudes — 



Lunar 

Solar 


om 

om 

Latitude 46° 

16 1 

7 6 

Latitude 60° 

6 2 

2 9 


The smallness of these tides makes it desirable to enquire whether at any other 
reasonable depth the tides are likely to be increased by resonance On putting 
H = 0 and leaving ^ undetermined m (7 1 ) and (7 u), the elimination of the A’a 
gives the infimto determinant 


3 , %4 , 6,6, 

- 0 626, 1 , 0 , 0, 

_ 0 36, 1 , 0, 


0 


-0 876, 1, 


(»> 


The lowest value of p satisfymg this equation can readily be obtained bjr 
approximation, and we find ^ = 203 This corresponds to the small depth of 
1,460 feet or 442 metres 

f 6. The Mtlihod of SdtUumfor an Oeean bounded by Two Mendume. 

We turn now to the problem of the tides m an ocean bounded by two mendiana 
and mcluding both pdes For the forced tides considered here we have 
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where H, a aie known when the tide-|nodaoing bod^ is preaonbed We have 
also to satisfy the boundary condition at the two mendians 
It dioold be noted that in the equations (3) the frequency has been prescribed 
m advance (/ => 1), but the depth hg is left at our disposal Thus the solution 
of the problem of the free vibrations, with 2^ = 0, will give an equation for hg 
(or P) whose roots give the depths of an ocean, of the preaonbed form, which 
has the assigned frequency as a natural frequency, the solution will also give 
the form of the free oscillation of this frequency for any of the suitable values 
of hg Further, mtroduomg the above values of 2^ on the right of (3 u) and 
adding the appropriate term to the solution, the arbitrary constants ansmg can 
be completely detenmned and we obtam the forced tides of the given frequency 
for any value of hg other than the cntical values ]ust mentioned—at which, 
of course, the amphtude of the forced tides becomes inflmte 
We have to obtam a solution of (3 u) m a form suitable for applying the 
boundary conditions The method we adopt is an mverse one m which we 

utilise the result (4) Consider a term —r as part of the value of 
n(« + l) + *-p ^ 

t,' On substituting m the left member of (3 u) the result is not zero but 
By taking 

C = S S piSn (H) + 1) + s - P} 

the summations being over appropriate values of b, n, the right member becomes 
£ £ (p) s^ Now it IS possible to determme the constants so that 

this function is identically zero at each pomt m the area of the prescribed 
ocean. The form assumed for X! then a solution of (3 u) with the right member 
zero Further, an infinite number of such senes can bo formed, each with an 
arbitrary ooefiKoiwt These coefficients can be smtably determmed so as to 
satisfy the boundary condition at the two mendians 
The problem now is to detemune a function £ £ e^ which 

vanishes everywhere m the area of the given ocean We shall term this the 
"null function.” When the constants have been determmed we shall 
nmidy add tiie null function to X and treat the whole as a tide-producing 
potential. 


3 B 


VOI« OXViX.—A. 
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§6 The N«U FvttcUon, 

Let ns suppose that the two boundanes of tiie ocean are tiie mendians of 
longitude ^ 0, a Then m the range 0 to a, we have the following vahd 

expansiona 

sm ic7t^/« = £ oj; oos nc^/a, (r — k) odd, 1 


and 


(K*- 

2 


r*)n' 


oos KR^/a = £ a'* stn m^/o. 


r 7^0, 

(KOdd), 

(r — k) odd, 


( 10 ) 


o'* =3 ^ 

(r»-R*)R 

In these expansions, of course, r and k are mt^ters 
The two fnnotions 


— I s a; («•"♦/• 4- e-*"*/'), 


4 - «-*«-♦/• 4.1 s _ e-*"'*'*), 

then’vamsh for all values of ^ m the range 0 to the first one inoluding the 
limits, and the second one ezoluding the limits Further, m the first expression 
K may be an mteger but not zero, whfle in the second k may be any int^er 
inoluduig aero 

These expressums must now be put m the form of spherical surface harmonics 
In the method of doing this there is some choice, as each term e^ may be 
associated with any (|a) provided n — « is int^;ral The practice adopted 
here is to multiply each through by (|x) -*■ (0), the denominator 

being merely included to avoid large numenoal ooefiicients Now* 

FTJr. (i*) - ps{: (0)=£ (R m pt'* (ix), (h) 

where h — m/a is mtegral for all values of n, and the coefficients 6^*^* (mt/a) 
are determinable Henoe we have 

_ «-«-♦/•) pnij; ^ (0) ^ 


-i £ <*; (s-^* 4- £ C'*(im/a) FT'* (ji) 

and 


0 


(s**^*+s-****'*) vz\i ps|: (0) 


(13) 


+1 £ o'; (<r^* - s--*'*) £ 67'* (KTr/*) P7'‘ (ti) « 0 I 

f n ^ 


* 8 m * Kogtlfoikotio^ 



Tides in Oceans on a Rotating Olobe. 708 

The left member of eaoh of theee expreeeunu Tuuahee over the whole of the 
ooeui presonbed 

Next take a senes of arbilaniy mtilfeples of each of the expressions on the 
left of (12) for differing values of k and we have, finally, on adding the results 
to the tide-produouig potential, 

+ i E. - «-“*♦'•) psf; PS{:(o) 

- IS + s-^*'-) L 67'“ (k/trx) P7'“ (ti)] 

+1 ?“{:((*) ^ PS{: (0) 

+ S a'; («•”♦'“ - 2^67'* («t/a) P7'‘ (|i)] (IS) 

This expression for X replaces that generally used Each t«m of it is of 
suitable form, and will give rise m the solution to terms of the type (4) It 
further contains a doubly infimte set of undetermined constants which can 
take values that will ensure the vanishing of the velocity component v at the 
boundanes ^ ss 0, a 

The ooefiBcients a{|, a'* are readily calculated The values of (ftn/») 
are not BO readily obtained Two methods of procedure will be indicated The 
first is as follows — 

Let 

p;(ii)-P5(o) = p:(|i) biip) (14) 


Assuming the validity of the expansion, the coefficients 6 may be obtained m 
the usual way. That is, m the case of p, p integers. 


Kip) 


2nJJ. ("JT P) * p Slli) K(u)(ia 
2 (n + p)lJ-,P5(0) ** 


(16) 


Now it can be shown that when p, n, p, r are int^^ and D stands for dfdp, 
that* 


lyp.x DT, 


^ pi 1 S 6 (2p-l) 1 8 6 (2n-2f-l) 

7^ ^fl(p-f)I 136 (2« + 2p-2f + l) 


X(2n + 2p-4f + l)iy+»P,H.,-sr. (16) 


• OoUeoted Sci enU flo Papen,’ vol 2, p 880 


3 B 2 



and further that 
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The ranunation takes place from r 0 to p. Hence we find at once 

J_i f' f!(p-f)l 136 (2« + 2p-2f4-l) 

X (2n + 2p - 4r + 1) j‘ ^ (|i) df*. (17) 

How it can be readily shown that 

(>i)dti = p - |+jg (p+n + 2p-2r-l)(»-p-2r + 2) 

- ” (2«» - 1) f l 3 5 (2n-3) l* 

2n \2 4 6 (3n - 2)J ’ 

j PH = 4, for all integral values of n 

Hence the value of the mtegral m (17) can quickly be obtained by reduction 
The second method of obtaining the values of the coefiScients 6 is by means of 
the differential equation for the “ associated ” Legendre functions. The 
function (|i) satisfies the equation 

If we again assume that FJ (|x) may be expanded m a senes 2 (p), 

the coefi&cientB may be obtamed by substituting the senes m equation (10) 
We have then 

n (n + 1) + + p{p + l)JP{l(l*) “ 0, 

Sa,[f^-p» + lp(l> + l)-n(n + l)}(l-p»)]PH(p)*0 (19) 

Now we have 

IX P: = {(« - P + 1) PJ+i + (n + p) PH-d (2n + 1). 
and thence 

(1 — u*) P' = — ~-P + }) (**. ~ P.,+,^) p» , 

' * (2»+l)(2n + 3) 
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If we now sabititate this expression m (19) and equate to zero oorresponding 
coefficients of F!|, we have the general difference relation 


..{p(p + l)-(« + 2)(n + 3)}y 


(2n+6) (2n + 3) 




(2n —3)(2n—1) ' ' 

C!ommenoing with n = p, or n = p + 1, we have two independent senes 
with the initial terms, and respectively, arbitrary These imtial terms 
can be detenmned as m the former method, except that now the integration is 
elementary The two methods may be used as a check one upon the other, 
as was done m the case of the results m Table II 
As large denominators appear upon int^pcation (as will be seen from (4)) rela* 
tivdy few terms of the expansion of are required, and this fact reduces the 
labour of the method considerably 

Some idea of the numerical convergence of the senes will be obtained later 
when a particular case is developed 

§ 7 Ocean bounded Two Mendtaiw 

We proceed to complete the solutions of the tidal equations for an ocean 
bounded by two mendians of longitude ^ = 0, a, by determining the constants 
E, 7, from the condition that the velocity normal to the boundary must every* 
where vanish. If we take the tide-produomg potential C m the form (IS) and 
integrate the second of equations (3) with it, we find from (4), on putting for 
brevity, loc/a =» », rn/« = p, y = 

8y-1 

a.T.w.r/_ €1 _ 


+? [{.-(1+I7~" 

+ iSa,SSJ(»)PS(i») “{,(,+1) -,}y- 


?7^jp:(o) 
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On putting V — 0 m the IBM; two of equations (1) and, after i^oving the 
factor 0 ^, eliTninatang u, we have the condition 

This condition is to be fulfilled along the length of the two boundaries ^ = 0, oc. 
In other words, when ^ = 0 or a, (22) must be identical^ satisfied for all values 
of |i from — 1 to + 1 

Now perform the operation mdioated by (22) upon the expression for 2^' m (21) 
On reducing and collecting corresponding terms, we have the result m a general 
form that 

LSM:PJ(|i)«—♦ 

+ 3:2:Nrpr(fi)«r* 

for all values of (i when ^ = 0 or a 

In this expression M, N are bnear functions of E, F and m, n take a certam 
set of values not necessanly consecutive integers It is evident, however, that 
m will alwajrs be in the form Xn/a, where X is an integer It will be convement 
to distinguish the oases where X is an odd mteger by marking them m' 

On putting ^ = 0, «in turn m (23), we have the result 

ss(M: + N:)p:(p) + £S(M:'+Nr')pr(ti) i 




SS (M? + N:) P: |1 - S S (Mr + NT’) PT’(|i) 


+ ^lt3PS(n)-12P„(^i)} = 0 


Or on taking the sum and difference we have the equations 

LS (M: + NJ) km + {»«(!*) - UP. (l*)} (1 + «“) “ 0. 

S S (Mr + NT) Pf ((.) + 5^1 {»« M - 12P. (l.)) (1 -.*•)- 0 

Each of (26) should be an identity m p To deterimne values for E„ F« 
which will produce this identity, we must reduce each of the " associated ’* 
Legendre functions to a common denomination dependent upon one set of argu¬ 
ments, instead of the two, m and n, which occur m those functions. The method 
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adopted here is to expand eaoh “ aasociated ” function into a senea of L^fendre 
fonobona This can be rapidly done by nee of the differential equation for the 
“ aaeooiated ” fonobona, after the manTMw indicated in § 9 
The funcbon F? (p) aabaflea the equabon 

If we aaanme that 

z = S«,P,(|i), 

we find as before that the aequenoe-relabon between the quantitiea a is 

...,{p(p + l)-(. + 2)(» + 3))>±|l^ 

=-[(p (y+1) -, +1)> (af it)'(r+ 3) - "•] 

From this sequence eaoh a can be found m terms of ag The latter quantity 
IS found from the fact that 

= (27) 

The senes gives a very satisfactory repreaentabon of the “associated'’ 
funcbon. In Table III the numencal values for a given case are shown and 
the degree of approxunabon is shown m 18 
On substitubng these expansions m (26), the coefficient of each Legendre 
funcbon can be equated to zero We have then a senes of equabons sufficient 
to detemune the coefficients E„ F, These quanbties being known, the expres¬ 
sion (21) IS freed from unknowns and the solubon is complete 
Two pomts require comment here We introduced m (21) a doubly infimte 
senes of undetemuned coefficients Correspondingly equabons (25) give rise 
to a doubly infimte set of Imear equabons for their evaluabon Agam, it might 
be thought that the method of mtroducbon of the Legendre functions m the 
bde-producing potential (see (13)) is open to cnbcism on the ground that it 
may be done m a vanety of ways and therefore the result accruing cannot be 
umque But it should be noted that, in whatever way the senes of (10) are 
arranged as sphencal surface harmomcs, it is ulbmately the coefficient of 
PJ(|i)«*'* or Py (p)s"*"'* that is determined This is evident from (26) and 
the succeeding argument. Hence ultimately the coefficient of each of these 
terms m C will the same no matter in what form they were originally 
introduce^' m C 
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§8 Mendxaiu W* ofort. 

The formulffi for the special case of an ocean bounded by the two meridians 
0, 7 c/ 3 will now be evaluated The second limit has the convemenoe that all 
the L^ndre functions involved have integral orders and ranks For the 
present the value of the depth will be left mdetenmnate. Table I gives the 
values of a* and a'; In Table II the first terms of the expansions of (jx) 
are given for the values p = 0, 3, 6, 9 and 12 As will be seen in the sequel, 
Table I 


Values of o* 



r . 0 0 6366 0 1273 

1 0 8480 O>SS08 

8 -0 4244 0 7638 

3 ~0 6096 0 7276 

4 -0 0840 -0 6466 


Values of o'J 



Table II -Values of log 6^ (3s) 
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this list IS long enon^ for out needs. It is interesting to notice the aoouraoy 
of the few terms of the senes m representing .the function. Taking the last 
entiy of the table, the expansion of ]^(|i)/Fu( 0 ) m terms of functions of 
ranks, the three terms mentioned give 0*987 at p ss 0, the function itself being 
unitf at that pomt. 

From these tables we can then form the function X from it the 
integral (21) for The result is 

+ E. («»«♦ - PU iyi)[¥r, (0) 

+ 2 B,T, 

rmO 

+ £ F. (s^ + «-*-♦) Pi; (|*)/Pi; (0) 

««0 

+ SiEA. 

T 0 7^ Pa 0 93gP« ■ 0 157 P 4 ■ 0*019 P, 

• -p 6-p‘^20— 


fO 462 10-* PS , 1 081 10“» PS I 1 
1 48 - p ‘ 78 - p 1 


r0*462 10-*PS , 1*081 10 -*PS 1 

L 86- p ' 66- p ] 

e-^ 

rO 338 . 10-“ P}i , 0 743 10"“ Fii , 
t 168 - p ' 222 - p 


rO 333 10-“ Pg 0 743 10-“ Pg 
[ 144 - p ' 198 - p 



/ 0*0478 PS _ 0 00285 Pi \ 

• “ \ 16 - p S3 - p ’ / 

, /0*0478PS 0-00235 Pi 

■^V9-p 27-p / 

/ 1*608.10-»P8 , 1*613 10-«Pti , 

\ 99-p 141-p ^ / 

_ / I*608 10-»P8 . 1*618.10-^0Pit . \ 

\ 81 - p 123 - p ^ / 
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0>1613P^ 0*3023 P, , 0 2059 Pt 0-0767P, 

p 6-p‘'‘20-p 43~p 

, /6 631 10-» Pi _ 1*031 10-*Pg \ e.^ 
48-p 78- p / 

. /6 631 10-* PS 1 031 10-* PS \ .-8^ 

36-p 66-p / 

_ / I 840 IQ-MPg , 1 048 10-^* Pi/ \ 1*4 
\ 168-p 222-p /* 

_ / I 840 10-“ PIS , 1 048 10-“ P?! \ ifc^ 

\ 144-p 198—p / 

m /O 0162 PS 0 00149 PS \ ji,* 

i3-> r 
, ( 0 0152 PS _ 0 00149 PS \ 

■^\9-p 27- p / 

4. A 96B 10~*P8 _ 4 462 lO"^ Pji 
99~P 141-’P 

4. A 905 10-«Pg _ 4 462 lO"^** P?i 
\ 81 - p 123 - p 

/O 0866 PS . 0 00999 PS , \ 

l9-p 27-p r 

■ /1 674 lO-opS . 7 69 lO-^opSi W* 

99-p ^ 141-p 7 

/ I 674 lO-^PS , 7 69 lO-^PSi 
\ 81-p ^ 123-p / 



_ A-IS 10-»PS , 9*71 10-*PS \ . 
' 36- p 66- p ' 


, / I*328 lO-uPiS , 
\ 168 — p 


q 328 10-MPa 
^ 144-p 


2*966 10“ pa \ jfc* 

222 -p 7 
2*966 10^*IiS \ ifc^ 

198-p '7 "" 
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g / -2.89 10“«I1 I.m _io-»p; 

15-P ^ 33-p / 

, / 2 39 M74 10-»P; \ _^ 

■^\ 9-p 27-p / 

, /2-406 10-*P2 . 2 429 10"“ P®, \ «^ 

+ l -w_g +— «-T 

( 2 406 10-» P8 , 2 429.10-^° P?, \ 

\ 81-p 123 —p r 


/ 4-418 10-* Pi 6 87 10-^ P^ 

\ 48-p 78-p / 

■ / 4 418.10-» PS 6 87 10-^ Pg \ 
■^\ 36-p 66-p / 

, / 2 453 10-^pa ^ 1 897 10-“P,»? 

\ 168 — p 222 P / 


( 2 458 10-“ pa , 1 
■ \ 144 - p 


198- p 


In this ezpreenon, owing to the rapid convergence, only two terms of each class 
are requisite It is noticeable that p enters m a very simple way into the forma- 
tion of the senes, and this fact makes it possible to amve at the value of the first 
ontmal depth for the semi-diurnal tide 
We have now to operate on IJ' with 

'‘|:+nrir4 w 


m order to find the condition under which the velocity m latitude will vanish. 
After this operation is performed, we require the value of the result when ^ = 0 
In other words, we have to determine the value of 




p;. 


The only oases necessary are those when n »t, s -|- 2 



712 


G. R. Ooldsbrougb. 


Now it u easily shown that 

(“^ “nrp) W(o)-=»iw(o) - ii.R=i/p:=!(o) 

Further 

-1*- + K (1 - 

= - + 2 (2s + 3) P:+0 H- 2 (. + 1) 

Therefore, 



|.gi±I-Ag±l,- ** + 8s + 3 p, 

dll l-ti» ,+ l *^+* + 2(s + l) l-^i* 


^s^+3s+J 

s + 1 ^ 2 (s + 1) 


1 ^S±i + jlS±i 

dll 


- 2s (2s+l) (2s+3) p;-* - 4s (2s+l) (2s+3) PJI*. 

= p:+t + {p:ts+2(2s + 3 )p:+^ - 2(s + d 


After perfonmng the operation (29) on C. according to the plan prenondy 
ontiined, we expand each function in a senes of Legendre fondaons. We 
require therefore the expanmons of PJ+p PJ when s = Sn, 3n — 2, n being an 
integer In Table III these functions have their ooeffloients detailed. 


Table III —^Expansion of PJ (|4)/PJ (0) m senes of sonal harmonics 


-0 Tsee 

-0 7618 
-0 7616 
-0 7164 
-0 7646 
-0 7104 


0 8736 
0 4047 
0 4040 
0 6114 
0 6416 
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Tlie few tenuB quoted give a fairly accurate repreeentation of the funobona 
unified. For example, PS ( |a)/FS (0) takee the values 1,0 274,0 at the pomts 
SB 0, 0*6, 1 For the first positioQ the senes gives 0*971, for the second 
0*276, for the third the positive terms amount to 0 881 and the negative terms 
to 0*909 The results are correct to withm S per cent 
For the terms m (28) repiesmited by sonal harmomcs the operation (29) 
reduces to pd/dp. For these terms we have the result 

pdP./dp = + (2n - 8) P,_, + (2n - 7) (31) 

Lastly, the operation on (p) «*^, gives for ^ = 0, 

- 8Po - 4P,. (32) 

We now proceed to form the equations of condition which determine the 
coefficients E, F Following out the plan indicated, we operate on ^ with (29) 
and place ^ = 0, « respectively The two senes formed are equated to zero 
By taking half the sum and half the difference of these results we form two new 
equations, one of which contains only even degrees of harmomcs and the other 
odd degrees (except for the term (p)) os outhned m (26) 

We next use the expansions m zonal harmomcs and equate the coefficients 
of corresponding harmomcs to zero, thus forming the required set of equations. 
For convenience we shall wnte the value of T. after the operation (29) and the 
expansion in zonal harmomcs has been performed and ^ put zero, as 

T.(0)Po + T,(2)P, + T,(4)P* , 

with a similar expression for S. Farther, we shall wnte the value of 
(«8«f_«-W)^(^l)/p»J(0) 
when these operations have been performed upon it, as 
A,.(0)Po+A*.(2)P, , 

and that of 

(e*«f + ,-•»♦) ^/p»; (0) 


AV(0)Po+A',.(2)P| * 
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Th« equation* of condition ate then as follow 


E EW Afc(O) + E Ffc A'fc(O) - i E BfcTv(0) +1 E rfcSfc(0) 

fodd rodd rarai revaa 

+ g~(-6 + 3 464 0 

A„ (2) + ^E^Fv A'v(2) - i^£^E„Tv(2) + i^^^FvB^(2) 
E BvA^(4)+ S PfcA'^(4)-t E EvTv(4) + i E F^Sv(4) 

rodd rodd farai ram 

E £3, As,(0) + E Fj, A'srCO) — i E E3,T8,(0) + i E F|,S|,(0) 

ravait ram rodd rodd 

S^Bw Afc(2) Fv AV(2) - ‘^^BirT«r(2) + iJ^Far8v(2) 

E Bj, A3,(4 ) + S Fv A'v(4) - 1 E EvTv(4) + i E F„8v(4) 

ram ram rodd rodd 



It u to be noticed that H only appears m the first two of eaoh group of equa¬ 
tions 

On putting H = 0, the determinant of the left-hand members gives an equa¬ 
tion wbch will define the value, or values, of ^ for which the free period of 
vibration will synchronise with that taken for the semi-diurnal tide The 
eluninant is 


iFo , > E3 , Pa ■ iPd I iPs « B) > Pa > iPja « 

0 , T,(0), -8,(0), Ad(0) , A',(0), T,(0), -8,(0), Ai,(0) , 

So(0), A,(0), A',(0), -T,(0), 8,(0), A,(0), A',(0) , -T„(0), 
0 , T,(2). -8,(2), A,(2), A',(2), T,(2), -8,(2), A„(2), 

So(2), A,(2), A',(2), -T,(2), 8,(2), A,(2), A',(2), -T„(2), 

0 , T, (4), -8, (4), A, (4) , A', (4), T, (4), -8, (4), A^, (4), 


0. (34) 
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Taking two lines and oolumns of this determinant the solution is S, (0) an 0 
The form of S# (0) is terms with small coefficients Hence, 

omitting the small terms we find as a first approximation p => 11 <3. 

This value of ^ in the small terms of Sg (0) gives 


2 945 ■ 1-767 


- 0-0417 


0 


This IS still satisfied by p = 11 2 to three significant figures Trial and error 
shows that this value of ^ is too small Hence, m taking four rows and columns 
of (34) we assume the value ^ = 12, m all terms except Sg (0) We then find 


0 

So(0) 

0 

-0 643 


+ 0 170 
-0 398 
+ 0 443 
-0 492 


+ 0 119 
-1 671 
-0 186 
+ 0 982 


-0 211 
+ 1 128 
+ 0 308 
+ 0 714 


This yields Sg (0) + 0 88 « 0, 

whence P = 12 4. 

On taking, similsrly, five hnes and columns we obtain 


which gives 


So(0) + l 03 = 0, 
P = 12 6 


Hence, we may say that there is a root at p = 12 6,* or Ag = 23,200 feet 
The mean depth over the area will then be 16,600 feet 


§9 The Sen»-Dtumal Tide 

We next proceed to work out the representative semi-diumal tide m an ocean 
with the same boundaries as before, ^ = 0, r/ 3, but with p = 11-6 This 
cottesponds to ig = 26,320 feet and gives a mean depth over the area of 
16,880 feet. On working out the values of the coefficients m (33), we arrive at 
the equations below. Bach entry is multiphed by the quantity at the head of 
the ocdumn and the sum of each line so formed is aero. 

* Hie next root appears to be in the vidnity of j9 -■ 40 
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F, V, B, E, H H. ■ 

-17 87 + 0 OM -1 77 -1 09 -2 93 -1 80 +13 80 +i 04 -19 74 +11. 44 

+13 00 -0 389 -7 60 +1 920 -8 77 -1 13 - 9 09 -3 69 - 9 87 + 0 73 

+ 1 78 +0 366 -0 18 -1 11 +6 04 +0 930 - 3 16 -0 608 0 0 

+ 0 935-0 229 +1 88 +0 331 +1 93 +0 600 -0 953 -0 066 0 0 . (86) 

+ 1 36 +1 119 -1 703 -0 294 0 +0 129 - 8 44 -0 700 +11 44 - 6 68 

- 2 12 -1 644 -2 418 -0 496 0 -0 699 + 8 69 +1 868 + 0 73 - 8 39 

+ 0 9294-1 204 +0 230 +1 466 0 +0 892 - 1 21 -0 979 0 0 

- 0 204+0 689 +0 268 -0 397 0 -0 064 + 0 836+0 419 0 0 , 

The solution of these equations gives the following values — 

Fo = (- 6-98 - 9 58t) H F, = (35 1 + 60 20 H 

Ea = (6 63 - 3*190 H E, = (30 9 - 18*20 H 

Fg = (- 2*16 + 1 210 H Fo = (7 72 - 4 810 H 

E« = (3 38 + 6*830 H Ei,= (- 8 29 - 8 310 H 

On substitntiiig these values in (28) we have the following expression for 
C/H = Po (17*3 + 28*30 + P* (17 7 -f 29 90 + P4 (-6 72 -9 760 
+ P, (0*602 + 0 864i) 

+ {(-11 *89 +^8 47t) PJ + (+ 1 22 - 0 930 II (0) 

■4-e**{(-16*91 -f 6 360 P5 + (+1 68- 1 260 P|}h-11(0) 

+ s^{(9 19 + 16 81) PS + (0 022 -f 0 0370 PS) PS (0) 

+ e-*^{(9 00 + 18 60 PS + {+ 0 0189 + 0 0410 Pf} PS (0) 

+ 6^{(-l 98 + 1 llOP8 + (-0 0260 + 0 01260 P!,}-^ PS (0) 
+ {(2*08 - 1 09011!+ (- 0 118 + 0 06630 PSi} H (0) 

+ «iM {(-0*180 - 0 2800 Pi* + (-0 0004 -0 00080 P© PS (0) 
+ e-^ {(0 762 + 1 310 PS + ( - 0 0006 - 0*0010i) PS) 1- PS (0) 
+ 0 671 PS e*^ (37) 

In forming as above'we take C' + C But m applying we may omit the 
null-function and only use the part which appears m the actual tide-producmg 
poientud 

The convergence of the above smes is not too good But it is probably 
sufficient for the purposes of illustration, more terms could be added if such 
were tequued for a closer estimate of the tide 
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It u important to test the result (37) to know how far it actually satisfies 
the o(Hiditu>ns at ihe two boundaries For that purpose the function X,' has 
been submitted to the operation 

and the numenoal values taken at |t = 0, that is, at the equator and at 
latitude 46° From the form of the funobon xt becomes sero at the poles whatever 
values are used for B, F 

fPoartave terms = 126 -f 140 i 
At u == 0, d = 0 4 

\Negative terms == — 136 — 149 i 

C ve terms = 132 + 141 1 
ive terms = —131 — 148 i 
fPoertave terms =61 6 + 63 4 i 
At ji = 1/V2, ^ = 0 = _ 62 6 - 64 0 i 

JPositive terma = 52 1 + 63 7 i 
^ ^Negative terms = — 62 0 — 63 7 t 


The agreement is satisfactory except at |a = 0, = 0 The better agree¬ 

ment at the higher latatude would indicate that more terms of the senes are 
probably requisite for oomideteness 


§ 10. ExammcUum of the SesuUs 

We have shown that an ooean extending from the pole to latitude 46° will 
have small semi-diumal tides for depths comparable with those of the Southern 
Ocean and that only for very small depths of 1,460 feet can reeonanoe occur 
For simJar oceans extending to 30° and 14|° the semi-diurnal tides are likewise 
small and the oibcal depths 626 feet and 38 feet respectively * This pomta 
conclusively to the impossibility of large semi-diumal tides m the Southern 
Ocean, even thou^ some allowmioe be made for tiie Antarctao continent The- 
analysis of observations made by exploration parties confirms this bw value.t 
If the Atlantao tades ate denved from Ubiase of the Southern Ocean, and the* 
efiect of the sun and moon on the Atlantic waters be small, large tides m the 
fimner ooean require large tides in the latter ocean. And as we have seen that 
the semi-dinmal tides of the Southern Ooean are small, those of the Atlantm 
Ocean must also be small, except m the oase of resonance If resonance should 

* ' Ptoo. Loud. ICath. Soo.,’ voL 14, part 1. p 00 (1016) 
t A T. Doodson, * Bednotion ot the Tide Gh^ Beoorda, Cape Evans,* p 6. 
vot. OXVn.—A. 3 0 
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eznt, it will to the foroee prodnoing the aemi-diunud tMle m the ocean 
itsdf as wefi as to tiie Ude which nuf^t be derived from the Southern Ocean. 

We piooeed, therefore, to oonnder the depths of the Atlaatio Ocean iriuoh 
would allow of resonance apart from the effects of the Southern Ocean. Taking 
the Atlantic Ocean as represented by the water contained between two meridian 
boundanes 60° apart, and taking our results for the depth proportional to the 
square of the oosme of the latitude, we find that the cnkoal mean depth would 
be 16,000 feet The mean depth of the Atlantic Ocean is 12,700 feet Allowing 
for the differences of form and depUi between the actual and the mathematical 
cases, this IS sufSciently near to mdioate an approach to synchronism Thewidth 
of the ideal ocean, 60°, is only a rough estomate It is mteresting to inquire 
what alteration m the width would make the mean depth of the ideal ooean 
12,700 feet Making use of approximations which appear m working out (34), 
we find that the width should be roug^y 63° A departure of this amount 
could be easily accounted for by the irregnlantiee of contour of the actual 
ooean This seems strong evidenqe that the Atlantic semi-diurnal tides are due 
to partial resonance 

It IS useful to examine the result (37) to find how the tide height and phase 
change from point to pomt along the two boundaries For this purpose we 
have used the numencal values of Q* (|i) given by Adams,* where 

Two sets of values have been calculated, those at the equator and at lati¬ 
tude 46° The results are — 


Latitude 

Longitude 

Height 

PhsM 

0 

0 

S4H 

-88° 

0 1 

ao° 

eiH 

SS° 

SS" 

0 

eiH 

70° 

48° 

80° 

OiH 

48° 


The depth chosen, corresponding to ^ 11 6, is near to the cntical depth 

(p — 12 *5) and hence the tide heights are large compared with the equilibrium 
heq^ The tendency is for the height on the east coast to be higher than 
thatonthewest The phases areverydifferent at the equator, but tend tobeoome 
equal towards the pole 

* * Collected Soientifio Fapen,’ vol 2, p 28S onward. 
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On the Extract%on of Eleetrong from Cold Conductors tn Intense 
Electric Fields 

By 0 W Riohabdbon, Yarrow Beaearch Professor of the Royal Society. 

(Received December 14, 1927 ) 

The discovery of this phenomenon seems to have evolved gradually from 
Barhart’s* experiments on very short sparks m 1901 Since 1913 I have been 
familiar with the fact that in strong fields cold discharges could be made to 
pass m highly exhausted tubes under conditions which seemed to preclude the 
oo-operation of gas as a factor The phenomena appeared erratic and difficult 
to mterpret Recently, rapid progress has been made m the investigation of 
this effect especially owing to the researches of (Sosshngt and of Millikan and 
Eynng4 which have put it on a firm basis 
Both GkiSBhng and Millikan and Eyring hav^ found, among other interesting 
facts, that with field strengths of the order of one million volts per cm electrons 
can be drawn out of tungsten without the co-opcration of gas, that the currents 
vary very rapidly with the applied voltage, and under proper conditions the 
current is reproducible and a continuous function of the applied voltage over 
a wide range, and that the currents at a given voltage are independent of the 
temperature provided the temperature is not so high as to approach the 
temperatures at which thermiomc emission becomes appreciable 
These currents may attain considerable magmtude So far as the experi¬ 
mental evidence goes, it sets no limit either upper or lower In practice the 
upper limit is set either by the volti^ available or by the energy which the 
apparatus can dissipate and the lower limit by the sensitiveness of the measuring 
apjmratus Milbkan and Eynng have recorded the current as a contmuous 
function of the voltage over a range which involves a change by a factor of 
10* m the current 

This IS no tnflmg effect, but one which has to be regarded senoudy We have 
to acoount for an electron current which is mdependent of the temperature 
of the emitting snbetanoe but which is a continuous function of the field 
intensityi and, indeed, to a first approximation is an exponential function of a 

* ‘ PUL MsgvoL 1, p 147(1901) FortiieUtnatiuv,see J J Uioiiieon’s ‘Cenduotion 
<4 Eleotrioity tiiron|^ Gases,’ and GoaaUng, and MilUkan and Eyring, foe at 
t ‘PUl Uag..’voLl.p 600(1020) 

} ’ Hits. Bev.,' voL 27. p. 31 (1026) 


3 c 2 
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Mn a ll power of tlus intensity I do not believe that any of the rather con> 
Biderable number of views of the behaviour of metallic conductors at present 
in cuculation are capable of doing this The phenomena can, however, be 
accounted for along the following lines 

I have often been piuzled by the sharpness of the photoelectno effect at a 
metaUic surface This sharpness is exemplified m two ways (1) The photo- 
electnc effect sets m sharply at a thrediold frequency v* below which there is 
no emission whatever, and (2) if the illumination is with light of frequency 
v(>vo), there is a sharp upper limit to the velocity, or equivalent voltage, of 
the emitted electrons given by 

eV = 4mw* = A (v — vq) 

I am not here concerned with the general bnear relation between energy 
and V or why that is sharp Admitting this to be a curious but fundamental 
law of Nature which I fully accept as a fact, I have still found it difficult to 
understand why Vq should be so sharp as it is for a sohd substance On almost 
any reasonable view we may take of a metallic conductor, the electrons inside 
are doing a good many different things and are to be found at any instant m 
a good many different cuxmmstanccB Furthermore, they have no special 
frequency of their own. Any frequency higher than vo will get them out 
The frequency vq is not a frequency that has anything directly to do with the 
electrons m the mterior It is a property of the surface of the conductor. 
One might expect that the speed of ejection of an electron by monochromatio 
lig^t would depend on the condition of the electron at the start, but there is 
no evidence of it 

The sharpness here referred to is not always found m practice, but the fact 
that it ever occurs seems sufficient There is ground for presuming that m 
such other cases its absence is due to the operation of secondary causes The 
value of Avo is identical with the thermiomo work function or heat of dissocia¬ 
tion so ffir as can be ascertained These properties, which though not simple 
are capable of being stated so simply, are also properties of the hydrogen atom 
They mean that if we look at the escape of an electron fxom a metallic crystal 
as a Schroedinger wave problem, there is a limiting value of the energy (probably 
zero) such that there is a solution for all values of the energy greater than this 
[This 18 not the Schroedinger wave problem of Davisson and Qermer’s expen- 
ment, it is a different problem whose nature will become somewhat clearer 
later on.] 

Having found so much of the Schroedinger solutions, it seems reasonable 
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to expoot that others of them exist and that, just as in the case of the hydrogen 
atom BO also mthe case of the metal orystd, there are a senes of proper valnea 
of the energy below the lumlsng value for which the equation has a solution 
At any rate, 1 make this hypothesis and see what it leads to Let «{'• denote one 
of the wave functions and its oonji^te As the metal is not radiating, it 
will be in the state detemuned by 

It IS, I believe, usual to assume that At{t do represents the probability that 
an electron will be found in the volume element do, the constant A being deter- 
nuned to agree with the assumption that the electron is always somewhere 
m space I make the assumption that with A thus determmed ocA(]i<])do 
represents the number of electrons actually generated m umt time in the space 
element do, where a is a function of the co-ordmates which may be a constant 
1 assume that these electrons will be pulled away from the metal when the 
applied field is strong enough to overcome the attraction of the metal lor 
them The number of such electrons per unit area multipbed by the elementary 
charge e will give the density of the current from the conductor 

In fig 1 let Oy represent the mtersechon of the surface of the metal with 
the plane of the paper, let the curve AB represent the force which attracts 



an electron to the metal, and let the curve BX represent the applied force Xe 
Except m certam special cases these will mteisect at some pomt B at a distance 
Zo from tiie surface On the suppositions made all electrons generated to 
the right of will be earned away by the field An appioxunate value of x, 
can readily be found At a considerable distance from the sur^oe the force 
of attraction is that due to the minor image of the electron m the conductor, 
VIZ, for a plane surface At distances comparable with the distance 
between two nei^boumig atoms of the conductor, this law of fordb breaks 
down, and at the sur&ce itself it becomes an attraction varying as the direct 
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distance x With the fields of force actually used m the expemnents, the distance 
vanes between about 2 x 10~' and 3 x 10~^ cm. This is about ten tunes 
the distance between the atoms (2 6 x 10~* cm for tungsten) and it» probable 
that over these distances the nuiror image law of force will oontmue to hold 
with a close apjnoximation In that case we have 

c*/4*o* = X« or *o = ic*X-* (1) 

and the current will be 

j = eA[ — ( 2 ) 

We now suppose the conductor to be made up of a succession of similar 

sheets of atoms apart Let CDE (fig 1) be the 4»i 'J'l curve for the most 
superficial sheet, t e , the one in the plane through Oy This curve must be 
symmettncal about Oy Due to this sheet there will be a contribution to the 

current cAj The constant Aj may be determmed by the relations 

eA 2j^tJ,,;j;,da; = N«/A5», (3) 

if N 18 the number of electrons associated with each atom which contribute to 
since A^~' is the number of atoms per unit area of each sheet It is 


to be expected that N will be equal to 1 or to some other small number The 
contnbutions to the current from the successive sheets are — 

From the second eA^ 1 . x+iilii da: = eA, j aijiiijn dx + eA\ 

1 a<ji,ijiidx, 

Jr, 

Jn+At 

„ „ third cA, 1 a4i,^|da: = eA, 1 da:-f eA, 

1 a'J'i+ida-. 

Jst 


„ „ (n—l)theAi f aipiil*!da: = eA, [ *iL,<1;, dx-f eA, 

r aijinj^idx, 

Jik + PlA* 


„ „ last eA, a(Ji,ij/jdx=:eAj 1 «(liiiji,dx-f cA, 

r, •'I'lfite 

Jn, 



if the co-ordinate of the last sheet is ^ The total current density can now bo 
wntten 

(1 -f 5/A5) “'I'l’l'i • W 

This is for a conducting plate whose thickness is ^ As ^ is mcreased j must 
soon come to a limit which is independent of E 
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We must now consider tlie functions «)> we are here dealing wi<4ii It w not 
cbfflonlt to find a single function which will reduce to an attradaon varying 
as the direct distance for smaD distances and as the inverse square of the distance 
for larger distances. Such a function would be, for example, 


A and a constants, which would give the «(i equation 




udiere K ss A/27e, ^ the electromo charge, m the mass and W the energy I 
have not had any success m mvestigating the proper values and charactenstio 
functions of this equation I have, therefore, abandoned this method for a mote 
approximate attack on the problem. 

It IS to be remembered that we arc dealing with effects which are believed 
to be ocoumng at distances comparable with 3 X 10~^ cm from the surface 
of the conductor, and that this is a rather large distance from the standpomt 
of equation (6) Accordingly, we should expect to get a fair approximation 
to the actual state of things at these distances if wo replace equation (6) by 
the equation mto which it degenerates when ax is large. Fhysioally, this is 
the same as replacing the actual oonduotor by the usual conventional conductor 
which has no molecular structure The equation then simplifies to 



I find that the proper values for this equation are 

m* (1 1 1 1 \ 


In fact, they am tiie same as for an electron revolving round a nucleus if the 
deotxon and the nucleus have a charge = The dharaoteristio funotiona 

are 

4(1 (*) = x<5"ap', (7) 

I / « 3 WI6* SpS /Qv 

4(,(») = »6 ^ -24K»“* ’ 

and aoon » 

We can now justify the approximation we are making in another way. If 
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we T^srd equation (5) as a superpoaitaon of equation (6), whidi operates at 
large distanoee, and of 

0 + (2^_ta-)4, = o, (») 

which operates at small distances, we see that this is the equation of a Flanok 
oscillator As is well known, the charactenstio functions of this are the 
Hermitio orthogonal functions 

c-«H.(s), H.(s) = (-ire*'^,s = xh*, 
and the proper values are 

^ = 1,3,6, 2n-l, . (10) 

The iiist function is 

italic 

= e (11) 

If (11) and (7) are each normalised so that in each case corresponds to 
charges per unit area of the same order of magnitude, the numencal calculation 
shows that at a distance of 10~^ cm or more the contnbution of (11) to 
IS negligible compared with that from (7) 

We now substitute the value of (x) from (7) m (4) As nothing is known 
of the nature of the function a, I shall start by treating it as a constant and 
reconsider the matter later m the light of the experimental data Writing Oj 
for fii^/4K* we have 


*-0 Jik 2ai\ Oi 2ai\ 




The sum on the nght-hand side u 
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^ {V + a +_55 - (»% + +1 (V:^ 


As ^ m c reaaea without limit this expression goes to the limit 

,-^„-«{v+a+5l.-(^+ (u) 

As was required, the nght-handside of (14) is independent of ^ On carrying 
out the dijSerentutions this becomes 

»’ ^ {*•'+ ^ + S? + (*•+57.) 1^52 

There are no adjustable constants except oe on the nght-hand side of equation 
(16) Oi IS the absolute constant 

Oi »7tW/A* = 4 69 X 10» cm "S X"*, 

and IS detenmned by the value of X and vanes between 1 8 x 10~’ and 
3 X 10~^ cm., IS the distance between the layers of atoms of the 

conductor and is taken to be 2 636 X 10~‘cm for tungsten, is detenmned 
by the relation 

taken for a single sheet Putting in the values of and of (for W) the 
bracket on the nght-hand side of (16) becomes 

»,* + 2 656 X 10-*»o + 3-16X 10-“ 

This IS the same as (a^ 1 328 x 10'*)* to about 1 part m 400, so that, 

putting m the above values of A^, and we can, for practical purposes, 
write (16) as 

+ l 38xl0-*)«s-^ (17) 


1 wish to compare this equstaon with the results of the measurements of 
Mitlikaa and Eynng Their strengths are expressed m megavolts per om 
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If M It the field rtrength expreeted m theee mutt, then M » 3 x 10”* X tad 
X”* =3 Vs X 10“* M"* With this substitution we have 


8N«Ai.«a 


^ 4X 10‘(A5)*(i-e-“^ 

Putting 

. 3Ne\it«« 

4 X 10*(A5)*(l-s-*^**)’ 


(M-* + 6 78xl0-*)*« 




wW^ Vs 

■ *• 10 »’ 


(18) 

(19) 


and taking loganthnu, we have 

logic J - 2 logic (M-* + 6 76 X 10"*) == logic A - M-» 6 logic «. (20) 


I have plotted l<^io t — 2 logic (M“* + 6 75 X 10“*) phu a constant 
(3 — logic 3) against in fig 2 It will be seen that the points, which 
are shown thus, x, come close to satisfying the hnear relation between 
logic 3 —2 logic (M“* 4- 6 76 X 10“*) and M"* There is an indication of 
some curvature, the points would fit more closely on to a line slightly 
concave towards the ongm In fig 2 the quantity « is the actual current 
(m e 8 u) not the current density y 

The slope of the hue m fig 2 gives 6 = 11 68 The value calculated by 
putting tc = 8 14, m*=8 96 x 10-**, e = 4 77 X 10-“ and A « 6 66x 10-** 
in (10) is 7*72, This is two-thuds of the value given by the experiments. 
It 18 evident that we cannot assume the function « to be a constant, and the 
experimental data suggest the assumption «= C V^^ &= Cxe”***, where 
C 18 a constant A recalculation along the Imes already described, but with 
the substitution of this value of a inside the mtegrals, gives the api»oximate 
formula 


In this equation M is m megavolts per oentunetre and e and y in etoctrostatic 
units. The results of plotting log « — 3 1(^ (M”* + A'69 X 10”*) against 
are shown by the circles m fig 2 This change has not made much 
difierenoe, but the deviation from linearity is a little more evident. The 
exponential factor is now equal to 1 *5 times 6, so that the experimental and 
theoretioal slopes are the same. 

There is some uncertainty about the magmtude of the constant C required 
to fit the eiqienments. This is due to tiie &ct that the cnixents do not flow 
from the whole surface of the wires, but only from limited regums which are 
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of mtoertain extent I have oaloulated C on the assumption that the current 
acuea uniformly all over the surface of the wire This should therefore be 
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only a lower limit to the true value of C But it will probably give the order 
of magnitude of C correctly The value so found is C> 4 42 x 10^' cm sec 
There u a combination of m, e, c and h which has these dimenuons, and thu 
order of magmtude, vis, wi* «*/<** = 9 02 x 10*’' This is equal to the 
square of the miTumnip length hjmtfi multiphed by the velocity of light divided 
by afoniHlimensional volume whose Imear dimensions are compar^e with the 
distance m which the wave functions have an appreciable fraction of their 
maximum value Whether this fact has any significance or not I do not Ipiow 
The experimental results suggest that the conftant which corresponds toCis 
specific for each substance and probably related to the thermionic work 
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function The present theory has been simplifled to a degree whudi has taken 
away such specific properties, and it is probably not competent to detennine 
the value of this constant 

The doubtful element in the area from which the electrons are emitted does 
not affect the value of the constant h directly, because this is determined from 
the ratw of the currents at two different voltages The ascertamed value of 
b will, however, be affected if the localisation of the currents is due to discharges 
from pomts, because this will make the true electnc mtensity higher than the 
value calculated from the dimensions of the apparatus In fact, the matter 
can be put generally Let j and Z be the true values of the current density 
and of the electnc mtensity respectively, and let jm, Xm be the measured 
values Let j = ajm and X = pXm Then the quantities we deduce from 
the experiments when we think we are deducing b and C are and 
Q^-i respectively Evidently, if point discharges were the ongm of the 
emission spots, the values of b would be liable to considerable errors 

In my judgment the experimental evidence does not support the view that 
the spots are due to discharges from small local protuberances In Millikan and 
Eynng’s observations I find that the slope b for a wire conditioned at 2700° K 
IB the same as for a wire conditioned at 700° E , although the effect of con> 
ditiomng at the higher temperature has reduced the absolute value of the 
currents by a factor of about 10* Qossling has many data bearmg on this 
He gives a very large number of curves taken under all sorts of conditions 
Although the current at a fixed voltage changes by enormous factors, all these 
curves have practically the same value of b Using the equation t = As*^''* 
which he has deduced empinoally and which is indistangnishable from mme 
over a small range, he gives his average as 17 as compared vnth the value 
11 58 which I have deduced from Millikan and Eynng’s observations More¬ 
over, he finds that the gradient is the same for discharges from pomts as for 
discharges from wires to the degree of accuracy with which the field strength 
can be deduced from the form of the pomt This seems to require definitely 
that the field strengths as calculated from the geometry of the apparatus are 
substantially right and that the localisation of the dischargee from the wire 
m restricted*areas is not due to tiiese areas being sharp protuberances, but to 
something else 

The whole of the experimental evidence pomts to the view that the factor 
of X~* m the exponential stays constant, or nearly so, under a great vanety of 
conditions, whilst the factor coneapondmg to C idianges enonnoasly The 
localisation of the discharge m spots must then be attributed to the poss c se i oft 
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by different parte o£ the euifaoe of a different constitution. There is plenty 
of evidence that such local areas are often present * Goesling has produced 
evidence that the deposition of a very electropositive metal like sodnirn on the 
cathode increases the emission enormously by increasing the constant factor A 
and leaving h practically unchanged There is a strong presumption that the 
(Opposite process which occurs when a tungsten wire is conditioned by heating 
IS due to the evaporation of the more electropositive contaminants The 
poresent theory does not account for these features, which probably have then 
roots m the difference between an equation of the type of (6) and the very 
much simplified equation (6), which alone I have been able to solve It is 
]U8t possible that these very great changes m the absolute values of the currents 
at a given field strength are due to some other cause such as magnificatnm of 
the oorrents from the cathode by bombardment with positive ions generated 
at the anode, but it seems very unlikely 

If this theory is correct, it seems to carry the following implications In 
the neighbourhood of a nucleus, electrons are discontmuously coming into space 
and are generated at a rate which is proportional to Perhaps this 

IS tymg down the mterpretation of tibio expenmental results too narrowly 
at the present stage, so we may replace it by the more general statement that 
this rate of generation is some function of So far as I am aware, there 
is no evidence of the permanent creation of an excess of electrons in this way 
(There is, of coarse, astronomical evidence of the disappearance of electrons.) 
Thu seems to mean that a nucleus u an electron sink as well as a centre of 
electron sources From thu pomt of view a proton can be looked upon as a 
relatively pramanent hole m the boundary of space tune Thu seems to offer 
a picture to account for the fact that the proton and electron have the same 
ohaige, because any hole which u too small to let one electron through might be 
no hole at all from thu standpomt In other words, there seems to be a 
possibility of reducing the number of necessary atomicities by umty 

There u one property of these field currents which has not so far been 
considered It u only at low temperatures that they are independent of the 
temperature At temperatures high enough for the thermiomc ounents to be 
measurable, the field currents do become fundaons of the temperature In 
&ot, at these temperstnxes both thermiomo and field onrrents are fufietioiu both 
of the temperature and the field strength, and the two phenomena become more 

* C/Bkhaidwn sad Young,‘Boy. Soo.Fr(«.,'A, toL 107, p. 877 (1895) Riolurdno 
sod Brothsrton. ‘ Roy. 8oo. Proo,’ A, vol. 116, p. iO (1927). 
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or less inextnoably mixed up This is to be expected from the present pomt 
of new The temperatures at which the thermionic ourrents are measurable 
mean those temperatures at which the number of electrons which are able to 
get beyond the threshold, »e, to dissooiate, » appreciable But if some 
electrons are able to get beyond the threshold, it means that many others must 
now be in the vanous possible states below the threshold This means tiiat we 
have not only to deal with i]/i but with it's 'I't Since the number in 

any specified state, say the state with the function is a function of the 

temperature, this means that the field currents must now be a function of the 
temperature The problem of finding the distribution of the at any 
temperature is a sim{dified form of the problem of the specific heat of 
atomic hydrogen at temperatures at which the higher electromo states become 
excited To get the field currents we should have to work through the 
processes of this paper for each ({/•<|'«> multiply this result by the number of 
electrons in the <{i„ state and sum the result from 1 to oo This would appear 
to be no light task 

If the view put forward in this paper is right, the absorption spectrum of a 
thin metal film might be expected to have a hne spectrum present m it I am 
looking for this m the laboratory 
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SIR WILLIAM .AUGUSTUS TILDBN—1842-1926 


AliTaooaa tlw Tildea family was long connected with {he county of Kent, 
the subjeot of this notice was bom in London on the IBth of August, 1842, 
as the ^ei son of Augustus Tilden, derk in the Bank of England, and later 
tibe manager of a provincial bulk Young Tilden attended school successively 
in Kidderminster, Bedford and East Deteham, and it was from a vunting 
mast^'s occasional lectures at the last-mentioned place that the boy picked 
up some notions of chemistry and developed the desire to bemme an 
ezpeninenter 

Obemisfay in the wider sense was probably a branch of knowledge unrecog¬ 
nised by Tilden’s parents, and it seems that they thought to meet his aspua- 
tions by apprenticing him, while yet barely fifteen years of age, to a phar- 
maceutioal chemist at Bamsbiiry He was fortunate in his employer, Mr Alfred 
AUohin, who, having acted as aasiatant m the Pharmaceutical Society’s 
laboratory and worked for a short tune in Pelonie’a laboratory in Flans, had 
an outlook beyond the lumts of the pharmacy The young apprentice was 
enoouiaged to attend lectures at the Fhannaceutioal Society, and those of 
Hofmann at the Royal College of Chemistry, and to make as many chemical 
pr^Mucationa as his duties penmtted In 1861, Tilden was award^ the first 
Bell Scholarship at the Pharmaceutical Soaety, and at the end of his apprentice¬ 
ship he became a junior assistant in Dr John Stenhouj^’s pnvate laborato^, 
returning a year later to the Pharmaceutical Society as Demonstrator under 
Attfleld, then Professor of Fraotical Chemistry 

A period of hard work followed, with academic qualifioations as the oijective, 
the end being achieved by the award of the B Bo with Honours, in 18M, and 
the D.So by examination in 1871 Fortified with these credentials and with 
some record of experimental research, ^^ilden was appcnnted, m 1872, Senior 
Science Master at Clifton College, nnder the headship of Dr Percival, after¬ 
wards Bishop of Hereford One of his associates at Clifton for a time was 
W A. Shenstone, who was later to suooeed him m the Senior Science Master¬ 
ship After ei(^ s^etmons yean <d teaching and re s e a rch in uvtitu- 
tion, Tilden was elected to tin Chidr of Chemistry m the Mtaon Ool^ at 

Bmnnighawn. 

The eady days in the development (d the newl^-fdttnded Odkge made heavy 
demands on the energy pEotea|on, and the first ooonpaiifc ^ the Cbemiatty 

Oluiix inx* metalhurgy as well The practical work of the 

n^tllhugioiiii laboratory, however, vas pi of Mr 'Ebomas Turaar; after- 
wArde Frafeeeor of Ifetalh ttg y, and in ohemtbd reeearch work, especially doting 

b2 



Ohxtuary Notxce» of Fellow* deceased. 


the later period of hu aeeociation with Maaon College, Tilden had the aenatance 
of each collsboraton aa M 0 Forster, J H Millar and S W. WiUiamaon 

In 1894, Tilden was appointed to the Chair of Chemistry at the Boyal CoU^ 
of Soienoe and the Boyal School of Mines m aucoeesion to Prof T E Thorpe, 
and this position he occupied until his final retirement from active academic 
work in 1909 It was during hia tenure of this post that the extensive new 
laboratories of the Boyal College of Science were erected, and the design and 
equipment of these was a main concern of the Professor of Chemistry For 
a period also, up to the inauguration of the Imperial College of Science and 
Technology, Tilden acted as Dean of the Boyal College of Science and the 
Boyal School of Mines, and it was on his retirement from this office that he 
received the honour of kmghthood 

In all the four institutiona with which he was connected at one time or another 
during his career, Tilden was active in the prosecution of research, and the 
contributions which he made to chemical knowledge were recognised by his 
election into the Boyal Society in 1880, his appointment as Bakenan Lecturer 
in 1900, and the award of the Davy Medal m 1908 Honorary degrees were 
conferred on him by Dublin, Victoria and Birmingham, and in 1899 he was 
appointed a Fellow of the Umversity of London He served as a Vice^Pcesident 
of the Boyal Society from 1904 to 1906, and he took a very prominent part in 
the aSaus of the Chemical Society, which he served first as an Ordinary Member 
of Council, then as Treasurer, and finidly as President for the period 1903^ 
The well-known “ Annual Beports ’* of the Chenucal Society owe their incep¬ 
tion to Tilden, who in his Presidential Address of 1904 stress^ the deeirabilily 
of some periodic review of progress in the various branches of the science 

The character of Tdden's earliest researches was obviously influenced by 
his association with pharmaceutical chemistry A number of these were con¬ 
cerned with the aloins, the purgative principles obtained by the extraction 
of aloes from vanous sources Tilden was able to show that in oertam cases 
(the barbaloins) oxidation of aloin with mtnc acid led to the production of 
chrysammio acid as well as oxalic and picnc acids 

More sigmfioant was the research earned out at Oifton on " Aqua Begia and 
the Kitrosyl Chlondes,” undertaken in the hope of adding to the number of 
organic mtroso-compounds by utilising mtiosyl chloride It was shown that 
the substance with the formi^ NOCl is the only compound of mtnc oxide and 
chlonne, and that it may be convemently prepeued in a state of punty by gently 
heating a mixture of aad mtxosyl sulphate (or simply sulphuno acid saturated 
with the ojfua regta gases) with dry sodium chlonde A study of the action of 
mtroqrl chlonde on orgamc substanoee led to the discovery ci pinene mtzoso- 
chlonde and the adoption of mtrosyl chlonde as a valuable reagent in the 
mvestigation of teipenee generally For many yean thereafter TUden, either 
alone or with collaboraton, continued to pub^h the results of investigatioins 
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in thu difficult r^on, endeavouring to elucidate the oonstitution of the teipenes 
and then relation to other known subetanoes 

One of theee other eubetances whicb attracted Tilden’s attention was the 
hydrocarbon isoprene, OaHs Thu compound when heated to 280° forms a 
terpene (as had been shown by Bourcbardat), while on the other hand Tilden 
found that the decomposition of turpentme by heat yielded a small quantity 
of a hquid resembling isoprene In a research described m the ‘ Journal of 
the Chemical Society ’ in 1884, thu decomposition was examined in some 
detail, and the conclusion was reached that ordinary turpentine oil, when heated 
just short of redness, u mostly transformed in four different ways —(a) By 
oonvermon into an optically inactive terpene, (6) by poljrmensation mto a 
“ colophene ” , (e) by resolution mto cymene (OiqHu) and hjrdrogen, (d) by 
splitting into two molecules of isoprene Further, expression u given to the 
view that the terpenes are m no sense aromatic compounds or constituted on 
the type of benxene In a later paper entitled “The Constitution of the 
Terpenes and of Bensene ’* (1888), Ttlden admits, more especially in view of 
Wallach’s researches, that the terpenes almost certainly contain a nucleus of 
six carbon atoms, but challenges the opinion that these atoms are duposed m 
the manner assumed for benzene This contention was enforced by comparative 
expenments with cymene and natural terpenes, showing that the latter, in 
contrast with the former, do not yield appreciable quantities of aromatio acids 
on oxidation 

It was m connection with hu work on isoprene that Tilden made the stnking 
observation of the conversion of thu hydrocarbon to caoutchouc, as announced 
to the Philosophical Society of Bimungham m 1892 It was already known 
that under the influence of strong acids isoprene was converted mto a tough 
elastic 8(did which appeared to be true indiarubber, but Tilden observed 
that specimens of isoprene prepared from vanous terpenes were changed 
merely on standing into syrupy fluids, in which masses of a yellowuh Bohd 
(found to be indiarubber) were floating Thu apparently spontaneous con¬ 
version of isoprene to indiarubber, it was suggested, might be due to the joe- 
sence of traces of acetic or formic acid, produced by the oxidising action of the 
air. The kqmd was found to be acid to test-paper, and yielded a httle unchanged 
isoprene The artificial rubber, so far as solubility m benzene and carbon 
disulphide and action towards sulphur are concerned, behaves exactly bke 
the xutural material Some of the onginal specimens of thu artificial rubber 
are preserved in the Science Museum at South Kensington. 

With the help of his research students, Tilden continued investigation in 
the terpene field dunng the greater part of hu acadenuc cared Much atten¬ 
tion was devoted to pmene mtrosochlonde, the conditions of its preparation, 
its reactions witb other suhstanoes and its sigmficanoe in relation to questions 
of oonstitation. The use of nitroeyl dilojide as a reagent in orgamo chenustry 
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WM farther explored in a number of direction, and it was found, for example, 
that ita action on phenyl hydraane gave readily a large yield of phenyl 
diamimide 

Tilden’e research activities, however, were not confined to the orgamc fidd. 
In conjunction with W A Shenatone he earned out a senes of determinations 
the solubihty of salts in water at temperatures above 100°, and was able to 
show, in the case at least of anhydrous salts, that the increase of solubility for 
a given nse of temperature was greatest in the case of the most fusible salt. 

parallelism between solubility and fusibility was later extended to isomor- 
phous salts containing the same amount of water of crystallisation These 
investigations, as well as others dealing with the influence of temperature on 
the heat of dissolution of salts in water, were earned out in the hope of throw¬ 
ing hght on the vexed question of the nature of solutions 
A study of the condition in which hehum and allied gases exist in minerals 
such as monaxite and cleveite led Tilden to the observation that on heating 
granite notable quantities of hydrogen, contaimng carbon dioxide but no 
hehum, are expelled The view was taken that the rocks in question had 
orjmtallised in an atmosphere nch in carbon dioxide and steam and in contact 
also with some easily oxidisable substance 
Among the problems m inorgamc chemistry which attracted Tilden’s atten¬ 
tion was the question of the formulae of phosphonc anhydride and metaphos- 
phone aoid Vapour density determinations were earned out with all due 
precautions and the formulw P*Oio and (HPOs)* vrere deduced Metaphosphonc 
acid was found to be far more retidily volatile than was commonly supposed 
Tilden’s chief contnbntion, however, to our knowledge of inorganic and 
physical chemistry consists in his well-known investigation of the specific 
heats of metals The results of these researches were incorporated m three 
memoirs published in the “ Fblosophical Transactions,” the first of which 
constituted the Bakenan Lecture for 1900 The starting point was the question 
as to the atomic weights of cobalt and mckel, but the enquiry developed into 
an experimental study of the validity of Dulong and Petit’s Lew, primarily 
in connexion with these two metals Joly’s steam calorimeter was employed 
in a senes of careful determinations of the mean specific heat of pure cobalt 
and mckel between 15° and 100°, and the results showed that the atomic heat 
of mckel is somewhat greater than that of cobalt As an extension of the 
research, measurements of mean heat capacity were made over lower ranges 
of temperature, down to — 182 5°, and the decrease in the atomic heat with 
falling temperature—since realised as a general phenomenon of peat 
sigmficance—was defimtely established 
Extension of the temperature range upwards, and the mclusion of aluminium, 
silver and platinum among the metals examined proved that the infiuenoe of 
change of temperature on specific heat is m the inverse order of the atomic 



S%r Wtlltam Augtutua Txlden. ▼ 

weights of the metek compared—that is, greatest m the case of alunumum and 
least in the case of platinum Heasuiements were made also of the heat 
capacity of compounds, the materials chosen being such that the specific heat 
of each component element in the solid state could be determined independently 
The substances selected were the tellundes of silver, nickel and tin, and two 
silveisalomimum alloys, and these were examined over a yide range of tempera¬ 
ture The general validity of Neumann’s law was established, and notwith¬ 
standing the fact that at a given temperature the atomic heats of elements 
m the solid state may be widely different, the molecular beat was found to be 
at all temperatures approximately equal to the sum of the atomic heats of the 
constituents 

Xpert from onginal memoin, Tilden made considerable contnbutions 
to general chemical literature, his best known book probably being the “ Intro¬ 
duction to the Study of Chemical Philosophy,” an exposition of the principles 
of chemistry on broad and philosophic lines It appeared first in 1876, and 
passed through eleven editions Other successful volumes were his “ Practical 
Chemistry,” and a “ Manual of Chemistry, Theoretical and Practical ” (based 
on Watts’ edition of ‘Fownes’ manual’) In his later years, Tilden wrote 
more especially on histonoal and biographical topics, as, for example, m “ The 
Progress of Scientific Chemistry in our own Times,” “Chemical Discovery 
and Invention in the Twentieth Century,” “ Sir Wilbam Ramsay Memonab 
of his Life and Work,” and “ Famous Chemists the Men and their Work ” 
Noteworthy also in this connexion were the Memonal Lectures on Mondel6eff 
and Canmnaro delivered before the Chemical Society 

After a period of enfeebled health, Tilden passed away on the 11th December, 
1926, in the eighty-fifth year of his age He is suryivod by Lady Tilden, as 
well as by the son of a former mamage A distinguished worker and teacher 
in chemical science, an enunent and courtly figure among British chemists, 
his memory will be chenshed especially by those who knew his gracious 
personality and his qualities as colleague and fnend 
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Abteur WiuiAM Gbossley was born at Bentoliffe, Aoonngton, on February 26» 
1869 Of hu boyhood httle of interest can be recalled, it seems to have been 
uneventful and happy From preparatory school he went m 1881 to Mill 
IGll, where he stayed until Easter. 1885 The next three months were spent 
m Pans In the following October he entered Owens Cdlege, but, owing to 
an illness which caused the loss of a year, he did not obtam his Honours degree 
of B Sc until 1890 

After a session spent in Prof (now Sir Arthur) Schuster’s laboratory, which 
led to the ]omt pubhoation of a paper on the eleotro-depontion of sdver 
(‘ Roy Soo Proo.,’ vol. 50, p 344 (1892)), Crossley went to Emil Fiadlier at 
Wtixsburg m October, 1891, stayed there until Fischer was translated to Berlm 
m succession to A W von Hofmann in the autumn of 1892, and remained 
with him m Berhn until the Chnstmas of that year Before leaving Wbrsbarg 
the degree of Ph J) was conferred on him for his thesis entitled " L, Ueber die 
Oirirdation einiger Dicarbonsattren, 11, Ueber das optisohe Verhalten des 
Didoits und semet Denvate ” 

Returning to Owens College early m 1893 to undertake research work with 
W. H Perkin, junr, he was elected to a Bishop Berkeley research fellowahip 
m tile following year and became President of the College Umon, revealing 
in tile conduct of its affairs thoroughness and a samty of judgment that later 
came to be recognised as characteristic In April, 1895, he was appointed 
teacher and demonstrator m physics and chemistry at St. IDiomas’s Hoq^tal 
Medical School, where he succeeded P!rof (now Sir Wyndham) Dunstan as 
chemical lecturer and consulting chemist in October, 1900 Four years later 
he became Professor of Chemistry at the Pharmaoeutioal Soael^s School 
of Pharmacy, Bloomsbury Square 

As the outcome of Crossley’s research work at Owens College, two papers 
were published jomtiy with Perkin, the first m 1894 under the titie “ Substituted 
puneho acids ” (‘ J Ghent Soo., vol 66, p 987) and the seomd in 1898, nearly 
three years aita his departure from Manchester, entitled “Decomposition 
of oam^ono aotd by fn^n with potash ox soda ” (‘ J. Chem. Soo.,’ voL 78, 
p. 1) Dihydrooamphono acid, one of the products mentioned m the seoond 
piq^, was the starting pmnt of the senes of invest^pdvms which oooupied 
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Ui MtttbtSM unis the oatbreek of the vu end led to the pubhoetioa of eome 
40 pepen, Witii some of the eeilf oommoiucetioiiB horn St. Thomee's 
the late Dr H. B. Le ftiear was associated, aad in many of those 
intn the Sdiotd of Pharmacy Miss N<m Benonf was his ooUaborator 

Ihe eailieet papers of the senes dealt with attempts to qmthesue ouciP^ 
tetiamethyladipio acid on the assumption that dihydrCioamphono and had 
that oons^tion. Of the mtermediates ezammed, 1:1* 2-tnmethyldjhydro- 
reeotdn, obtained fm the poipose the condensation of mesit;^ oxide and 
ethyl eodiomethylmalonate, and I 1-dunethyldihydxoiesorom, its lower 
homdogoe, whu^ had been made slightly eariier by Yorlinder, proved so 
unexpectedly reactive that the ongina! qnert was abandoned In its place, 
the detailed study of these hydroaromatac compounds and of their reduction, 
halogen and ketmo denvatives was pursued with ardour, leading as it did 
to the production of o-i^ene denvataves by the migration of one of the 
members of the jMNrdimethyl group 

It was during his tenure of the Chair at the School of Hiarmaoy, which 
lasted from 1904 to 1914, that Crossley first found scope for the exercise 
of those quahties of orgamsatum, tact and dnving power which later were 
to be of mestunaUe service to the State Not unnaturally, all through this 
period, he looked to a Umversi^ Chair as his ultimate sun When, therefore, 
he was appomted Professor of Orgaruc Chemistry m King’s College, London, 
m June, 1914, the wider opportanities for teaching and reseat^ that he 
coveted seemed at length to be his. But Fate willed otherwise. Withm 
little more than a month, the Great War broke out and—save that he gave 
lectures dunng the session 1914-16 and returned to the GdUege for a few months 
after the Aimistioe—hv work as a Ftofeesor was done 

Never one to wait, m an emergency, for employment fitting hu att^nments. 
Crossly in the earhest days of the war cheerfully undertook arduous dencal 
work as a volunteer m the War Office under Colonel (now Sir John) Fringe, 
who was engaged in organising rafiway transport for'troops m the Home 
Defence, Eastern Cmnmand and Londpn Distnot areas Then, after siding 
m the large-scale production of salvarsan under tiie name kharsivaii, be became 
secretary of the War Cknnimttee appomted by the Boyal Somety to otganise 
the prodnetfon in urnvemties usd kindred institutions^-of local, anosthetios, 
such as novocame and ^-eucainciand of other drugs hi^wto obnihiabfe (mly 
from enemy sources. 

The bitter cry for shell m the spring of 1915 led to the establishment of the 
Ministry of Mnnitfons. Of its Departments, that dealing with trench wtffate 
had for one of Its fniettons die,|fltoviak« of* all material required for the 
ofiensiva in eheufoal warfare, rendered neoeaiiry 1^ the mtrodnotum of gas 
as a weapmi by the Getnuais on the areetern.fewt on April 32 of llipt jqar. 
Aa part of the orgeniMtion, two Commit&ee» termed Smentiftc Advisory nod 
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Commencal Adviaoiy,were set up m June,*and, of each, Cronley wa« appointed 
Secretary In these early dajrs, the contact between those in the fighting 
line and those working at home to provide the sorely needed chemical weapons 
was small To enable the latter to form some conception of the conditions 
at the front, Crossley was given the additional appomtment of laaison OfBoer 
for Chemical Warfare m November, 1916. with the rank of Lieutenant-Colonel, 
and m this capacity made several visits to the battle areas m France 
Only slowly did the authorities at home realise that, for the successful 
development of chemical warfare, it was essential there should bo available 
a large ezpenmental ground where trials could be earned out on a scale 
approaching that of actual warfare Eventually, a largo tract of bare land 
was acquired at Porton, east of Salisbury, and to Crossley m Tune, 1916, was 
entrusted the task of converting it into a suitable ezpenmental ground, 
of stafiing and equipping it, and of supervising the experimental work under¬ 
taken at the instance of the Army or the Committee 
The following extract from an account of the work at Porton, most kmdly 
furnished by Lieutenant-Colonel (then Major) R M Bendei, a regular officer 
who served under Crossley for two years, may give some idea of the difficulties 
encountered and of the success attained in overcoming them - 
“ When Crossley arrived at Porton he found two small Army huts, each 
30 feet by 15 feet, in the middle of Salisbury Plain, with no roads leading to 
them, no water, and no equipment of any kind He was, with the exception 
of one subaltern R E and one warrant officer, qmte alone His first move 
was to get himself appointed to the mibtary command of the Kxpenmental 
Station, his second to collect the nucleus of a staff By the end of the month 
he had a chemical laboratory miming in one of his Army huts, and, by the 
end of the year, detachments of Artillery and Engmeers under their own 
officers had been posted to the Station He was now in a position to begin 
the preliminary expenments, which were necessary for the solution of the 
hundreds of questions that had to be answered before the British Armies 
m the field could undertake chemical warfare 

“It IS doubtful whether anyone realises the immense volume of work 
actually achieved Crossley himself wrote a summary for the War Reconls, 
a copy of which is filed at Porton, but it is both much too long and much too 
official to reproduce here It may be of mterest, however, to consider that 
at the time of the Armistice, littie over two years after the beginning of the 
Ezpenmental Station, Porton was staffed by 47 officers, 700 N C Os and men 

* The Soientfio Advisory Oommittee was a body of distingalshed scientists charged 
with the dnty of devising and investigating methods of proseonting chemical warfare, 
the Oommercial Advisory Oommittee, a group of leading men in the British Chemical 
Industry, in a position to advise upon and assist m the production of the neoeesary 
chemical materiids. 
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and 800 civilian workmen Of the 47 offioera, roughly half were trained 
scientute, pnnoipally chemutR and phyuologuta, several of them very 
eminent men The two onginal huta had been replaced by 

laboratories, workshops, gunsheds, magaeines, barracks and canteens Per¬ 
manent roads were in existence over the ground, telephones, electric light 
and water had been laid on Large stores of shell, gas and so on were 
situated on the ground, and about 40 pieces of ordnance of all natures, from 
9 2 howitzers downwards, and Ixenoh mortars of every description, were 
under Crossley’s command Over 40,000 rounds of ammumtion had boon 
fired, thousands of experiments had taken place, and some of the results of 
Crossley’s work had been embodied m over 800 reports 
“ Dimng two years or more, from the moment Groesley came to the Station, 
work was earned on all day and during most of the night Such was his 
dnving power that lack of facihties never seemed to matter It was one 
of Crossley’s outstanding ments that, although ho himself fully realised the 
difficulty of working without proper toots, yet he never allowed the lack of 
them to become an excuse for doing no work He was the most hardworking 
of men Sometimes severe, he very seldom praised, but he was absolutely 
fair-minded, and all the time he was at Porton I never heard him cnUcised by 
any one of his staff We were all devoted to him Crossley was the best 
Commanding Officer I ever served under ” 

In September, 1918, Crossley was appointed Darnell Professor of Chemistry 
and Director of the Chemical laboratones in King’s College on the resignation 
of Sir Herbert Jackson, and, after demobilisation, returned to the College 
in October, 1919 Soon the call came to him to undertake the organisation 
of the British Cotton Industry Besearch Association, founded by the 
Lancashire cotton trade with the co-operation of the Department of Scientific 
and Industrial Besearch Appomted Director on November 4, 1919, and 
leaving King’s College in March, 1920, it was on hu recommendation that the 
house at Didsbury, now known as the Shirley Institute, was purchased, 
adapted, and extended by the erection of a large block of laboratones and 
workshops These buildings were opened formally by H B H the Duke of 
York on March 28,1922 By the autumn of 1926, the research staff (mcluding 
those of its members engaged in the workshops), which m 1921 numbered 28, 
had increased to 92, of whom 44 were Umversity graduates Hiat, by his 
genius m planning and gmding research, Crossley provided a sure foundation 
for ultimate success is evident from the review of the work of the Cotton 
Industry Association to the end of 1926, recently published by the Shirley 
Institute under the title, ‘ Besearch in the Cotton Industry ’ Not improbably, 
hu work at Didsbijry may come to be regarded as his best 
Crossley received many honours —^D Sc (Victoria Umversity), 1899, 
PBS, 1907, Hon LLD (St Andrews), 1917, CMC, 1917, Longstaff 
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Medallist of the Chemical Society, 1918, C B E and Officier de la L4gion 
d’Honneur, 1919 From 1906, when he became Honorary Secretary, Gioealey 
held office in the Chemical Society without a break nntd his death, becoming 
Honorary Foreign Secretary in 1913, President in 1926 and, on hu resignation 
of the C^ir, Vice-President m 1926 He was a Member of Council of the 
Royal Society during the two years 1920-22 
By nature Crossley was deliberate, but with his mmd once made up, resolute 
Unfailingly courteous and genial to all m every relation of life, it is probable 
that comparatively few were admitted to the intimacy of his friendship Hu 
recreations were typical he played lawn tennu in hu student days and golf 
later m hfe, but m billiards and fly-fishing—the latter absorbing entire hohdays 
before the war—^he found an abidmg source of pleasure To his cultivated 
taste books, of which at one time he was an eager collector, music and the 
theatre made a strong appeal * Without being robust he enjoyed good health 
until the effect of the strain of the war years began to manifest itself A 
voyage to Madeira in the May of 1925 gave a temporary respite, but m the 
autumn he was less well, and m March, 1926, resigned the Presidency of the 
Chemical Society on completmg only one year of office 
Before the summer was over, it was evident that hu health was failing 
rapidly Towards the end of the year he tendered hu resignation of the 
Directorship of the Bntuh Cotton Industry Research Association, but by 
resolution of the Council remamed nominally m office pending the appointment 
of a successor Thu appomtment had not been made and he was still Director 
when, on Saturday, March 5,1927, he died 


W P W 



XI 


WILLUM BURNSIDK—1862-1927 

WnxiAU BTntNSiDE was bom on July 2, 1862, the son oi WiUiam Burnside, a 
merohant, of 7, Howley Place, Paddington, London. His father was of Scottish 
ancestry his grandfather, who had gone to London, was a partner in the 
bookseUing firm of Seeley and Burnside 

Left an orphan at the age of six, Burnside was educated at Christ’s Hospital, 
where he was a Grecian there, besides his distinction m the grammar school, 
he attamed the highest place in the mathematical school Having been elected 
to an entrance scholar^p at St John’s College, Cambridge, he went into 
residence in October, 1871, and was r^arded as the best man of his year in 
the CoU^e In accordance with the general custom of capable students of 
mathematics m Cambndge, he “ coached ” for the tnpos, his private tutor 
being W H Besant, one of the few rivals of the famous Routh For some 
reason, Burnside migrated to Pembroke College m the same umversity, the 
change being made late m his second year (May, 1873) He graduated m the 
Mathematical Tripos of 1876 as second wrangler, being bracketed with George 
Chiystal, who afterwards was professor at Edmburgli, the fourth wrangler was 
B F Scott, now* Master of St John’s College In the subsequent Smith’s 
Prize Examinationt Burnside was first and Chrystal second 

A fellowship at Pembroke was the worthy sequel of such a degree he con- 
tmued a fellow from 1876 until 1886 He was at once appomted to lecture m 
hiB college and he lectured also at Emmanuel m 1876 and at King’s in 1877 
At that time, college teaching for the best students was sometimes shared by a 
few colleges, m isolated groups, and included subjects selected from the average 
normal course for Honours, and Burnside, in addition, gave lectures in hydro¬ 
dynamics, an advanced course open to all the Umversity That particular 
subject was coming mto vogue again at Cambndge, attention, regularly paid 
to the established work of Stokes, was stimulated by the then new work of 
Greenhill and especially of Lamb Burnside also ezammed for the Mathematical 
Tnpos from tune to tune Occasionally, he did some pnvate coaohmg But 
later it appeared that, instead of restncting himself mainly to tripos* subjects 
in furtherance of his lectures and an inevitable share m examinations, he had 
launched himself upon a broad sea of study, then far removed from the tnpos 
domain. . 

As an undergraduate, he had proved an expert onrsman While at St John’s 
Colloge, even as a freriiman, he had towed m the Lady Margaret First Boat 

* The writer is indebted to Sir Robert Soott, far sevenl of the personaT records in 
this notice. 
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which, with the famous Goldie as stroke,« ent head of the nver in 1872 Rather 
light in weight as an undergraduate, too light (according to the canons of the 
day) to be considered for the Umversity Boat, he always was rather spare of 
bnild and he retamed a wonderful power of endurance; and he kept his rowing 
form for many years He rowed in the Pembroke Boat after graduation, as 
long as he continued in residence, he was a splendid “ 7,” and had a full share 
in its steady nse on the river For some years after he left Cambridge, his 
reputation as an oar survived as a tradition m College circles 

After going out of residence, similar opportumties for rowing were not 
accessible But m the course of holidays frequently spent m Scotland, Burnside 
had acquired a sest for fishing, and for many a summer onwards he contmued 
to go there, pursuing what grew to be his favourite sport As in rowing, so m 
fishmg, he developed skill and became an expert fisherman, indeed, with all 
he undertook, nothing short of his best was sufficient 

In 1885, at the instance of Mr (afterwards Sir) William Niven, the Duector 
of Naval Instruction —himself a Cambridge man, devoted to natural philosophy, 
as it was styled by good Newtomans—Burnside was appomted professor of 
mathematics in the Royal Naval College at Greenwich Tlie rest of his teaching 
bfo was spent in that post There was a current belief, a belief now known 
to be justified by fact, that his old college had invited him to return to important 
office, but he remained at Greenwich His work was to his liking It was a 
round, well-defined m extent and m demands on time, unthin a vanety of 
congenial subjects, though only touching in part upon the regions of his 
constructive thought The actual teaching, with its mcident duties, left 
him adequate opportumty to keep abreast of progress, even to advance progress, 
m the subjects of professional duty It also left him leisure, which was care¬ 
fully and diligently used, to pursue his own researches, whatever their direction 
Best of all to him, he was free from the interruptions and the mcessant small 
demands, business and social, that are inseparable from official administration 
For at all times, and in all ways, multifanoiis detail—whether incidental to the 
non-SGientifio side of official duty, or the current presidency of a saentific 
society such as the London Mathematical, even the purely algebraical 
garmture and the side-issues m mathematical mvestigations—such detail was 
inexpressibly irksome to his spirit 

At Greenwich, Burnside’s work was devoted to the training of naval officers 
It consisted of three ranges There was a jumor section for gunnery and torpedo 
officers, the chief subject of study was the prmciples of ballistics There was 
a senior section for engineer officers the chief subjects of study were strength 
of materials, dynamics, and heat engmes The advanced section—perhaps 
that in which he exercised the greatest influence on his students—was reserved 
for the class of naval oonstruotors m that range, Burnside’s special mastery 
of kmematics, kmetics, and hydrodynanucs proved mvaluable Records and 
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remembrance declare that he waa a fine and atunulatmg teacher, patient with 
students m their difficulties and their questions—though elsewhere, as in dis- 
cossipn with equals, his manner could have a directness that, to some, might 
appear alwupt Ho certamly earned the gratitude of his students, as appeared 
from their spontaneous token of tribute to Him when he left in 1919, the address, 
which they then presented, was treasured by him and his family 

Burnside had mamod Alexandrma Urquhart in 1886, soon after he was 
appointed professor at Greenwich She survives him, with their family of two 
sons and three daughters 

After his work at the Naval College had ended, the whole familv retired to 
West Wickham in Kent Burnside, happy as he had been in his work and 
regretting its actual termination> enjoyed his leisure, spending it among hia 
books, in fishing hohdays in Scotland and, not least, in his researches, some 
continued inregions recognised as specially his own, some of them mthesystematic 
development of ideas m still another branch of mathematics upon which his 
intellectual mterests had settled The last year of his life was marked by failing 
health and the proximate cause of his death was a recurrence of cerebral 
hseniorrhage He died on August 21,1927, and he is buned m West Wickham 
churchyard 

In recognition of his emmence as a mathematician, not a few academic 
honours came to Burnside during his life He was never avid of honours 
indeed, he was eager to avoid those forms of academic recognition constituted 
by official positions of digmty, when they demanded the performance of any 
public duty set m formal pomp or circumstance He received hdnorary degrees, 
Sc D from Dublm, LL D from Edinbui^h Ho was elected a Fellow of the 
Royal Society m 1893, on the first occasion of candidature he served on the 
Council of that body from 1901 to 1903, and he was awarded one of t)ie two 
Royal medals for the year 1904 He was a member of the Council of the London 
Mathematical Society for the long contmuous penod from 1899 to 1917 there, 
he was a tower of strength, m advice during the Counoil’s meetings, and by his 
many reports as a referee upon a multitude of vaned onginal papers submitted 
by a small army of authors He was awarded the De Morgan medal of the 
Saaety m 1899 From 1906 to 1908 he served as President while willingly 
allowing his name to be submitted for membership of the Council year after year, 
he accepted their highest office only with grave and charactenstic teluotimoe 
The honour, m which he appeared to show most interest, was conferred on him 
m 1900 In that year he was elected an Honorary Fellow of his old college, 
Pembroke, and at the time of his death he had become the semor^n the small 
roll of Honorary Fellowa Yet, even m the few and far from fluent remarks 
of thanks which he n^e at the College dinner weloommg, by courteous custom, 
the newly elected hqjiporary members of the foundatum, he urged that th4 happy 
and sncoessfnl pursuit of xeseatoh was its own reward, and the smeenty of hu 
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plea wu appreciated act least by those who had done their part u recognition 

his labours. 

Burnside was ireqneutly called upon to emmine for the Mathemataoal Tnpos 
and for tiie open ChvilSemoe examinations of the highest grade Ocoanonally, 
he acted as external examiner f(» one or other of the Enghah Umversitus, as wdl 
as for the Naval College after hia retirement He was not an eaqr examiner-^ 
before his early days of such duty, the phrase “ ea^ problems “ at Cambridge 
had come to bear a perverse signifloanoe Ebs questions oould be of the type 
which, gathered in one of hia papers, might justify the epithet beautiful. tii^ 
were cwtainly too beautiful for the omdidates m the 1881 Tnpos, the first 
umvemty occasion when he examined Yet, though they often were difSonlt 
and always on a high level, they were set with the design of evoking an examiner’s 
thought, rather than of providing an opportnmty for the facile display of tramed 
mampulative skill along familiar lines. 

Through many years, Bumnde was m constant requisition as a referee, for 
the Royal Society and for the London Mathematioal Somefy. He could not be 
called lement for, however sympathetic vnth wnters, uid eqieoially young 
wnters, he held a high standard of the attainment that was deserving of publioa- 
tion He was often fruitful m sui^^estion. He could even be severe on occasion 
yet he would mitigate a judgment when grounds for its reoonsideiatiou were 
submitted Sunilarly, as a ontic of a fnend’s proof-dieets, he could be severe, 
yet always objectively so he obviously assumed, without the poenblity of 
question, that the frier’s standard and ^ own were abke m practice Thus, 
at the end of A discussion, the friend would find that added light had been oast 
upon the whole matter—surely the best ontenon of qrmpathetioontuiisin. And 
if severe with others, he was stem with himself—a mental discipline that 
exercised its influence towards the directness and the precision both of form 
and of substance m his writings. 

ValuaUe as were his teaching, his aotivify as an examiner, and his influence 
as a referee, it u by the oontnbntions whudi he has made to his soienoc that 
Bumnde’s name wdl be held m remembrance 

His range was wide; for it branched out, throuf^ applied mathematics frmn 
the days of his early training, mto great tracts of pure matiiematios m the years 
of his matured powers Yet, even m tiie later time, when specialisation has 
tended to become acute, he could speoabae with the best Thou^ of course not 
otnnparable with an Buler, a Cauchy,« a Gajdey, m the variety or the amount 
of work he has left, he has drived in many fidds and has left li^ brace m many 
dneotmns. He pubbriied over one hundred and fifty papers, as well as one 
treatiae, the “ Iheory of Oroups,” of which a second (and greatfy amplified) 
edition was issued also under his own care. He has also left a manoscr^ 
iairfy compete as far as it was earned, on the theory of ptobabihfy. ^hunsrif 
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did iKitTCgud this work Mfinuhed; oiivan(msuBiMs,hew«smoomapoQdeDce 
from tune to time with tiie junemt Freodent of the Royal Society, the 
Aftronomer Royal, and others, and he certainly did not oonnder that he had 
reeidved all his own questions. Had life and h^th lasted appreciably longer, 
there is no donbt that he could have attamed, as he intended to pursue, further 
^vdcqnneat m a subject which occupied much of the thought of his later years. 

In that considerable tale of papers, meet ate short Very many of them 
ooeupy only a few pages. His longest individual paper—he never used the nunre 
ambitions title “ memoir ”—deals with antomorphio functions it really con- 
Buts of two parts connected, though not oonaecntive, m matter, and the whole 
oocupiee no more than fifty-three octavo pegee. Brief however as his papers 
ate, it can fairly be asserted that each one of them contains some defimte and 
recognisable result or results He never discussed side-issues, he would not 
even dwell on the nunute details of a msin issue Indeed, he could be mtel- 
leotnally bored by processes that halted in their match to settle subsidiary 
questrons as they arose, with him, auxiliary necessary material was set out 
before the mam advance When once an issue was attamed, he was content 
to let it stand by its own significance, to others he would leave attempts 
*' to gild refined gold, to pamt the Idy ** 

He happily was saved mathematical controversy, which he detested On 
one occasion he was surprised, even disturbed, by the receipt of an unseemly 
lett« the very tone of which amased him (not unjustifiably) it concerned a 
question of pnonly which, m so far as it could affect a man punctilious m his 
acknowledgment of the work of others, to Burnside was as thm as air, thoqgh 
manifestly not so to the wnter of the letter The quiet firmness of Burnside’s 
answer to his ungracious correspondent mided the matter On occasion, his 
wcffk has been known to provide ammumtion for others. Thus m 1^7 and 
1888 he wrote papers on the kinetio theory of gases, a subject which at that 
date led to much disagreement m i^imion , stating his assumptions, he dealt 
witih the average exchange of energy during the impact of elastic spheres and 
with the partition of energy between motions of translation and of rotation. 
These papers can only have been the outcome of some appecd emanating from 
Tait The result was used (but Burnside took no direct m an onslaught 
upon Bolamann’s work made by Tait,« ** bmmie fechter,” never reluctant m 
the use of the controversial tomidiawk. 

In his wntmgs, Bumade had a st^ which precisely, and halntuidly (as if 
It wen an mStmot), eontnbuted to efficiency of p fr ieentation.>» Even while 
im undergraduate, he had been noted for the style df his mathematioal wmk r 
he was reputed to^be the most “ elegant”, though not the most widely read 
(CSityetal was thus nipated), among the young mathematioians of own 
standing. In pure bteratore, ontioe, whet^ analytic or oonstrooUve, do not 
ahraya agree ujpon the necessary essentiala of general style, though they can 

T®ti* oxvn.—a. 0 
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select individual oharaotenstios In scientifio productions, the task u assuredly 
no eaaier than in the humanities Burnside had two of the eaaentaal secrets 
of aneffedavestyle he exercised a power of clear and precise thinlang that was 
mamtamed until the achievement of a definite issue, and he possessed a faculty 
of lucid (if condensed) expression of the whole course of a constructive argument 
He was mtolerant of approach to vague meandering “ words, words ” would 
be his oaustio comment on an unconstmctive passage The elusive charm of 
the sudden thought, that m itself is a revelation, is rare in mathematios, though 
it can be found in a Founer or a Salmon But such was not Burnside’s aim, 
perhaps never his dream, he did not seek for aught else than clearness, direct¬ 
ness, terseness most of all Ho would practise no art in trying to secure the 
attention of an mexpert beginner In exposition, oonoiseness was his rule 
Once, the attempt of a friend, to obtam from him a more expanded treatment of 
some early stages m his Theory of Groups, was met by a declaration of regret 
that he had been unable to effect further condensation. The consequence is 
that all Burnside’s pubhshed work is close and firm m texture, yet, to an 
attentive reader, it is never lacking m clearness and movement 

Throughout Burnside’s residence at Cambridge, the Umversity had been m 
the finest flower of her activity in a^phed mathematics Stokes, Cayley, 
Adams, were long-established professors; Maxwell’s appomtment had been 
more recent The staple subjects for the most capable mathematical 
students wore physical astronomy, dynanucs, bght, sound and heat The 
range of electnoity and magnetism, except for a slight infusion of some of the 
work of &r Willuun Thomson (afterwards Lord Kelvin), was academic and un¬ 
connected with laboratory knowledge, and Maxwell’s presentation, based on 
the researches of Faraday, had still to make its place in the Oambndge course, 
men scarcely even dreani^ of the revolution it was to acoomplish later Pure 
mathematios, save for the rare appearance of a Clifford, a Pendlebury, or a 
Glaisher, was left to Cayley’s domain, unfrequented by aspirants for high 
place m the tnpos. Much of the original thought of her mathematicians m 
those years found its expression m problems, a veritable mme of isolated results 
propounded as conundrums m the Senate House and m College examinations 
Even so, the worship of the mathematical spirit at the shnne of natural 
philosophy was mamtamed m a well-defined conservative range 

At the begmnmg of his work, Burnside could hardly fail to conform to this 
Oambndge use, indeed, as regards the subjects (though not as regards all 
methods for the subjects) m applied mathematios, he la^y remained m the 
older round to the end Tet even while he contmued m Gambndge, he was 
gradually emerging mto his own domain. Bred an applied mathe m ati c ia n m 
the Cainbddge school of natural philosophy, which tended to regard all 
mathematKis as a useful tod—no more than a tool—m so-called pvaotical 
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•pplkations, he came to find that there was a world of pure mathematics different 
from that which filled the receptive stage of his student dajs. In the creative 
stage of ^mking for himself beyond the range of learmng and of teaching for 
the tnpoe, he gradually made his way into that new world He took rank 
with the constructive pure mathematicians, without losing hold of his earher 
studies Indeed to him, as to others with a similar experience, the new know* 
ledge shed fresh light upon the older interests, but any effective combination 
of the old and the new could only be made by an mtellect of the type such as 
Burnside happily possessed 

Thus, as alre^y stated, Burnside’s earheet advanced lectures were devoted 
to hydrodynamics. Elsewhere, the old-fashioned methods for oon]ugate fnnc* 
tions, stream-lmes, and velocity-potential, were bemg analytically transformed 
through the mtroduction of functions of a complex variable For many a day, 
Candmdge had preserved an abnost mvinoible repulsion to the then objection¬ 
able —1, cumbrous devices being adopted to avoid its use or its occurrence 
wherever possible But some teachers could show that, in two-dimensional 
fluid motion, simplicity and new results alike were easily attainable by its 
means, and its formal debut withm the Cambridge enclosure was made m 
Lamb’s treatise To Burnside’s mtellect the new oalcnlus appealed, and as 
a matter of record, his first published paper (1883) is concerned with elbptic 
functions, not with hjrdrodynamics 

Three examples will suffice to mdicate the development in Burnside’s thought, 
thus indicated 

In 1888 he mvestigates three mam questions connected with deep-water 
waves resulting from a limited imtial disturbance, a research probably sug¬ 
gested by certain phenomena noted in the Krakatoa eruption In that paper 
he proce^ by analysis which belongs to what would now bo called the classical 
methods of Fresnel, Foisson, and Stokes, it requires much elaborate work 
m defimte mtegrals with real variables, without any reference to the (happily 
satisfied) convergence of those mtegrals, and Burnside arrives at direct results 
of observable significance, which relate to the greatest amphtude of displace¬ 
ment, the range of propagation, and the governance of the wave-length It is 
not without mterest, m connection with his mcreasing grasp of newer methods, 
to note that m this paper he “ justifies ” the use of a complex value for a con¬ 
stant—while, m a paper two years later which deals with streamy motion, 
he uses complex variables without a w<»d of prelude to superfluous justifioatioli. 

The problem of the two-dimensional potential, as envisaged by the apjdied 
mathematicianB m the middle third of the last centuiy. such as GreSn, Stokes, 
Thomson and Tait, has been completely changed by the ideas of the theory of 
functions Old assniqptiona have had their significance and their limit(|ilMn8 
revealed, theearherphysunsts not always in sympathy with exacting refinements 
whidi to them smack of pedantry, the later mathematicians not always respect- 
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ful to the mtoitions content with a aemblanoe of proof Buznside knew both 
attitude! of mind—the eaihu from hu tiammg, the later from his oontmiied 
study, and so he could bring old results to new issues. Thus m a paper (1891) 
on the theory of that two-dimensional potential, satisfying the equation 
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and detenmned by prescribed conditions withm an area and assigned values 
along a boundary, he returns to the old property—the poesession of every 
undergraduate—that the potential can have no nm.Tiininn or minimiiTn within 
the boundary Pomting out that maxima and w»nin»t. must therefore he on 
the boundary and that conditions of contmuity require theu aggregate to be 
an even mte^, he obtains a relation between that mt^;er, the mteger denoting 
the number of distmct portions of the boundary, and the integer representing 
the number of double pomta on the equipotential contour hum as they pass 
from a boundary arc over the area back to another boundary arc Moreover, 
he obtains the relation for the most general case when ^e conditions are 
extended so as to admit discontmmties (m the form of loganthmio or algebraic 
infimties) withm the boundary, and he mdioates the bearing of the relation 
on the graphs of these contour lines. 

In 18W he published a paper discussing Green’s Function for a q^stem of non- 
mterseotmg spheres There, beginning with the known result for two spheres, 
he transformed it by a property he had deduced from a gemnetnoal mter- 
pretation of homographic substitutions He extended the transformed result 
to any number of s^eres. By mversions which are represented by pomt 
transformations, and by sets of mversions which accumulate mto a group of 
transformatioiiB, he obtams a pseudo-automorphic function, m the form of 
a senes where the coefficients of the successive terms are powers of the magm- 
fication at the successive inversions Lord Kelvm would not have recognised 
hiB theory of images m that final form yet the development mto that form is 
only a contmued amidification of the theory Burnside, moreover, earned it 
further, by connecting the apphoation with any solution of Laplace’s equation, 
instead of the mverse distance alone as m the theory of images. Here, as m 
all his mvestigations, it was only too evident that be had wandered far from the 
anment Cambndge fdd 


Yanous well-marked stages m the progreas of Burnside’s knowledge almost 
indicate themselves, from the evideime of his original papers. 

Apparently, the first large new subject, of which he made a profound study, 
was elliptic functions its rudiments had hardly been admitted to his Cambndge 
course At every turn he devised something novel—Is it the transformation 
of the simplest elliptic differential element! Noting the general oharactenstio 
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of the four ontioal pcnnts m the Biemaim mterpretation, he deals with the 
BUfloenve poasibihties of the transformation (a) mto itself, by mterohanging 
these fonr pomts m pairs, with the obvious inference that there are three modes, 
which are exfdicitly obtamed, (6) mto the Weierstraas normal form, with one 
of the ontioal pomts sent to mfimty, and the remaining three practically arbi¬ 
trary , (o) into the Legendre normal form, with the four pomts symmetnoally 
arranged round the ongm along an axis, and (d) into the Rtemann normal form, 
with 0, 1, 00 as three canomcal pomts for all, and the fourth defined by the 
parametno mvariant of the element Is it so simple an issue as the division of 
the periods by 3 or by 9 ? Even for the simplest form of that issue, he treats 
it by a general method and not by any special artifice a short paper m 1883 
achieves the tnseotion for the Jacobian eUiptic functions, a later paper m 1^7 
achieves the same problem for the Weierstraas eUiptic functions, a still later 
paper uses the same method, supplemented by the mtroduction of resolvents, 
to obtam the results for division by 9 —la it the extension of Jacobi’s expression 
of the apparently hyperelliptic mtegral 

|{a: (1 — x) (x — X) (* — k) (x — dx, 
under the (quadratic) transformation 



as the sum of two elliptic mtegrals 1 Burnside deals with the cubic and the 
qumtic transformations m odd degree, with the quartic transformation m 
even degree, and obtains the respective types of degenerate hypereUiptio 
mtegrals, characteristically leaving other instances as " exercises ” (though, 
not “ easy ” exercises) m the method expounded And, almost as an incident, 
he notes a case when an apparently eUiptic mtegral 

-«)(*- p) (» -r) (* - i)Ydx, 

where the relation 



transforms the elementary elbptic differential mto itself, is only simply periodic 
Or, to take only a last example m this range, he completes the known proposi¬ 
tion that the co-ordinates iff a pmnt on the mterseotion of two quadnes are 
expressible m terms of elliptic functions, by constructing the actual arguments, 
and he shows that the two mvanants m ^e Weierstraas form are the qnadnn- 
vanant and the culunvanant of the customary quartic equation ooouning m 
the lefetenoe of the quadnos to their common self-conjugate tetrahedron. 

Anothnr nbject which absorbed hii attention was differential geometry, 
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which also, save foi some rarely read sections in Salmon’s ” Geometry of Three 
Dimensions,” hardly entered mto the Cambndge course Burnside gathers 
together fundaments propoeitions, then accessible only by search among widely 
scattered authorities, and he appbes them with effect Before 1890, the 
parameters of nul Imes on a surface bad not appeared (or perhaps, only with 
Cayley) m English memoirs In one paper, Burnside uses them, with severe 
ingenmty, to obtam the different classes of surfaces that possess plane hnes of 
curvature In another paper, he uses them to construct the differential equation 
of all confocal sphero-comes, proving that the co-ordinates of pomts are expres¬ 
sible m terms of eUiptic functions of a parametno argument which is obtuned 
exphcitly There, as always m his papers, Burnside’s work marches forward 
to a defimte issue and constitutes a contxibution to knowledge. 

Comparative simple known properties are given a widened significance Thus 
he takes the known property that two fimte screws compound mto a single screw, 
and (1890) he devises a simple geometnoal construction for the axis of the 
resultant screw He notes that, as the proof does not require the use of parallels, 
the result is valid for elliptic space and for hyperbohe space Five years later, 
he returns to the matter m a paper on the kinematics of non-Euchdean space, 
and now he notes that displacements correspond to pomt-transformations, sets 
of displacements to groups of transformations. The theory of groups is beginning 
to affect his work 

He can denve new results from elementary results m ordinary geometry, 
as well as from the range of abstract geometry His mterpretation of a 
homographic substitution 




os -f- h 
ca -f- d 


as mversion at two fixed circles—this 1891 paper seems the first occasion when 
the specific mention of a group is made in his published work—is used to assign 
the criteria, necessary and sufficient, to detenmne whether a group, formed of 
assigned fundamental transformations, will or will not contam a loxodromio 
substitution Or he will deal with the ancient problem of drawing a straight 
hue between two pomts, for which the ruler suffices m the Euchdean postulate 
when the pomts he at an imphoitly supposed fimte distance apart, and he gives 
a construction for the oases, when one of the pomts is at infimty, when both of 
them are at infimty, when one of them is the ideal pomt required m projective 
geometry, his construction apphes to any space, Bnohdean, eUiptio, hypet- 
boho Or he will take a proposition (analytically established) ooncenung the 
four notations by which a tnply orthogonal frame of hnes can be displaced mto 
coincidenoe witii a similar frame, by the use of a known (Hamilton) proposition 
in rotations, he gives a geometnoal construction for the displacement, a oon- 
■tmction which seems almost obvious—after it has been obtamed. Or he 
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will ptooeed to abstract q>aoe be ducosses a oonfigaiatum of 27 byperplaiiM 
and 72 points m space of four dimensionB, snob that six of the i^es pass 
through each point and sucteen of the points he in each of the planes. To him 
it IS a natural extension of the customary configuration of the 27 Imes on an 
ordinary cubic snrfoce m three dimensions 
Burnside’s mvestigations m eUiptio functions compelled him to range m the 
wider field of the theory of functions in general, so thither he had proceeded 
and, m his progress, he became an mvestigator 
His contributions are, as ever, vaned in range Fifty years ago, it was a 
surprise—to-day, it is almost a commonplace—to learn that functions of 
real variables uist, which are always finite, are always oontmuons, and never 
possess a determinate difierential comment the now olassioal example, due to 
Weierstrass, is that of the senes 

2 6" cos 

M-O 

where a is any uneven positive mteger, and 6 is a real positive quantity such 
that ah> 1 -f f w Burnside madeastep m advance (1894) Heshowed that 
there are functions of real variables everywhere fimte, everywhere uniformly 
convergent, everywhere possessing the unrestncted complement of successive 
diSerential coefficients, yet never expansible m power-senes, and, as an 
illustration, he constructs the function 

n.o»t 1 a*"(a; — tan «a)*’ 

where a is real and ^ 1, and where oc/tc is not a rational fraction His proof is 
concise and demands no acquamtance with elaborate theory, as usual, it 
leads direct to a defimte result that completes the mvestigation 
On another occasion he deals with the Schwarz solution of the problem lA 
representing a closed convex polygon in one plane conformally upon the half of 
another plane—a result that has rendered signal service m mathematical 
mvestigations m matters so diverse as heat, hydrodynamics, and electricity 
In these last apphcations, only the sunidest examides are used in ^e general 
Schwarz solution, an Abelian mtegral occurs the use of which is gravely handi¬ 
capped by its multiplicity of periods, so that additional conditions become 
necessary to render the analysis specifio m apphcation Burnside, already 
skilled m polyhedral functions and general antomoriduc functions, mvestigatea 
the aggregate of instances where, at the utmost, doubly-penodio functions will 
snffioe But he goes on to deal with multiply-oonnected spaces having poly¬ 
gonal boundaries in particular, he gives the solution for the oottfmmal repre¬ 
sentation of the doubly-connected area which hes between two conoentno 
similarly placed squares, the side of one square being double that of the other 
He seizes upon the existence-theorem which establishes the possifadity of 
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ejqveanDg the oo-ordinatw of a pcHiit on an algebraic curve by meuu of imi&raa 
fnnctioiu that are automorphic uuder seta of tranaformation Tke lack of 
detennination of the group, appropriate to a postulated equation, has left the 
solution as (Hie merely of existence witiiout specific determination Bununde, 
■combmmg his knowledge of groups, of eUiptio functions, and of Klem’s loosahe- 
dral functions, gives a complete spemfic resolution of the problem for the 
(apparently) hyporelliptic equation 

»* = *(**-l) 

It IS unnecessary to accumulate more instances Burnside’s matured develop¬ 
ment flashed out m his double paper on automorphic functions, published m 
1892 The subject belonged to a now section of mathematical knowledge, 
mainly inaugurated by Henn Pomoar6 and systematically expounded m a 
senes of memoirs, now classical, in the mitial volumes of Acta Mathmatioa 
The underlying idea is simple Tngonometncal functions are singly penodic 
that IS, each such function is unchanged when its argument suffers an mcrement 
or a decrement which is any mteger multiple of a single quantity Elliptic 
functions are doubly-penodic that is, each such function is unchanged when 
its argument similarly suffers an increment or a decrement which is a linear 
combination of any mdependent mt^er multiples of two quantities (the ratio 
of these quantities must not be real) Jacobi had proved long ago that umfiirm 
functions of triple penodicil^ (and, d fortion, of periodicity higher than triple) 
in a single variable do not exist But in every such instance the modification 
of the argument consists solely of an additive mcrement or decrement The 
question arises What u the most general type of penodicity for a function of 
one aigument 1 And it naturally entails the further question What are the 
functions possessing that type of penodicity t Isolated results were known, 
such as Jacobi’s elliptic modular functions and Klem’s polyhedral functions 
their sigmficance as examples of a wider theory had not appeared It was 
Pomcard who presented the first general treatment of these qnesttons 

Into this work of Pomoard, Burnside jdunged In it ho revelled, and hu new 
results are embodied m his paper on automorphic functions which has just been 
cited In particular, Pomoaid had overstated an exclusive central result 
Burnside detected the overstatement and the fundamental cause, and he 
devised a new class of automorphic functions, simpler than any of the olasaee 
devised by Pomoar6 The full theory, even now, remains to be established 
it awaits the constructum (or the equivalent of the construction) of a central 
function ot functions wboh, while palpably automorphic, shall be amenable to 
ordinary analytioal manipulation as are the corresponding central theta- 
functions of purely mcremMital periodicity When the history of that tiieoiy 
comes to be written, Burnside’s name will hold an honourable place m tiie 
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The oonmderatioii of the very foundation of these automorphio funotions led 
Bumnde farther afield, along a way already opening oat before him in his 
progress, mto a r^on which he explored with ample discovery It was to 
provide the most contmuous and most oonspionous of his contributions to his 
science The characteristic property of every automorphio function of a single 
variable is that, without change m the value of the function, its argument is 
subject to a number of reversible operations, which are independent of one 
another, are capable of unlimited repetition and reversion, and admit all 
possible oombmations, repetitions, and reversions, in unrestncted sequence 
The aggregate of all the operations, which thus emerge, is termed a group, 
so that a function can be automorphio under a group of transformations (or 
substitutions) But just as the properties of the mt^rs, which occur m the 
anthmetic of any calculation, merge into the general theory of number which 
Ignores all qieoific appbcation, so the properties of transformations m a group 
merge mto a more comprehensive calculus That calculus deals with the 
composition, the construction, the resolution, and the essential properties of 
a group, regarded as an abstract entity whose component elements are subject 
to mathematical laws of oombination It is no part of that calculus to take 
account of possible regions of application instances present themselves in 
algebraic equations, m analytic functions, m differential equationf, m divisions 
of space of different orders of dimension, in the displacements of a sohd body, 
m mvanants and covanonts of all lands ~a selection of subjects manifestly 
not complete 

The earliest expression of the notion and its initial development are due to 
Galois he indicated the kind of relation that could exist between the properties 
of an algebraic equation and some corresponding group of fimte order The 
early growth of the theory was due to French mathematicians, Cauchy m par¬ 
ticular, then Serret Somewhat later came the fine exposition by Jordan who, 
it may be mentioned, had Klem and Lie as pupils at the outbreak of the Franco- 
PrusBian war m 1870 Down to that date, the subject revolved round algebraic 
equations as its centre 

The mterest m the theory began to spread The next real extension was 
due to Sylow, m a memoir on groups of substitutions Then followed a partial 
construction of its mathematics as a pure calculus, without regard to apphea- 
tions the contributions of Cayley a^ of Weber may be noted The theory 
soon divided itself mto two co-ordinate sections, sometimes advancing as pure 
calculus, sometimes extending to new r^ons of apjdication A theory of con- 
tmuous groups branched off mto complete independence, it became a great 
body cl mathematical doctrme, under the ms|»red researches of Sophus Lie 
and hu disciples The theory of discontmuous groups attracted an equally 
ardent bond of mvWhgators the names of Klem, Burnside, Frobemus, Hdlder, 
and Dyck, recall diverse developments ih theory and m use 
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It wM to the theory of duoontmuotu groaps of finite order that Butiuido 
mainly devoted hu attention. Scattered references to sooh groups occur m 
some of his papers already cited. At first, their occurrence seems merely 
incidental, then they almost prove that hia thought was gradually accumulating 
the evidences of a connected theory From the early nmeties onward through 
much of the remainder of hia life, Burnside’s constructive thought concentrated 
on the subject Paper after paper appeared from him, on a vast variety of 
associated topics, m ordered development, each providing some fresh contribu¬ 
tion, all of them marked by imaginative insight and compelling power They 
found their first culmination m his book on the “ Theory of Groups,” published 
m 1897 That volume was a systematic and contmuous exposition of the 
pure calculus of the theory as it then stood, and it embodied the researches 
of other workers m Europe and Amenca (always with ample references) as well 
as his own Hu papers on the theory of groups oontmued, unhastingly, un- 
restingly A second edition of the book, considerably more extended than the 
first, appeared m 1909 Even so, hu activity m the subject still contmued, 
though wilii a gradually decreasing production He published over fifty separate 
papers on thu range of knowledge alone, each of them, even the bnefest, 
contamed some defimte result or results of significance All thu work, original 
from himself, is a splendid contribution emanating from one mind and, of itself, 
u sufficient to secure the remembrance of hu name. 

With the coming of the war m 1914 and dunng its course, there was a com*- 
parative cessation m Burnside’s productivity Hu frame was almost as lithe 
as ever and apparently as full of easy spring, as though to bebe the passage of 
years Some of hu constructive activiiy passed silently mto the service of 
his country m oertam naval matters In those years he undoubtedly cou- 
tmued to produce papers, but the mam body of hu work could be regarded as 
verging towards its termination 

One new subject, however, secured some regular attention from him, even 
amid hu unbroken mterest m groups It may have originated from the mathe¬ 
matics of some war problems, and its mterest may have been fostered as he 
pondered over the combmationB of diverging results of observations In the 
year 1918 he produced a short paper dealmg with a question m probabihty, 
purely mathematical as propounded, and it was followed, from time to time, 
1^ other papers, some suggested by practical problems Probabihty, as a 
mathematioal theory, has not yet lent itself to a single process of organised 
development based on any umque set of ideas, which are generally accepted as 
fundamental Even the method of almost nmversal use m astronomical 
observations d^nds upon the Gauss assumption of the anthmetio mean of 
a number of discordant observations, as the best measure of the unknown 
quantity But that assumptaon stands as only one out of many inferences 
from the less arbitrary assumption that the probabihty of an error, m any 
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observation, u some function solely of the deviation from the unknown accurate 
measure, with that less arbitrary assumption, a more general inference is 
that the difference between the uidmown measure and the anthmetio mean is 
some symmetno function of the differences between the observed magmtudes 
(Of course, the occurrence of the symmetric function modifies the law of facihty 
of error or the adoption of an admissible law, not mconsutent with the assump¬ 
tion and differing from the exponential law, detenmnee the fonn of the s 3 rmmetno 
function.) Burnside deals only with the anthmetio mean thus tacitly, witii 
other wnters, making the symmetno function to be aero As mdioated earher, 
he did not consider that he had resolved all his difficulties Ever a severe 
ontio, he remamed cntioal of himself, he was not afraid to modify anopmion, 
he did not hesitate to abandon an opmion, if ever he regarded it as not fully 
tenable, as indeed happened m fact The manuscnpt, which he has left and 
which will be published by the Cambndge Umversity Press, is the expression 
of his views BO far as they had been framed mto a 83r8tem 

There is one activity m human nature which exercises a perennial lure for 
living minds When 4 worker of reot^msed distinction m any field has com¬ 
pleted his oontnbution to thought, some survivors delight m assigning him his 
place m an ordered hierarchy of memorable names The task demands an 
easy omniscience which shall gauge all knowledge and all mtelleot, if its estimate 
of precedence m relative ment is to be promulgated with authonty and received 
wi^ belief Tet, somehow, such estimates lack the qualify of permanence 
Kearly two thousand years ago Lucretius, the brilliant expositor of natural 
philosoplty m an age of culture, de8<^bed Epicurus as a man 
Qw genua hutnanum %ngemo awperavit, 

a tribute paid two full centuries after the death of the Greek philosopher of the 
atom the vrorld to-day, if it ever hears of the name thus lauded, greets the 
Judgment with a smile Less confident men may, in their own day, render a 
more modest yet equally smcere homage to a passing spint, from their reverence 
for the gemus that has stnven, and in their remembrance of the worldy task 
that has been done Bumnde, during a life of steadfast devotion to his science, 
has contnbuted to many an issue In one of the most abstract domains of 
thought, he has systematised and amplified its range so that, there, his work 
stands as a landmark m the widenmg expanse of knowledge Whatever be 
the estimate of Burnside made by posterity, contemporaries salute him as a 
Master among the mathematicians of his own generation 
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WILLEM EINTHOVEir-186a-1927 

WnxEM EiNTHcmm, whose deftth was announced on 29th September, was 
born m May, 1860, at Samarang in Java He was the son of a doctor practuung 
in that plaM, and was taken to Holland his mother with five other children 
when his father died in 1870 They settled at Utrecht, and here Emthovsn 
entered the Umversity as a student of medicine m 1878, to study physios under 
Ballot and physiology under Donders His first research was imdertaken with 
the anatomist Koster and concerned the mechanism of the elbow ]omt; he 
became assistant to the ophthalmologist Snellen, and was given his dootwote of 
medicine at 20 years for an Inaugond Dmertation entitled “Uber StereodcopM 
durch Farbendifferens ” In the same year he was called to the Chair of 
Physiology at Leyden, and there he remained, actively engaged m wrak, until 
his death m his 67th year 

Early in his career he became interested m instruments recording changes 
of electncal current or potential, and, perceiving thea great impoitanoe to 
jdiysiologioal research, he dehberately set out to oonstmot an mstrunent of 
unsurpassed quickness and sensitivity The history of the constmotum of hii 
famous string galvanometer has been written by l&nthoven himself in one of 
hts papers His researches started on the basis of the Depres-d’Arsonval 
galvanometer He soon discovered that the lees numerous were the windings 
of the moving coil of this galvanometer, the greater was its sensitivity, and that 
the highest sensitivity was obtained when a single wmding of verylhin win 
was employed It was then (1897) that he became aware of Ader’s instrument 
for recording submarme signals, a galvanometer consisting of a long fibm lying 
vertically between the poles of a magnet He contmued to enquin into the 
factors required to produce speed of movement and sensitivity and, by greatly 
increasing the strength of the magnetic field, by usuig relatively and 
extremely fine conducting fibres, and by employing an optical system of pro¬ 
jection of hi^ magnification, eventually constructed a galvanometw gready 
surpassing, in continued quickness of response and sensitivity, any that had 
previotudy been made 

His first account of this instrument was published m 1903, the aensdivity of 
the galvanometer, described fully by him m 1909, was already 100,000 tuaea 
greater than that of Ader’s instrument Although his instrument, xegweded as 
a potentioineter,’then stood poss e ssed of li^ mote sensitivity tium the best 
models of oapillajry electrometer, it surpasse d tl» latter and all previous gahraao- 
meters enormoudym the quioknem of its response The oapillazy eleotrometer 
had the defects of slow rw^onse and ovesswiag» a true ourve of potential 
difiermoea oould be obtained only by a tedious analyau of the e l eotrometer 
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wm, an vuilyiif mvolvug oomidMible poanbihttes of mat. The teeponae 
at string galTuometar wm so qpikk that rary lapid ontrent changes 

were dfreotly and aooorately recorded, no analysis being required subaeqnently. 

He expended a great deed of 'bme and patience on the perfection not only of 
the galTaacoieter itself, but of the snbaidiary ^paratos, putioularly {date 
eameraa and totabag time-maritets, with a view to redwang to their narrowest 
Inmts CRMS of measarement aiu^ from sndh sonroes. He sttooeeded m 
redociiig eszers of tame meamucment in phyaiologioal eleotncal curves to sooh 
iniaate mtervala as 1/10,000 or 1/100,000 of a second, and produced those 
records of oisrent change upon a photographic network of verboal and hon- 
lontid lines, accurately representing tune utd onrrent magnibide, whudi have 
commanded umversal admiration for their techmcal perfection (dime 

His galvanometer became the basis of the well-known oommetouJ models of 
Edeimann, and of tiie Cambridge mid Panl Instmment Company, and of many 
other patterns. Very many hnndreds of these instruments are now m use m 
phynoal, physiologic^ and pathdogioal laboratones, and m the hospitals of 
nuuDqr oountnes. Mod^oatioiis, which have been introduced, otiier than those 
of inventor himael^f have oonmsted idmost exclusively of mmor changes, 
adaptug the machine for special parposes, m principle it has remauied 
unaltered, in amobveness it has greatly increased, but Einthovan’s own models 
have continued unti the last to outstrip by for all similar instruments in this 

Binthoven was not content manly to ptaoe his instrument at tibe disposal of 
Ishoratofy wwken; he and his oo^boratois clearly pomted to the many ways 
in which it might usefully be employed. Following up Waller’s demonrizatum 
tlwt curves of the heart beat can be obtamed by leading off from the limbs of 
an he laid the beais of human and experimental eleotrocaidiograidiy 

as these are ptac b sed to-day Modern electrocardiography is the direct ont- 
oi»u of two papers publish^ by him m 1907 and 1908 The leads frcnm tiie 
human subject then adopted by Bisthoven, and the standaidisabon of curves 
then en^plqyed by bun, have smoe become umversal The samepapersaleo 
eonbunad owes ^ a variety of aregulendfw of the disordned or diaeaeed heart, 
and their pubhoation led at once to a complete mveebgabon ai cardiac irregulan- 
bee by this method; the ontoMae of theee reaeazehee haa been a complete and 
ftEiat aaalysia of all thoee uregulanbea tiiat the human heart oOBbttoaly dis¬ 
plays. THua work haa confirmed and haa widely extended the pwvioniaariyaM 
by Madmuq^’s method of atudymg the juguhur poke 

In 1913 he pnbliahed a fondasnantal aooouit, enabling tile elsqtxioal axis of 
the human heart to be otionlated at any phaee el the heart’s oym, this, by 
oompuim tha eorvea taten from three s^wate leack along the of an 
afpeexBne^^rsqeilht6xsltrlal^ This me^od he tedooed to greater fxaoti- 
tode tirree yearn kt«, when he invented-i method d reootdiag thetlaree 
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leads Bimiiltaneotisl^ and accurately Tlie methods of these papers have been 
exploited extensively and fruitfully m the study of the normal heart beat and 
m the elucidation of the disorders of the human aunoles termed flutter and 
fibrillation 

In other papers Einthoven showed how eminently his instrument is suited to 
the study of electrophysiology generally Thus, in 1908, m illustrating its 
apphcation to nerves, he showed that natural afferent impulses, conveyed by the 
vagus nerve from heart and lungs to bram, can be recorded, more recently 
(1923) he recorded efferent impulses m the cervical sympathetic and other 
nerves His methods have been extensmly adopted, largely at his instiga¬ 
tion, to study the electromotive changes in somatic nerve and muscle and in 
the sense organs and secretory glands 

Another and considerable activity of this pioneer was his attempt to record 
the sounds of the heart beat For this purpose he used the capillary electro¬ 
meter as early as 1894, in conjunction with Geluk Later he devised a micro- 
phomc circuit siutable for attachment to his own galvanometer, wherewith 
sounds ranging to a vibration frequency of 200 per second might be recorded 
accurately He showed this device to ^ smtable for registenng the sounds of 
the human heart, and upon these he made many onginal observations, it has 
smoo been used extensively to study abnormal heart sounds in patients The 
heart-sound method devised by him has proved the most accurate we possess 
m timing the chief mechamcal events m the human heart cycle, and has been 
much employed for this purpose Its use has been limited, as has to a greater 
extent that of other devices, by inabibty of the instrument to follow accurately 
sound vibrations of very high frequency Disoovenng methods of drawing out 
fibres to an extraordinary degree of thinness, Kmthoven in his last years 
overcame this difficulty, his threads of quarts, two or three miUionths of 
an inch in diameter, would respond directly to sound vibrations of a frequency 
of 160,000 per second , these movemmits of a fibre, agitated by sound waves 
m the air m which it lay, Emthoven recorded photographically 

In these same, and last, years he worked to adapt his strmg galvanometer 
as a recorder for wireless waves, he succeeded in directly registenng waves 
transmitted to Holland from the Dutch East Indies 

Emthoven’s renown grew steadily, and m the last years of his hfe many honours 
were conferred upon him, these culminated in 1924 in the award of the Nobel 
prize for Medicme, and, in this country, m his election in 1926 to the Foreign 
Membership of the Royal Society Honours, however, were to him a smaller 
recompense than was the knowle^e of the benefits which his long and arduous 
work had conferred upon his fellow-men To few scientists, perhaps to no 
physiologist, has the apphed value of their discovenes been so abundantly 
demonstrated as it was to Emthoven in his lifetime, the strength of thu 
demonstration surprised him and gave him deep satisfaction 
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Einthoven’fl work will bo remembered for all time for the greatness of its 
contribution to method He himself will be remembered by those who knew 
him personally for his fascinating personality A man of simple, almost humble, 
habits, he was untiring in his devotion to work, to the exxiosition of his views 
and to the study of related problems He awakened in both friends and 
associates a profound admiration, by his gemus, by the charming simpbcity 
and directness of his character, by his unusual modesty of thought and manner, 
by his patience, by his natural and unfailing courtesy, and by his unswerving 
devotion to truth m the most exacting sense These noble quabties endeared 
him to all who knew him well. 
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HENRY MARTYN TAYLOR—1842-1927 

Henry Martyn Taylor was born at Bristol on June 6,1842 He received his 
early education at the Wakefield Qrammar School, of which his father, the Rev 
James Taylor, had become headmaster He went up to Tnmty College, Cam¬ 
bridge, m 1861 as a Mmor Scholar and in due course became Scholar He 
graduated in 1866 as third wrangler The senior wrangler of this year was the 
late Lord Rayleigh, whilst the late Prof Alfred Marshall was second At the 
Smith’s Prize Examination which immediately followed the verdict was some¬ 
what altered, Taylor being awarded the second prize Shortly after his degree, 
and before his election to a Fellowship m 1866, Taylor had accepted a post m 
the Royal School of Naval Architecture at Kensington, which was at a later 
date incorporated m the Naval College at Greenwich For some reason he did 
not find this position altogether congenial, and when m 1869 he was mvited to 
fill a vacancy as Assistant Tutor on the mathematical staff of Trmity, he gladly 
accepted He had meantime been called to the bar at Lincoln’s Inn, but now 
relinquished all idea of practising The legal knowledge which he had acquired 
was, however, useful to him later in various more or less pubhc capacities He 
became 'Tutor of his college in 1874, and held this responsible post for the then 
usual penod of 10 years He was thus brought into more or less mtimate 
relations with successive generations of students, whose careers, at Cambridge 
and afterwards, he watched with fnendly mterest He remained on the mathe¬ 
matical staff for another 10 years, retinng m 1894 after a full 26 years’ servioe 
He still contmued to take an active mterest m college and university affairs, for 
which hiB l^al training, and his exact habit of mmd, peculiarly fitted him 
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Ab a mathemateicum, so far aa mdependent work u oonoemed, Taylor’s 
natural bent was in tiie direction of geometry, as is shown by the papers which 
he oontnbuted to the London Mathematioal Society, and to the ^dlosophioal 
Transactions Mention may be made in partacolar of hu papers on Inversion, 
on Plane Carves, and on Solid Geometry But his attainments and his 
sympathies were by no means confined to this field His advice and assistance 
were sought by some of his friends on subjects so various as Acoustics, the 
Theory of Functions, and the Motion of Fluids This assistance, freely rendered 
and gratefully appreciated, extended even to the tedious process of revision for 
the press It was characteristic that he did not u^terpret this task as consistmg 
merely in the vigilant elimination of mispnnts and inaccnracies, he was severely 
and helpfully critical on pomts of logical correctness and precision of statement 

When relieved m 1894 from his tutonal duties Taylor might reasonably have 
looked forward to years of independent mathematioal work, but this hope was 
unfortunately defeated by the grave calamity which soon came upon him 
A severe attack of influenza was followed at no long mterval by the complete 
loss of sight The calm and courageous spmt with which he met this mis* 
fortune was the admiration not only of his personal friends but of a much wider 
circle He contmued for a time, in spite of the obvious difficulties, to mterest 
himself m mathematioal questions, and indeed the two papers which he con¬ 
tributed to the Stokes volume and to the Philosophical Transactions, showing 
great power of constructive imagination, were composed after his blindnessi 
The writer has a vmd recollection of a demonstration of a new properly of 
determinants, given to him by Taylor m his study, one Sunday morning, with 
chalk and blackboard, his face radiant with enthusiasm ILs most notable 
work was, however, yet to oome He soon set himself resolutely to consider 
how he could best turn his special abibtses to account m the service of those who 
were similarly afflicted He found that although there was a certain amount 
of literature accessible to the blmd through the medium of the Braille script, 
there was no provision of a scientific nature He realised how much it mi^t 
moan if this province could also be thrown open to them He soon became 
expert on the Braille typing machine, and with his own hands transenbed a whole 
senes of text-books on mathematics, astronomy and geology, to name only a 
few In this task he was met by the fact that the Braille alphabet had hitherto 
no provision for mathematioal notation, and diagrams were, of course, a special 
difficulty Taylor devoted much thought to the mvention of smtable sjmibols 
and contrivances The question of expense also arose, the reproduction and 
multaplioation of such volumes was costly, and the funds of the Braille Associa¬ 
tion were already pledged m other directions. To meet this difficulty Taylor, 
with the assistance of his fnends, the late Lord Rayleigh among others, started 
an Embossed Smentifio Books Fund which was accepted by the Royal Society 
as a trust in 1913 He had been elected a Fellow of the Society m 1898 
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Taylor found also a congenial aphere of work in the municipal affairs of 
Camtodge He had had long ezpenenoe in ooll^ business, and was appro¬ 
priately made one of the Umvemty representatives on the Town Council In 
due time he was elected Alderman, and finally Mayor m 1904 
A few notes of a more mtimate character may be added Taylor was singularly 
modest and devoid of personal ambition He did not seek positions of honour 
and responsibihty, but if they came his way he apphed himself conscientiously 
to the duties wluch ho had undertaken Throughout his life he was a loyal 
fnend and a fair opponent, generous and ]UBt m his thou^^ts, as in hu dealings 
Before his blindness he had shared m the usual recreations of his time, “ real ” 
tennis, cricket, shooting, fishing, billiards, m all of which he was proficient 
He was also fond of foreign travel and mountain excursionB But the privation 
when it came did not provoke a murmur, and he maintained the steady even 
temper charactenstio of him The last few years of his life wore clouded by 
increasing infirmity, and he died on October 16, 1927 The funeral service in 
the Chapel of Trimty College drew tc^ether a large company of fnends and 
former colleagues to pay the last tnbute of affection and respect to a noble 
and lovable character 

H L. 
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